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PREFACE TO SECOND EDITION 


HE book has been mostly rewritten. I have tried by carefully 

overhauling the method of presentation to give the development 
of the theory in a rather less abstract form, without making any 
sacrifices in exactness of expression or in the logical character of the 
development. This should make the work suitable for a wider circle 
of readers, although the reader who likes abstractness for its own 
sake may possibly prefer the style of the first edition. 

The main change has been brought about by the use of the word 
‘state’ in a three-dimensional non-relativistic sense. It would seem 
at first sight a pity to build up the theory largely on the basis of non- 
relativistic concepts. The use of the non-relativistic meaning of ‘state’, 
however, contributes so essentially to the possibilities of clear exposi- 
tion as to lead one to suspect that the fundamental ideas of the present 
quantum mechanics are in need of serious alteration at just this 
point, and that an improved theory would agree more closely with 
the development here given than with a development which aims at 
preserving the relativistic meaning of ‘state’ throughout. 

Some mistakes which have been kindly pointed out to me by 
friends have been corrected and some new subject-matter has been 
inserted, the largest addition being a chapter on field theory. 


PA, MD: 
THE INSTITUTE FOR ADVANCED STUDY, 
PRINCETON. 
27 November 1934. 


FROM THE PREFACE TO THE 
FIRST EDITION 


HE methods of progress in theoretical physics have undergone 

a vast change during the present century. The classical tradition 
has been to consider the world to be an association of observable 
objects (particles, fluids, fields, etc.) moving about according to 
definite laws of force, so that one could form a mental picture in space 
and time of the whole scheme. This led to a physics whose aim was 
to make assumptions about the mechanism and forces connecting 
these observable objects, to account for their behaviour in the 
simplest possible way. It has become increasingly evident in recent 
times, however, that nature works on a different plan. Her funda- 
mental laws do not govern the world as it appears in our mental 
picture in any very direct way, but instead they control a substra- 
tum of which we cannot form a mental picture without intro- 
ducing irrelevancies. The formulation of these laws requires the use 
of the mathematics of transformations. The important things in 
the world appear as the invariants (or more generally the nearly 
invariants, or quantities with simple transformation properties) 
of these transformations. The things we are immediately aware of 
are the relations of these nearly invariants to a certain frame of 
reference, usually one chosen so as to introduce special simplifying 
features which are unimportant from the point of view of general 
theory. 

The growth of the use of transformation theory, as applied first to 
relativity and later to the quantum theory, is the essence of the new 
method in theoretical physics. Further progress lies in the direction 
of making our equations invariant under wider and still wider trans- 
formations. This state of affairs is very satisfactory from a philo- 
sophical point of view, as implying an increasing recognition of the 
part played by the observer in himself introducing the regularities 
that appear in his observations, and a lack of arbitrariness in the ways 
of nature, but it makes things less easy for the learner of physics. 
The new theories, if one looks apart from their mathematical setting, 
are built up from physical concepts which cannot be explained in 
terms of things previously known to the student, which cannot even 
be explained adequately in words at all. Like the fundamental con- 
cepts (e.g. proximity, identity) which every one must learn on his 
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arrival into the world, the newer concepts of physics can be mastered 
only by long familiarity with their properties and uses. 

From the mathematical side the approach to the new theories 
presents no difficulties, as the mathematics required (at any rate that 
which is required for the development of physics up to the present) 
is not essentially different from what has been current for a consider- 
able time. Mathematics is the tool specially suited for dealing with 
abstract concepts of any kind and there is no limit to its power in this 
field. For this reason a book on the new physics, if not purely descrip- 
tive of experimental work, must be essentially mathematical. All the 
same the mathematics is only a tool and one should learn to hold the 
physical ideas in one’s mind without reference to the mathematical 
form. In this book I have tried to keep the physics to the forefront, 
by beginning with an entirely physical chapter and in the later work 
examining the physical meaning underlying the formalism wherever 
possible. The amount of theoretical ground one has to cover before 
being able to solve problems of real practical value is rather large, but 
this circumstance is an inevitable consequence of the fundamental 
part played by transformation theory and is likely to become more 
pronounced in the theoretical physics of the future. 

With regard to the mathematical form in which the theory can be 
presented, an author must decide at the outset between two methods. 
There is the symbolic method, which deals directly in an abstract way 
with the quantities of fundamental importance (the invariants, etc., 
of the transformations) and there is the method of coordinates or 
representations, which deals with sets of numbers corresponding to 
these quantities. The second of these has usually been used for the 
presentation of quantum mechanics (in fact it has been used practi- 
cally exclusively with the exception of Weyl’s book Gruppentheorie 
und Quantenmechanik). It is known under one or other of the two 
names ‘Wave Mechanics’ and ‘Matrix Mechanics’ according to which 
physical things receive emphasis in the treatment, the states of a 
system or its dynamical variables. It has the advantage that the kind 
of mathematics required is more familiar to the average student, and 
also it is the historical method. 

The symbolic method, however, seems to go more deeply into the 
nature of things. It enables one to express the physical laws in a neat 
and concise way, and will probably be increasingly used in the future 
as it becomes better understood and its own special mathematics gets 
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developed. For this reason I have chosen the symbolic method, 
introducing the representatives later merely as an aid to practical 
calculation. ‘This has necessitated a complete break from the histori- 
cal line of development, but this break is an advantage through 
enabling the approach to the new ideas to be made as direct as pos- 
sible. Ihave given the connexion between the new theory and Bohr’s 
orbit theory, because the latter is likely to be useful in an elementary 
way for a long time to come. 


P. A.M. D. 
ST. JOHN’S COLLEGE, CAMBRIDGE. 


29 May 1930. 


CONTENTS 


I. THE PRINCIPLE OF SUPERPOSITION . : 
. The Need for a Quantum Theory . , Z 
. The Polarization of Photons ; 5 

. Interference of Photons. % 2 A 
. Superposition and Indeteminasy .. a * 
. Mathematical Formulation of the Principle Z 
. Analysis of the Principle . : ; . 


om ek Whe 


Il. STATES AND OBSERVABLES , % e . 

7. The Vector Space representing the States . P 6 
8. Observables as Linear Operators 
9. Eigenvalues p r 

10. The Expansion Theorem : 

11. Functions of an Observable ; ° : 

12. The General Physical Interpretation 

13. Commutability and Compatibility . re ° . 


Ill. REPRESENTATION THEORY FOR DISCRETE EIGEN- 
VALUES ; - : . A 

14. The Bracket Wotetion 
15. Matrix Multiplication ‘ : R 
16. Eigen-/’s as Basic #’s ‘ ; ° . A 
17. Transformation Theory . ‘ ‘ : 
18. Probability Amplitudes. : : 
19. Example . ; . ‘ > A ‘ 


IV. REPRESENTATION THEORY FOR CONTINUOUS EIGEN- 
VALUES . 3 - 3 ; 
20. Introduction of the 5 funotion . ; < P 
21. Properties of the 6 function. . i ; 
22. Representations with One Continuous Parameter A 
23. General Representations . : F : 
24. The Weight Function F . ° ° 


V. THE QUANTUM CONDITIONS 
25. Poisson Brackets . R 
26. Canonical Coordinates and Seiia ‘ r é 
27. Momenta as Differential Operators F 


28. Heisenberg’s Principle of Uncertainty 4 < 4 
29. Displacement Operators . $ ‘ . . 
30. Contact Transformations . P . . ; 
VI. THE EQUATIONS OF MOTION u Pe 
31. Schrédinger’s Form for the Equations of Motion : < 
32. Heisenberg’s Form for the onrreail of Motion . ° 


33. The Action Principle A : * . 


34. 
35. 
36. 
37. 


CONTENTS 
The Motion of Wave Packets 
The Free Particle . 
The Harmonic Oscillator 
The Gibbs Ensemble 


VII. MOTION IN A CENTRAL FIELD OF FORCE 


. Introduction of the Angular Momentum 

. Properties of Angular Momentum . : 
. Transition to Polar Coordinates. i 
. Energy-levels of the Hydrogen Atom 

. Selection Rules 

- The Zeeman Effect for the ‘Hydrogen Atom 
. Combination of Angular Momenta . 


VIII. PERTURBATION THEORY 


. General Remarks . ‘ 
. The Change in the Energy-levels onused byt a Perturbation ; 
. The Perturbation considered as causing Transitions 

. Application to Radiation . 

. Transitions caused by Perturbation Independent of the Timo 
. The Anomalous Zeeman Effect 


IX. COLLISION PROBLEMS 


. General Remarks . , 

. The Scattering Coefficient . x 
. Solution with the p- iste cape seaera 
. Dispersive Scattering 

. Resonance Scattering 

. Emission and Absorption . 


X. SYSTEMS CONTAINING SEVERAL SIMILAR PARTICLES . 


- Symmetrical and Antisymmetrical States . 
. Permutations as Dynamical Variables . 
. Permutations as Constants of the Motion . 
- Determination of the Energy-levels 

. Application to Electrons 


XI. THEORY OF RADIATION 


. Second Quantization 

. Waves and Einstein-Bose Particles 

. Application to Photons 

. Determination of the Interaction Bnorgy between a » Photon 


andan Atom 


. Emission, Absorption, and Goattering of Radiation 
. Einstein’s Laws of Radiation : 


XII. THE RELATIVISTIC THEORY OF THE meee 


68. 
69. 
70. 


Relativistic Treatment of a Particle 
The Wave Equation for the Electron 
Invariance under a Lorentz Transformation 


126 
130 
133 
139 


145 
145 
147 
151 
155 
158 
162 
164 


168 
168 
169 
173 
178 
180 
183 


187 
187 
190 
195 
201 
203 
206 


209 
209 
213 
215 
219 
223 


229 
229 
234 
237 


241 
244 
248 


251 
251 
252 
255 


CONTENTS 
71. The Motion of a Free Electron 
72. Existence of the Spin P iy 
73. Transition to Polar Variables . 
74. The Fine-Structure of the cidicnilk -levels of ‘Hydrogen 
75. Theory of the Positron . 


XU. FIELD THEORY 


76. Quantum Conditions for the Blectromagrietio Field 

77. Quantum Conditions for the ere Potentials 
78. The Supplementary Conditions . 

79. Interaction of Field and Particles . 

80. The Quantization of Electron Waves 

81. Conclusion 


INDEX OF DEFINITIONS 


I 
THE PRINCIPLE OF SUPERPOSITION 


1. The Need for a Quantum Theory 

CLASsIcAL mechanics has been developed continuously from the time 
of Newton and applied to an ever-widening range of dynamical systems, 
including, after the formalism is adapted to relativity requirements, 
the electromagnetic field in interaction with matter. The underlying 
_ ideas and the laws governing their application form a simple and 
elegant scheme, which one might be inclined to think could not be 
seriously modified without having all its attractive features spoilt. 
Nevertheless the passage to a new scheme, called quantum mechanies, 
has been found to be necessary for the discussion of phenomena on the 
atomic scale and the new scheme is even more elegant and satis- 
fying than the classical one. This is brought about by the fact that 
the changes which the new scheme requires are of a very profound 
character and do not clash with those shallower features that make 
the classical theory so attractive, as a result of which all these 
features can be taken over unchanged into the new scheme. 

The necessity for a departure from classical mechanics is clearly 
shown by experimental results. In the first place the forces known 
in classical electrodynamics are inadequate for the explanation of the 
remarkable stability of atoms and molecules, which is necessary in 
order that materials may have any definite physical and chemical 
properties at all. The introduction of new hypothetical forces will not 
save the situation, since there exist general principles of classical 
mechanics, holding for all kinds of forces, leading to results in violent 
disagreement with observation. For example, if an atomic system has 
its equilibrium disturbed in any way and is then left alone, it will be set 
in oscillation and the oscillations will get impressed on the surround- 
ing electromagnetic field, so that their frequencies may be observed 
with a spectroscope. Now whatever the laws of force governing the 
equilibrium, one would expect to be able to include the various fre- 
quencies in a scheme comprising certain fundamental frequencies and 
their harmonics. This is not observed to be the case. Instead, there 
is observed a new and unexpected connexion between the frequencies, 
embodied in Ritz’s Combination Law of Spectroscopy, which is quite 
unintelligible from the classical standpoint. 

3595.14 B 


2 THE PRINCIPLE OF SUPERPOSITION §1 
One might try to get over the difficulty without departing from 

classical mechanics by assuming each of the spectroscopically ob- 
served frequencies to be a fundamental frequency with its own degree 
of freedom, the laws of force being such that the harmonic vibrations 
do not occur. Such a theory will not do, however, even apart from 
the fact that it would give no explanation of the Combination Law, 
since it would immediately bring one into conflict with the experi- 
mental evidence on specific heats, Classical statistical mechanics 
enables one to establish a general connexion between the total number 
of degrees of freedom of an assembly of vibrating systems and its 
specific heat. If one assumes all the spectroscopic frequencies of an 
atom to correspond to different degrees of freedom, one would get a 
specific heat for any kind of matter incomparably greater than the 
observed value. In fact the observed specific heats are given fairly 
well by a theory that takes into account merely the motion of each 
atom as a whole and assigns no internal motion to it at all. 

This leads us to a new clash between classical mechanics and the 
results of experiment. There must certainly be some internal motion 
in an atom to account for its spectrum, but the internal degrees of 
freedom, for some classically inexplicable reason, do not contribute 
to the specific heat. A similar clash is found in connexion with the 
energy of oscillation of the electromagnetic field in a vacuum. Classical 
mechanics requires the specific heat corresponding to this energy to 
be infinite, but it is observed to be quite finite. A general conclusion 
from experimental results is that oscillations of high frequency do 
not contribute their classical quota to the specific heat. 

As another illustration of the failure of classical mechanics we may 
consider the behaviour of light. We have, on the one hand, the 
phenomena of interference and diffraction, which can be explained 
only on the basis of a wave theory; on the other, phenomena such as 
photo-electric emission and scattering by free electrons, which show 
that light is composed of small particles. These particles, which 
are called photons, have each a definite energy and momentum, de- 
pending on the frequency of the light, and appear to have just as 
real an existence as electrons, or any other particles known in physics. 
A fraction of a photon is never observed. 

Modern experiments have shown that this anomalous behaviour is 
not peculiar to light, but is quite general. All material particles have 
wave properties, which can be exhibited under suitable conditions. We 
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have here a very striking and general example of the break-down of 
classical mechanics—not merely an inaccuracy in its laws of motion, 
but an inadequacy of its concepts to supply us with a description of 
atomic events. 

The necessity to depart from classical ideas when one wishes to 
account for the ultimate structure of matter may be seen, not only 
from. experimentally established facts, but also from general philo- 
sophical grounds. In a classical explanation of the constitution of 
matter, one would assume it to be made up of a large number of small 
constituent parts and one would postulate laws for the behaviour of 
these parts, from which the laws of the matter in bulk could be de- 
duced. This would not complete the explanation, however, since the 
question of the structure and stability of the constituent parts is left 
untouched. To go into this question, it becomes necessary to postu- 
late that each constituent part is itself made up of smaller parts, in 
terms of which its behaviour is to be explained. There is clearly no 
end to this procedure, so that one can never arrive at the ultimate 
structure of matter on these lines. So long as big and small are merely 
relative concepts, it is no help to explain the big in terms of the small. 
It is therefore necessary to modify classical ideas in such a way as to 
give an absolute meaning to size. 

At this stage it becomes important to remember that science is 
concerned only with observable things and that we can observe an 
object only by letting it interact with some outside influence. An act 
of observation is thus necessarily accompanied by some disturbance 
of the object observed. We may define an object to be big when the 
disturbance accompanying our observation of it may be neglected, 
and small when the disturbance cannot be neglected. This definition 
is in close agreement with the common meanings of big and small. 

It is usually assumed that, by being careful, we may cut down the 
disturbance accompanying our observation to any desired extent. 
The concepts of big and small are then purely relative and refer to the 
gentleness of our means of observation as well as to the object being 
described. In order to give an absolute meaning to size, such as is 
required for any theory of the ultimate structure of matter, it becomes 
necessary to assume that there is a limit to the fineness of our powers of 
observation and the smaliness of the accompanying disturbance—a limit 
which is inherent in the nature of things and can never be surpassed by 
improved technique or increased skill on the part of the observer. If the 
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object under observation is such that the limiting disturbance is 
negligible, then the object is big in the absolute sense and we may 
apply classical mechanics to it. If, on the other hand, the limiting 
disturbance is not negligible, then the object is small in the absolute 
sense and we require a new theory for dealing with it. 

A consequence of the preceding discussion is that we must revise 
our ideas of causality. Causality applies only to a system which is 
left undisturbed. If a system is small, we cannot observe it without 
producing a serious disturbance and hence we cannot expect to find 
any causal connexion between the results of our observations. There 
"is thus an essential indeterminacy in the quantum theory, of a kind 
that has no analogue in the classical theory, where causality reigns 
supreme. The quantum theory does not enable us in general to 
calculate the result of an observation, but only the probability of our 
obtaining a particular result when we make the observation. 

The lack of determinacy in the quantum theory should not be con- 
sidered as a thing to be regretted. It is necessary for a rational theory 
of the ultimate structure of matter. One of the most satisfactory 
features of the present quantum theory is that the differential 
equations that express the causality of classical mechanics do not 
get lost, but are all retained in symbolic form, and indeterminacy 
appears only in the application of these equations to the results of 
observations. 


2. The Polarization of Photons 

The discussion in the preceding section about the limit to the gentle- 
ness with which observations can be made and the consequent inde- 
terminacy in the results of those observations does not provide any 
quantitative basis for the building up of quantum mechanics. For 
this purpose a new set of accurate laws of nature is required. One of 
the most fundamental and most drastic of these is the Principle of 
Superposition of States. We shall lead up to a general formulation of 
this principle through a consideration of some special cases, taking 
first the example provided by the polarization of light. 

It is known experimentally that when plane-polarized light is used 
for ejecting photo-electrons, there is a preferential direction for the 
electron emission, Thus the polarization properties of light are closely 
connected with its corpuscular properties and one must ascribe a 
polarization to the photons. One must consider, for instance, a beam 
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of light plane-polarized in a certain direction as consisting of photons 
each of which is plane-polarized in that direction and a beam of 
circularly polarized light as consisting of photons each circularly 
polarized. Every photon is in a certain state of polarization, as we 
shall say. The problem we must now consider is how to fit in these 
ideas with the known facts about the resolution of light into polarized 
components and the recombination of these components. 

Let us take a definite case. Suppose we have a beam of light passing 
through a erystal of tourmaline, which has the property of letting 
through only light plane-polarized perpendicular to its optic axis. 
Classical electrodynamics tells us what will happen for any given 
polarization of the incident beam. If this beam is polarized per- 
pendicular to the optic axis, it will all go through the erystal; if 
parallel to the axis, none of it will go through; while if polarized at 
an angle « to the axis, a fraction sin*« will go through. How are we 
to understand these results on a photon basis? 

A beam that is plane-polarized in a certain direction is to be 
pictured as made up of photons each plane-polarized in that 
direction. This picture leads to no difficulty in the cases when our 
incident beam is polarized perpendicular or parallel to the optic axis. 
We merely have to suppose that each photon polarized perpendicular 
to the axis passes unhindered and unchanged through the crystal, 
while each photon polarized parallel to the axis is stopped and ab- 
sorbed. A difficulty arises, however, in the case of the obliquely 
polarized incident beam. Each of the incident photons is then 
obliquely polarized and it is not clear what will happen to such a 
photon when it reaches the tourmaline. 

A question about what will happen to a particular photon under 
certain conditions is not really very precise. To make it precise one 
must imagine some experiment performed having a bearing on the 
question and inquire what will be the result of the experiment. Only 
questions about the results of experiments have a real significance 
and it is only such questions that theoretical physics has to consider. 

In our present example the obvious experiment is to use an incident 
beam consisting of only a single photon and to observe what appears 
on the back side of the crystal. If one does this experiment, then 
according to quantum mechanics, sometimes one will find a whole 
photon, of energy equal to the energy of the incident photon, on the 
back side and other times one will find nothing. When one finds a 
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whole photon, it will be polarized perpendicular to the optic axis. 
One will never find only a part of a photon on the back side. If one 
does the experiment a large number of times, one will find the photon 
on the back side in a fraction sin*« of the total number of times. Thus 
we may say that the photon has a probability sin*a of passing through 
the tourmaline and appearing on the back side polarized perpen- 
dicular to the axis and a probability cos*a« of being absorbed. These 
values for the probabilities lead to the correct classical results for an 
incident beam containing a large number of photons. 

In this way we preserve the individuality of the photon in all 
cases. We are able to do this, however, only because we abandon the 
determinacy of the classical theory. The result of an experiment is 
not determined, as it would be according to classical ideas, by the 
conditions under the control of the experimenter. The most that can 
be predicted is a set of possible results, with a probability of occur- 
rence for each, 

The foregoing discussion about the result of an experiment with a 
single obliquely polarized photon incident on a crystal of tourmaline 
answers all that can legitimately be asked about what happens to an 
obliquely polarized photon when it reaches the tourmaline. Questions 
about what decides whether the photon is to go through or not and 
how it changes its direction of polarization when it does go through 
cannot be investigated by experiment and should be regarded as 
outside the domain of science. Nevertheless some further description 
is necessary in order to correlate the results of this experiment with 
the results of other experiments that might be performed with 
photons and to fit them all into a general scheme. Such further 
description should be regarded, not as an attempt to answer questions 
outside the domain of science, but as an aid to the formulation of 
rules for expressing concisely the results of large numbers of experi- 
ments. 

The further description provided by quantum mechanics runs as 
follows. It is supposed that a photon polarized obliquely to the optic 
axis may be regarded as being partly in the state of polarization 
parallel to the axis and partly in the state of polarization perpen- 
dicular to the axis. The state of oblique polarization may be con- 
sidered as the result of some kind of superposition process applied to 
the two states of parallel and perpendicular polarization. This implies 
a certain special kind of relationship between the various states of 
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polarization, a relationship similar to that between polarized beams in 
classical optics, but which is now to be applied, not to beams, but to 
the states of polarization of one particular photon. This relationship 
allows any state of polarization to be resolved into, or expressed as & 
superposition of, any two mutually perpendicular states of polari- 
zation. 

When we make the photon meet a tourmaline crystal, we are sub- 
jecting it to an observation. We are observing whether it is polarized 
parallel or perpendicular to the optic axis. The effect of making this 
observation is to force the photon entirely into the state of parallel 
or entirely into the state of perpendicular polarization. It has to 
make a sudden jump from being partly in each of these two states to 
being entirely in one or other of them. Which of the two states it will 
jump into cannot be predicted, but is governed only by probability 
laws. If it jumps into the parallel state it gets absorbed and if it 
jumps into the perpendicular state it passes through the crystal and 
appears on the other side preserving this state of polarization. 


3. Interference of Photons 

In this section we shall deal with another example of superposition. 
We shall again take photons, but shall be concerned with their posi- 
tion in space and their momentum instead of their polarization. If 
we are given a beam of roughly monochromatic light, then we know 
something about the location and momentum of the associated 
photons. We know that each of them is located somewhere in the 
region of space through which the beam is passing and has a momen- 
tum in the direction of the beam of magnitude given in terms of the 
frequency of the beam by Einstein’s relation—momentum equals 
frequency multiplied by a universal constant. When we have such 
information about the location and momentum of a photon we shall 
say that it is in a definite state of motion. A state of motion is com- 
pletely specified when one is given that it is associated with a certain 
beam. 


We shall discuss the description which quantum mechanics pro- 
vides of the interference of photons. Let us take a definite experi- 
ment demonstrating interference. Suppose we have a beam of light 
which is passed through some kind of interferometer, so that it gets 
split up into two components and the two components are subse- 
quently made to interfere. We may, as in the preceding section, take 
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an incident beam consisting of only a single photon and inquire what 
will happen to it as it goes through the apparatus. This will present 
to us the difficulty of the conflict between the wave and corpuscular 
theories of light in an acute form. 

Corresponding to the description that we had in the case of the 
polarization, we must now describe the photon as going partly into 
each of the two components into which the incident beam is split. 
The photon is then, as we may say, in a state of motion given by the 
superposition of the two states of motion associated with the two 
components. We are thus led to a generalization of the term ‘state 
of motion’ applied to a photon. For a photon to be in a definite state 
of motion it need not be associated with one single beam of light, but 
may be associated with two or more beams of light which are the 
components into which one original beam has been split.f In the 
accurate mathematical theory each state of motion is associated with 
one of the wave functions of ordinary wave optics, which wave func- 
tion may describe either a single beam or two or more beams into 
which one original beam has been split. States of motion are thus 
superposable in a similar way to wave functions. 

Let us consider now what happens when we determine the energy 
in one of the components. The result of such a determination must 
be either the whole photon or nothing at all. Thus the photon must 
change suddenly from being partly in one beam and partly in the 
other to being entirely in one of the beams. This sudden change is 
due to the disturbance in the state of motion of the photon which the 
observation necessarily makes. It is impossible to predict in which 
of the two beams the photon will be found. Only the probability of 
either result can be calculated from the previous distribution of the 
photon over the two beams. 

One could carry out the energy measurement without destroying the 
component beam by, for example, reflecting the beam from a movable 
mirror and observing the recoil. Our description of the photon allows 
us to infer that, after such an energy measurement, it would not be 
possible to bring about any interference effects between the two com- 
ponents. So long as the photon is partly in one beam and partly in 
the other, interference can occur when the two beams are superposed, 


+ The circumstance that the superposition idea requires us to generalize our 
original meaning of states of motion, but that no corresponding generalization was 
needed for the states of polarization of the preceding section, is an accidental one 
with no underlying theoretical significance. 
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but this possibility disappears when the photon is forced entirely into 
one of the beams by an observation. The other beam then no longer 
enters into the description of the photon, which therefore counts as 
being entirely in the one beam in the ordinary way for any experiment 
that may subsequently be performed on it. 

On these lines quantum mechanics is able to effect a union of the 
wave and corpuscular properties of light. The essential point is the 
association of each of the states of motion of a photon with one of the 
wave functions of ordinary wave optics. The nature of this associa- 
tion cannot be pictured on a basis of classical mechanics, but is some- 
thing entirely new. It would be quite wrong to picture the photon 
and its associated wave as interacting in the way in which particles 
and waves can interact in classical mechanics. The association can be 
interpreted only statistically, the wave function giving us information 
about the probability of our finding the photon in any particular place 
when we make an observation of where it is. 

Some time before the discovery of quantum mechanics people 
realized that the connexion between light waves and photons must 
be of a statistical character. What they did not clearly realize, how- 
ever, was that the wave function gives information about the proba- 
bility of one photon being in a particular place and not the probable 
number of photons in that place. The importance of the distinction 
can be made apparent in the following way. Suppose we have a beam 
of light consisting of a large number of photons split up into two com- 
ponents of equal intensity. On the assumption that the intensity of 
a beam is connected with the probable number of photons in it, we 
should have half the total number of photons going in each com- 
ponent. If the two components are now made to interfere, we should 
require a photon in one component to be able to interfere with one in 
the other. Sometimes these two photons would have to annihilate one 
another and other times they would have to produce four photons. 
This would contradict the conservation of energy. The new theory, 
which connects the wave function with probabilities for one photon, 
gets over the difficulty by making each photon go partly into each of 
the two components. Each photon then interferes only with itself. 
Interference between two different photons never occurs. 

The association of particles with waves discussed above is not 
restricted to the case of light, but is, according to modern theory, of 
universal applicability. All kinds of particles are associated with 
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waves in this way and conversely all wave motion is associated with 
particles. Thus all particles can be made to exhibit interference 
effects and all wave motion has its energy in the form of quanta. The 
reason why these general phenomena are not more obvious is on 
account of a law of proportionality between the mass or energy of the 
particles and the frequency of the waves, the coefficient being such 
that for waves of familiar frequencies the associated quanta are ex- 
tremely small, while for particles even as light as electrons the 
associated wave frequency is so high that it is not easy to demonstrate 
interference. 


4. Superposition and Indeterminacy 

The reader may possibly be feeling dissatisfied with the attempt in 
the two preceding sections to fit in the existence of photons with the 
classical theory of light. He may argue that a very strange idea has 
been introduced—the possibility of a photon being partly in each of 
two states of polarization, or partly in each of two separate beanis— 
but even with the help of this strange idea no satisfying picture of 
the fundamental single-photon processes has been given. He may say 
further that this strange idea did not provide any information about 
experimental results for the experiments discussed, beyond what 
could have been obtained from an elementary consideration of 
photons being guided in some vague way by waves. What, then, is 
the use of the strange idea? 

In answer to the first criticism it may be remarked that the main 
object of physical science is not the provision of pictures, but is the 
formulation of laws governing phenomena and the application of 
these laws to the discovery of new phenomena. If a picture exists, 
so much the better; but whether a picture exists or not is a matter of 
only secondary importance. In the case of atomic phenomena no 
picture can be expected to exist in the usual sense of the word 
‘picture’, by which is meant a model functioning essentially on 
classical lines. One may extend the meaning of the word ‘picture’ to 
include any way of looking at the fundamental laws which makes their 
self-consistency obvious. With this extension, one may acquire a 
picture of atomic phenomena by becoming familiar with the laws of 
the quantum theory. 

With regard to the second criticism, it may be remarked that for 
many simple experiments with light, an elementary theory of waves 
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and photons connected in a vague statistical way would be adequate 
to account for the results. In the case of such experiments quantum 
mechanies has no further information to give. In the great majority 
of experiments, however, the conditions are too complex for an 
elementary theory of this kind to be applicable and some more 
elaborate scheme, such as is provided by quantum mechanics, is then 
needed. The method of description that quantum mechanics gives in 
the more complex cases is applicable also to the simple cases and 
although it is then not really necessary for accounting for the experi- 
mental results, its study in these simple cases is perhaps a suitable 
introduction to its study in the general case. 

Before we can discuss the principle of superposition in the general 
case, we must introduce the important concept of a state of an atomic 
system. Let us take a general atomic system, composed of particles 
or bodies with specified properties (mass, moment of inertia, etc.) 
interacting according to specified laws of force. There will be various 
possible motions of the particles or bodies consistent with the laws 
of foree. Each such motion is called a state of the system. According 
to classical ideas one could specify a state by giving numerical values 
to all the coordinates and velocities of the various component parts 
of the system at some instant of time, the whole motion being then 
completely determined. Now the argument of pages 3 and 4 shows that 
we cannot really observe a small system with that amount of detail 
which classical theory supposes. The limitation in the power of obser- 
vation puts a limitation on the number of data that can be assigned to 
a state. Thus a state of an atomic system must be specified by fewer 
or more indefinite data than a complete set of numerical values 
for all the coordinates and velocities at some instant of time. In the 
case when the system is just a single photon, a state would be com- 
pletely specified by a given state of motion in the sense of § 3 
together with a given state of polarization in the sense of § 2. 

A state of a system may be defined as a motion that is restricted by 
as many conditions or data as is possible without mutual disturbance 
or contradiction. In practice the conditions could be imposed by a 
suitable preparation of the system, consisting perhaps in passing it 
through various kinds of sorting apparatus, such as slits and polari- 
meters. 

The general principle of superposition of quantum mechanics 
applies to the states, as thus defined, of any one dynamical system. 
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It requires us to assume that between these states there exist peculiar 
relationships such that whenever the system is definitely in one state 
we can consider it as being partly in each of two or more other states. 
The original state must be regarded as the result of a kind of super- 
position of the two or more new states, in a way that cannot be con- 
ceived on classical ideas. Any state may be considered as the result 
of a superposition of two or more other states, and indeed in an 
infinite number of ways. Conversely any two or more states may be 
superposed to give a new state. The procedure of expressing a state 
as the result of superposition of a number of other states is a mathe- 
matical procedure that is always permissible, independent of any 
reference to physical conditions, like the procedure of resolving a wave 
into Fourier components. Whether it is useful in any particular case, 
though, depends of course on the special physical conditions of the 
problem under consideration. 

In the two preceding sections examples were given of the super- 
position principle applied to a system consisting of a single photon. 
§ 2 dealt with states differing only with regard to the polarization and 
§ 3 with states differing only with regard to the motion of the photon 
as a whole. 

The nature of the relationships which the superposition principle 
requires to exist between the states of any system is of a kind that 
cannot be explained in terms of familiar physical concepts. One 
cannot in the classical sense picture a system being partly in each of 
two states and see the equivalence of this to the system being com- 
pletely in some other state. There is an entirely new idea involved, 
to which one must get accustomed and in terms of which one must 
proceed to build up an exact mathematical theory, without having 
any detailed classical picture. 

When a state is formed by the superposition of two other states, 
it will have properties that are in some vague way intermediate 
between those of the two original states and that approach more or 
less closely to those of either of them according to the greater or less 
‘weight’ attached to this state in the superposition process. The new 
state is completely defined by the two original states when their 
relative weights in the superposition process are known, together 
with a certain phase difference, the exact meaning of weights and 
phases being provided in the general case by the mathematical theory. 
In the case of the polarization of a photon their meaning is that pro- 
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vided by classical optics, so that, for example, when two perpendicu- 
larly plane polarized states are superposed with equal weights, the 
new state may be circularly polarized in either direction, or linearly 
polarized at an angle jr, or else elliptically polarized, according to 
the phase difference. 

The non-classical nature of the superposition process is brought 
out clearly if we consider the superposition of two states, A and B, 
such that there exists an observation which, when made on the 
system in state A, is certain to lead to one particular result, @ say, and 
when made on the system in state B is certain to lead to some different 
result, b say. What will be the result of the observation when made 
on the system in the superposed state? The answer is that the result 
will be sometimes @ and sometimes b, according to a probability law 
depending on the relative weights of A and B in the superposition 
process, It will never be different from both a and b. The inter- 
mediate character of the state formed by superposition thus expresses 
itself through the probability of a particular result for an observation 
being intermediate between the corresponding probabilities for the original 
states,t not through the result itself being intermediate between the 
corresponding results for the original states. 

In this way we see that such a drastic departure from ordinary 
ideas as the assumption of superposition relationships between the 
states is possible only on account of the recognition of the importance 
of the disturbance accompanying an observation and of the conse- 
quent indeterminacy in the result of the observation. When an 
observation is made on any atomic system that is in a given state, in 
general the result will not be determinate, i.e., if the experiment is 
repeated several times under identical conditions several different 
results may be obtained. It is a law of nature, though, that if the 
experiment is repeated a large number of times, each particular result 
will be obtained in a definite fraction of the total number of times, so 
that there is a definite probability of its being obtained. This proba- 
bility is what the theory sets out to calculate. Only in special cases 
when the probability for some result is unity is the result of the 

experiment determinate. 

The assumption of superposition relationships between the states 


} The probability of a particular result for the state formed by superposition is not 
necessarily intermediate between those for the original states in the general case when 
those for the original states are not zero or unity, so there are restrictions on the 
‘intermediateness’ of a state formed by superposition. 
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leads to a mathematical theory in which the equations that define 
a state are linear in the unknowns. In consequence of this, people 
have tried to establish analogies with systems in classical mechanics, 
such as vibrating strings or membranes, which are governed by linear 
equations and for which, therefore, a superposition principle holds. 
Such analogies have led to the name ‘Wave Mechanics’ being some- 
times given to quantum mechanics. It is important to remember, 
however, that the swperposition that occurs in quantum mechanics 18 
of an essentially different nature from any occurring in the classical 
theory, as is shown by the fact that the quantum superposition prin- 
ciple demands indeterminacy in the results of observations in ordet 
to be capable of a sensible physical interpretation. The analogies are 
thus liable to be misleading. 


5. Mathematical Formulation of the Principle 

Let us consider the whole set of states of a particular dynamical 
system. They will form an aggregate of things between which there 
will exist a number of relationships of a special kind, arising from 
the principle of superposition. These relationships we must now 
formulate in exact mathematical language. 

The superposition process is a kind of additive process and implies 
that states can in some way be added to give new states. Now any 
mathematical quantities which can be added to give new quantities 
of the same nature may be represented by vectors in a suitable vector 
space with a sufficiently large number of dimensions. We are thus 
led to represent the states of a system by vectors in a certain vector 
space. The vectors will be assumed all to radiate from a common 
origin. 

We represent each state by a vector denoted by a symbol ¥. 
Different states are represented by different vectors y, which may 
be distinguished by being provided with different suffixes; thus the 
states A, B, C may be represented by the vectors Y4,yp,Hc. If the 
state A can be formed by superposition of the states B and C, then 
we assume that the corresponding vectors 4, ,,%/¢ are connected 
by an equation of the type 


ta = ep ¥ptXoto, (1) 
where x, and 2, are numbers. 
From this assumption certain precise properties of the super- 
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position process follow—properties which are in fact necessary for 
the word ‘superposition’ to be suitable. Since, when vectors are 
added, the order in which they are put is unimportant, it follows that 
when two or more states are superposed, the order in which they 
occur in the superposition process is unimportant. The superposition 
process is symmetrical between the states that are superposed 
Further, we see from equation (1) that (excluding the case when the 
coefficient x, Or Yq is zero) if the state A can be formed by super- 
position of the states B and C, then the state B can be formed by 
superposition of C and A, and C can be formed by superposition of 
A and B. The superposition relationship is symmetrical between all 
three states A, B, and C. Three states that are symmetrically related 
in this way will be called dependent. More generally, any set of states 
A, B,...,Z will be called dependent if there exists a relation between 
their representative vectors of the form 


Cyt teppyt...+2@z hz = 0, (2) 
where the coefficients x4, 7p,...,%z are not all zero; otherwise they 
will be called independent. 


If we obtain the maximum number of independent states, this will 
give us the number of dimensions of our vector space. In most 
practical examples this number is infinite. The vector picture is 
useful in spite of this, most of the reasoning that we use it for being 
equally applicable whether the number of dimensions is finite or 
infinite. 

To proceed with the accurate formulation of the superposition 
principle we must introduce a further assumption, namely the assump- 
tion that by superposing a state with itself we cannot form any new — 
state, but only the original state over again. If the original state is 
represented by the vector 4%, when it is superposed with itself the 
result will be represented by 

ay ayy = (0 +2 )xp, 

where 2, and x, are numbers. Now we may have +2, = 0, in which 
case the result of the superposition process would be nothing at all 

the two components having cancelled each other by an iateaferenne 
effect. Our new assumption requires that, apart from this special 
case, the resulting state must be the same as the original one, so that 
(x,-+2’)s must represent the same state that 4 does. Now a,-++2, is an 
arbitrary number and hence we can conclude that if the representative 
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vector of a state is multiplied by any number, not zero, the resulting vector 
will represent the same state. Thus a state is specified by the direction 
of a vector in the vector space and any length one may assign to the 
vector is irrelevant. All the states of the dynamical system are in 
one-one correspondence with all the possible directions for a vector in 
the vector space, when one makes no distinction between the direc- 
tions of the vectors and —z. 

The new assumption above shows up very clearly the fundamental 
difference between the superposition of the quantum theory and any 
kind of classical superposition. In the case of a classical system for 
which a superposition principle holds, for instance a vibrating mem- 
brane, when one superposes a state with itself the result is a different 
state, with a different magnitude of the oscillations. There is no 
physical characteristic of a quantum state corresponding to the 
magnitude of the classical oscillations, as distinct from their quality, 
described by the ratios of the amplitudes at different points of the 
membrane. Again, while there exists a classical state with zero ampli- 
tude of oscillation everywhere, namely the state of rest, there does not 
exist any corresponding state for a quantum system, the zero vector 
in the vector space representing no state at all. 

One further assumption is necessary to complete the mathematical 
formulation of the principle of superposition. This is the assumption 
that in an equation expressing a superposition relationship, such as 
equation (1) or (2), the coefficients « can be complex numbers, and in 
the statement ‘if the representative vector of a state is multiplied by 
any number, not zero, the resulting vector will represent the same 
state’, the multiplying number can be complex. 

The need for the allowing of complex coefficients can be seen in the 
two examples discussed in §§ 2 and 3, in which it is clear that from the 
superposition of two given states a twofold infinity of states may be 
obtained. In fact in the example of § 2, there are just two indepen- 
dent states of polarization for a photon, which may be taken to be 
the states of linear polarization parallel and perpendicular to some 
fixed direction, and from the superposition of these two a twofold 
infinity of states of polarization can be obtained, namely all the 
states of elliptic polarization, the general one of which requires two 
parameters to describe it. Again, in the example of § 3, from the 
superposition of two given states of motion for a photon a twofold 
infinity of states of motion may be obtained, the general one of which 
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is described by two parameters, which may be taken to be the ratio 
of the amplitudes of the two wave functions that are added together 
and their phase relationship. Now if, in the superposition equation 
(1), the coefficients xp, xg were restricted to be real numbers, then, 
since only their ratio is of importance for determining the direction of 
the resultant vector , when y#, and ig are given, there would be 
only a simple infinity of states obtainable from the superposition. 
The allowing of complex coefficients increases this to a twofold 
infinity. 

Our assumption of complex coefficients implies that in every 
case of superposition of two different given states, a twofold infinity 
of states may be obtained. The vectors ys representing the states are 
complex vectors, there being a twofold infinity of them with ex- 
tremities on any given line in the vector space. 


6. Analysis of the Principle 

The principle of superposition that we have been discussing, applying 
to the states of any atomic system, is in agreement with the restricted 
principle of relativity, as it involves no reference to any particular 
Lorentz frame of reference. It would be desirable to develop the 
whole theory of quantum mechanics relativistically but at the present 
time this is not practicable, since relativistic quantum mechanics 
has as yet only a very limited applicability. There exists at present 
a general and logical scheme of non-relativistic quantum mechanics, 
yielding results in agreement with experiment, but, although one can 
obtain a formal extension of the scheme satisfying relativity re- 
quirements, this extension is not applicable to practical problems 
except with the help of approximations that are not mathematically 
justifiable. 

The greater part of the present book will be concerned with the 
non-relativistic quantum mechanics, which is now as precise and 
as general as classical mechanics, to which it has, in fact, a strong 
analogy. The work will thus refer to one absolute time. The theory 
then naturally divides itself into two parts, part (i) dealing with 
relations and laws of nature governing the state of affairs in an 
atomic system at one instant of time, and part (ii) dealing with the 
connexion between the state of affairs at one instant of time and at a 
slightly later instant. Part (ii) will contain the analogue of the equa- 
tions of motion of classical mechanics and will, in fact, be a neat 
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mathematical generalization of that scheme of equations. Part (i) 
will give essentially the theory of the limitations of one’s powers of 
observation of a small system and its classical analogue will consist 
mainly of trivialities, since classical theory assumes there are no 
such limitations. A certain section of part (i), though (dealt with in 
Chapter V), will have a non-trivial classical analogue, Goncerned with 
the important dynamical notions of conjugate variables, contact 
transformations, and related things. 

Historically, part (ii) was the first to be discovered. People guessed 
at the quantum generalization of the classical equations of motion 
and then proceeded to work with the quantum equations of motion, 
only gradually learning their proper physical significance and the 
limitations which they require in the possibilities of observation, In 
a logical exposition of the quantum theory, though, part (i) should 
be put first. This will accordingly be done in the present book, 
part (i) being dealt with in Chapters IT to V and the equations of 
motion being then introduced in Chapter VI. 

With the recognition of the natural separation of the theory into 
the two parts (i) and (ii), it becomes desirable to use the word ‘state’ 
in a rather different sense from that in which we have been using it 
up to the present. As we have been using it and as it comes in in the 
general formulation of the principle of superposition, it refers to the 
condition of the dynamical system throughout all time—something 
which, in the classical theory, would be described by a set of functions 
of the time which satisfy certain equations of motion. The preferable 
sense in which to use the word ‘state’ is to make it refer to the con- 
dition of the dynamical system at one instant of time—something 
which, in the classical theory, would be described merely by a set of 
numerical values for the dynamical variables. With the old meaning 
of the word, a dynamical system remains permanently in one state 
and just follows out the course of its motion in that state; with the 
new meaning a dynamical system is at each instant of time in a 
definite state and is continually changing from one state to another 
(or, as we may say, the state that the dynamical system is in is con- 
tinually changing) under the influence of the equations of motion. 

The old meaning is probably the more fundamental from an ab- 
stract theoretical point of view, since it is relativistic, referring to 
conditions throughout space-time, while the new meaning is non- 
relativistic, referring to conditions in a three-dimensional section of 
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space-time belonging to one time-instant. The new meaning, though, 
is better adapted to the line of development of the theory that we 
shall follow. It allows us to say that part (i) deals with the relations 
between the possible ‘states’ in which a dynamical system may be 
at any instant of time, and part (ii) deals with the connexion between 
the ‘state’ at one instant and that at a slightly later instant. The 
new meaning will therefore be used throughout the book,t except 
in a few places where otherwise stated. 

If we now examine the general principle of superposition, applying 
to the ‘states’ of a system in the old sense, from our new non-rela- 
tivistic point of view, we see that this principle resolves itself into 
two distinct hypotheses. One of these is a principle of superposition 
applying to the ‘states’ in the new sense. Between such states there 
must exist superposition relationships of just the same character as 
those between the old kind of states. The whole of § 5 will apply 
equally well to the new kind of states. The other hypothesis is that, 
if we take certain states at one instant of time that are connected by 
some superposition relationship, so that their representative vectors 
satisfy an equation of the type (1) or (2), then in the course of time 
these states will change in such a way that they always remain con- 
nected by this superposition relationship, their representative vectors 
y varying in such a way that equation (1) or (2) continues to hold, 
with constant coefficients. This second hypothesis turns the assum- 
tion of superposition relationships between the states at one instant 
of time into an assumption of superposition relationships holding 
between the various possible motions throughout all time, as required 
by the general principle of superposition. 

The two hypotheses into which we have analysed the general 
principle of superposition belong respectively to parts (i) and (ii) of 
our theory. The principle of superposition of states in the new sense 
is one of the fundamental assumptions on which part (i) of the theory 
will be built, while the hypothesis of the constancy throughout time 
of any superposition relationship provides the basic assumption in 
the derivation of the equations of motion and the setting up of 
part (ii). 


+ This is an alteration from the first edition, where the old meaning was used 
throughout, 
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STATES AND OBSERVABLES 


7. The Vector Space representing the States 


Durine the present century a profound change has taken place in 
the opinions physicists have held on the foundations of their subject. 
Previously they supposed that the principles of Newtonian mechanics 
would provide the basis for the description of the whole of physical 
phenomena and that all the theoretical physicist had to do was 
suitably to develop and apply these principles. With the recognition 
that there is no logical reason why Newtonian and other classical 
principles should be valid outside the domains in which they have 
been experimentally verified has come the modern point of view that 
departures from these principles are indeed necessary. Such depar- 
tures find their expression through the introduction of new mathema- 
tical formalisms, new schemes of axioms and rules of manipulation, 
into the methods of theoretical physics. 

Quantum mechanics provides a good example of the new ideas. It 
requires the states of a dynamical system and the observations that 
can be made on the system to be interconnected in ways that appear 
strange and unfamiliar from the classical standpoint. This results in 
the states and observations being represented by mathematical 
quantities of different natures from those ordinarily used. The new 
scheme becomes a precise physical theory when all the axioms and 
rules of manipulation governing the mathematical quantities are 
specified and when in addition certain laws are laid down connecting 
physical facts with the mathematical formalism, so that from any 
given physical conditions equations between the mathematical quanti- 
ties may be inferred and vice versa. In an application of the theory 
one would be given certain physical information, which one would 
proceed to express by equations between the mathematical quantities, 
One would then deduce new equations with the help of the axioms 
and rules of manipulation and would conclude by interpreting these 
new equations as physical conditions. The justification for the whole 
scheme depends, apart from internal consistency, on the agreement 
of the final results with experiment. 

The present chapter will be concerned with the foundation of the 
scheme in so far as it applies to the states of a dynamical system at 
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one particular time and observations made on the system at that 
time. We begin with the idea introduced in § 5 of representing each 
state by the direction of a vector in a certain vector space. (We saw 
in § 6 that this idea is valid for the states at a particular time.) It is 
now necessary to discuss the geometrical nature of the vector space— 
in particular the possibility of the existence of relations of perpendicu- 
larity between the vectors. 

A convenient way of describing the geometrical nature of the 
vector space is by introducing a coordinate system of the simplest 
type possible and discussing the transformations of coordinates 
arising from the passage to other coordinate systems that are equally 
simple. Let the coordinates of a vector %, be the set of numbers 
1,4, @3,.... These numbers must in general be complex, since, as we 
saw in § 5, we can multiply the vectors by complex numerical coeffi- 
cients and then add them to other vectors. If we make a passage to 
a new coordinate system, in which the coordinates of the vector 
ys, are a¥,a¥,a¥,..., then the new coordinates will be connected with 
the old ones by linear relations of the type 


as = = Va as, (1) 


where the y,, are numbers which depend only on the two coordinate 
systems and not on the vector y,. 

We now make the assumption that the y,, may be and in general 
are complex numbers, even when the two coordinate systems are 
both of the simplest type possible. The effect of this is that if the 
coordinates of , are real in one coordinate system they will in 
general be complex in the other. Thus one can give no invariant 
meaning to the vector ys, being real. One cannot have a real vector in 
the vector space and one cannot split wp a general vector into real and 
pure imaginary parts. 

Consider now the conjugate complex numbers to the coordinates 
of %,. These conjugate complex numbers will also transform accord- 
ing to a linear law, namely the law 


a = > Fre%es (2) 


where the bar over a number denotes its conjugate complex. They 
may thus be considered as the coordinates of a vector in some vector 
space. It will be a different vector space from that of the ’s though, 
since the transformation law (2) is different from (1), on account of the 


22 STATES AND OBSERVABLES §7 
transformation coefficients 7,, being in general different from the 
Yrs: There will be no meaning for the sum of one of the vectors in the 
new vector space with one of the #’s in the original vector space. The 
two vector spaces will not, of course, be entirely disconnected but 
must be related in a special way, since each transformation of co- 
ordinates in one of them is associated with a definite transformation 
of coordinates in the other. 

We shall call the vectors in the new vector space 4's. That one of 
them whose coordinates are the conjugate complex numbers of the 
coordinates of a y with any specified suffix will be denoted by ¢ with 
the same suffix. Thus ¢, is the vector whose coordinates are the con- 
jugate complex numbers to those of #,. Two vectors such as ¢, and 
¥,, Whose coordinates are conjugate complex numbers, we shall define 
to be conjugate imaginary vectors. We use the words ‘conjugate 
imaginary’ instead of ‘conjugate complex’, since the relation between 
¢, and yx, is not quite the same as the relation between a pair of 
ordinary conjugate complex numbers, on account of its not being 
possible to add together ¢,, and y, and to split up ¢, and y, into real 
and pure imaginary parts. The words ‘conjugate complex’ and the 
notation of putting a bar over a quantity to get its conjugate complex 
will be reserved for quantities which can be split up into real and pure 
imaginary parts. Thus we shall speak of the conjugate imaginary of 
a vector ¢, but of the conjugate complex of the coordinates of this 
vector in any specified coordinate system, the coordinates being just 
ordinary numbers. 

Each vector y, in the space of y's determines uniquely a vector 
¢, in the space of $’s and vice versa. Thus the space of ¢’s provides 
a representation of the states of our dynamical system just as well as 
the space of y's, each state being associated with one direction in the 
space of ¢’s. There is, in fact, perfect symmetry between the ¢’s and 
y's, which symmetry will survive all through the theory. 

We now introduce a further and final geometrical property of 
the space of #’s. We assume that, if @,d,@3,... and 6, bg, by,... are 
the coordinates of any two vectors 7, and y, referred to one of the 
simplest coordinate systems, then, in the passage to any other of 
the simplest coordinate systems, the coordinates will transform in 
such a way that the number 

Gy by +-Gy bg +s 5+... (3) 
remains invariant, This assumption imposes certain conditions on 
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the coefficients y,, in (1). The number (3) may be regarded as the 
scalar product of the vector , with the vector ¢,, the conjugate 
imaginary of y%,, and may be denoted by the symbolic product 
¢,%- There is no invariant of the type a,b,+-a,b,+436,+-... or 
G,b,+-d,b.+4,b,+..., corresponding to the scalar product of 4, with 
y, or of ¢, with ¢,, and thus symbolic products of the type %, %, or 
¢, % never occur in the theory. 

An invariant of the type (3) is not unusual in pure mathematics. 
It forms an interesting generalization to the case of complex coordi- 
nates of the ordinary scalar product a,b,-+-a,b.+4a,6,+... of two 
vectors with real coordinates a,, a, d,... and 6,, bg, b3,... in ordinary 
Euclidean space. The invariant (3) introduces a closer and more 
familiar connexion between the yb’s and the ¢’s. Instead of picturing 
the ’s and ¢’s as vectors in two different vector spaces, we may 
picture them as two different kinds of vector associated with the 
same space. The relation between these two kinds of vector is then 
just the one well known in differential geometry as the relation 
between covariant and contravariant vectors. 

The symbolic product notation ¢, 4, is very convenient for general 
discussions and will be extensively used in this book. When using it, 
we shall make the convention always to put the ¢-symbol to the left 
of the ¥-symbol, since the notation then fits in very well with the 
matrix notation that will be developed later. As before remarked, 
products like y, 4, and 4, 4, never occur. 

From the definition (3) it follows at once that the symbolic product 
$, 4% is subject to the usual algebraic axioms for the product of two 
quantities, as exemplified by the following equations: 

Palo +) $a ty+$a Pes 

(dato. rea pate+do Pos 
and palkf,) = (kbalby = k(ha hy) 
where & is any number. Further results that follow immediately from 
the definition are that the two numbers ¢, ¥, and ¢, ys, are conjugate 


complex, i.e. dais = Fates (4) 
and the number ¢, ¥, is always real and positive except in the special 
case when the vector , vanishes. This number ¢,,y/,, may be called 
the square of the length of the vector y, or of the vector ¢,, in agree- 
ment with the meaning of length for an ordinary vector with real 
coordinates, 
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It will frequently happen in the course of development of the theory 
and also in its applications that we shall have to introduce a vector 
% or ¢ whose direction is fixed by special considerations referring to the 
problem in hand, but whose length is not so fixed. It is then often 
convenient to choose the length to be equal to unity. This procedure 
is called normalization and the vector so chosen that its length is 
unity is said to be normalized. It should be noted that the vector 
is not, even then, completely determined, since one can always 
multiply it by any number of modulus unity, i.e. of the type e” where 
c is real, without changing either its direction or its length. We call 
such a number a phase factor. 

If a ¢-vector and a y-vector are such that their product ¢y is zero, 
we shall say that these two vectors are orthogonal, We shall also say 
that two ¥’s are orthogonal if the product of either with the con- 
jugate imaginary of the other is zero. Thus ys, and yf, are orthogonal if 
oa% = 90 or if ¢,4, = 0, these two conditions being, of course, 
equivalent on account of (4). A similar definition will hold for the 
orthogonality of two ¢’s. Further, we shall say that two states are 
orthogonal if the vectors representing these states are orthogonal. 


8. Observables as Linear Operators 


The preceding section completes all that can be said about the 
relationships between the states of a system at a particular time. To 
continue with the development of the theory we must introduce 
observations into the discussion. We shall be concerned here only 
with observations made at this same particular time. Each such 
observation consists in the measurement of the value at this time of 
some dynamical coordinate or momentum, or some function of the 
coordinates and momenta. It will be convenient to introduce a 
special word for these things that get measured, as they play such 
an important part in the theory. We shall call each of them an 
observable. Thus an observation consists in the measurement of an 
observable. 

In the present section we shall deal only with the general relations 
which exist between observables and which connect observables with 
states. The discussion of the measurements of observables and the 
way in which the numerical results of such measurements appear in 
the theory will be left to the next section. 

We make the fundamental assumption that each observable is 
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represented in the mathematical formalism by a linear operator that can 
operate on the -vectors. By a linear operator is meant an operator 
which, operating on any ¢-vector, changes that %-vector into another 
#s-vector whose coordinates are linear functions of the coordinates 
of the first one. Thus, when it operates on the vector %, with 
coordinates x, (r = 1, 2, 3,...), it will change that vector into some 
vector, %, say, whose coordinates 6, are connected with the x, by 


relations of the type 
b, a > Xs Ug, (5) 


where the «,, are numbers (in general complex), which depend only on 
the operator and not on the vector y,. 

The numbers «,, may be called the coordinates of the operator. 
They differ from the coordinates of a vector in that there are many 
more of them, each of them requiring two suffixes to label it instead 
of one. If we had to write them out explicitly, the natural way of 
arranging them would be as a two-dimensional array, thus: 


Oy Aq yg 
%1 Aq Agg 
31 =A%geg Age 


Such an array is called a matrix and the numbers are called the 
elements of the matrix. We make the convention that the elements 
must always be arranged so that those in the same row have the same 
first suffix and those in the same column have the same second suffix. 
An element whose two suffixes are the same, such as «,,, is called a 
diagonal element, as all such elements lie on a diagonal of the array. 
There is a symbolic notation which can conveniently be used in 
connexion with linear operators, corresponding to that which we had 
for the scalar product in the preceding section. The linear operator 
with coordinates «,, we call the linear operator «, and when it acts on 
any vector y,, the resulting vector is regarded as the symbolic pro- 
duct of « with y, and is written o,, with the operator to the left of 
the y-symbol. Thus when the coordinates of two vectors , and yy, 
and of a linear operator « are connected by equation (5), the relation 
between the vectors and linear operator may be expressed by the 
symbolic equation ht che (6) 


3595 14 BE 
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It is easily seen that for any two vectors ys, and w,, 
a(th,--yy) 7 oa, aay, 
and for any number k, 
aki.) = K(oap,). 
These equations, in fact, are just those that express in the symbolic 
notation the linearity property of the operator «. 

The assumption that observables are represented by linear opera- 
tors seems at first sight to be a very drastic and unexpected departure 
from ordinary ideas. It appears much more reasonable, though, when 
one examines the properties of linear operators and sees how well 
fitted they are to play the part of observables. In the mathematics 
of classical mechanics, observables are quantities which we can add 
to one another or multiply with one another or form algebraic func- 
tions of, the results of these processes being other observables. Now 
the theory of linear operators can be developed so that we can add 
and multiply linear operators and form algebraic functions of them, 
the results of these processes being other linear operators. Thus 
linear operators can be handled mathematically in much the same way 
in which one is used to handling observables in classical mechanics. 

The sum of two linear operators is defined as that linear operator 
which, operating on any vector ¥,, changes this vector into the 
sum of the two vectors into which w, is changed by the two operators 
individually. Thus, in the symbolic notation, the sum a-+-f of two 
linear operators « and f is defined by the equation 

(a+B)p. = of2+Piby 
holding for all ¥,. Similarly, the product of a linear operator « with 
a number ¢ is defined as that linear operator which, operating on 
any vector ¥,, changes this vector into & times the vector into 
which y, is changed by «. In the symbolic notation, 


(ka)p, = k(oap,). 
With the help of these two definitions one can form linear functions, 
with arbitrary numerical coefficients, of the linear operators. 

The product of two linear operators is defined as that linear opera- 
tor which produces by itself the same effect as the two operators in 
succession. Thus the product af is defined as the operator which, 
operating on a vector ,, changes it into that vector which one would 
get by operating first on ys, with 8, and then on the result of the first 
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operation with «. In symbols, 


(afb, = a(Brp,). 


In general this would not be the same as operating first with « and 
then with f, so that the product af in general differs from Bx. T'he 
commutative axiom of multiplication does not hold for linear operators. 
It may happen in a special case that two linear operators « and f are 
such that a8 and Bx are equal. In this case we say that « commutes 
with f, or that « and B commute. 

It is easily seen that the other multiplication axioms of ordinary 
algebra, the associative and distributive axioms, as well as all the 
addition axioms, are valid for linear operators. Thus one can build 
up an algebra for linear operators which runs very similar to ordinary 
algebra. For instance, by repeated applications of the processes of 
addition and multiplication one can construct functions of linear 
operators, in fact all those functions that can be expressed as power 
series. 

When we say that observables are represented by linear operators, 
it is implied that the algebraic relations which exist between any 
observables are the same as the algebraic relations between the linear 
operators representing those observables. Thus the essential mathe- 
matical significance of the assumption that observables are repre- 
sented by linear operators is that observables are subject to an algebra 
which is the same as ordinary algebra with the exception that the com- 
mutative axiom of multiplication does not hold. 

Up to the present we have considered observables only in connexion 
with y-vectors. To maintain symmetry between the ’s and the 
¢’s, we must have the possibility of representing an observable 
by a linear operator operating on the ¢-vectors. This possibility 
can be deduced from the assumption that observables are repre- 
sented by linear operators operating on the ¥-vectors, together 
with the relations between ¢’s and y’s established in the preceding 
section. 

Let us form the scalar product of the %-vector up, with an arbitrary 
¢-vector ¢,. If the coordinates of ¢, are the numbers #,, then, the 
coordinates of af, being given by the right-hand side of (5), the 
scalar product has the value 


py(ayp,) = 2 Ind Mpg Vee 
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This may be written in the form 


= a, Xs, (7) 
where G4,= >9,%- (8) 


Now the 4, must be such that expression (7) is invariant under a 
change of coordinate system when the x, are the coordinates of any 
ys-vector. This is sufficient to ensure that the @, transform like the 
coordinates of a ¢-vector and thus that the @, are the coordinates of 
some ¢-vector. We call this vector ¢,,« and consider it as the sym- 
bolic product of the vector ¢, with an operator a. It is, in fact, the 
result of some linear operator operating on ¢,, since, as shown by 
equation (8), its coordinates are linear functions of the coordinates of 
¢,. This linear operator provides an alternative representation for 
the observable symmetrical with the previous linear operator operat- 
ing on -vectors. 

The use of the same letter « for both operators makes a convenient 
notation which does not lead to confusion. In fact, the two operators 
may be counted as just one operator which can operate either to the 
right on a #-vector or to the left on a ¢-vector. We now have a 
symbolic scheme in which the following associative law of multiplica- 


tion holds, pyle) = (by x)he. 


Either of these quantities will be written in future as 4, up, without 
brackets. 

A number, considered as a multiplying factor into each y or each 
¢, is a special case of a linear operator. It has the property of com- 
muting with every linear operator. One can easily see that any linear 
operator that commutes with every linear operator is a number. 

One further question remains to be considered in this section. We 
are assuming that every observable can be represented by a linear 
operator. Does every linear operator represent some observable ? 
One would immediately expect some restriction on the linear operator 
of the nature of a condition of reality, since, owing to the fact that 
a linear operator may be multiplied by an arbitrary complex number 
and remains a linear operator, the general linear operator must corre- 
spond to a complex function of the dynamical variables. Such a 
complex function may, of course, be considered formally as a complex 
observable, but since no meaning can be attached to the measurement 
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of a complex observable,} it is preferable to restrict the word 
‘observable’ to refer to real functions of dynamical variables and to 
introduce a corresponding restriction on the linear operators that 
represent observables. 

We assume this restriction to be that the coordinates «,, of each 
of these linear operators satisfy the relations 


Ops = Age. (9) 
These are just the relations required for the matrix formed by the 
x, to be what is called a Hermitian matrix. A linear operator that 
satisfies this condition may conveniently be called a Hermitian 
operator. 

In order to see that this assumption is suitable, we must verify that 
the condition imposed by (9) is independent of the system of coordi- 
nates. An easy way of doing this is by putting this condition in a 
form that does not refer to any coordinate system. Introducing two 
arbitrary %-vectors, %, and yj, say, with coordinates x, and y,, we 


have br My = 2 E, Xp Ys 
and dy mp, = p Ir Uys Uy = x Uy Mer Jy: 
From (9) we now obtain eying 
dy, apy <a py pp. (9) 


Conversely, if we are given (10) for arbitrary y, and y,, we can deduce 
(9), by taking ¥, and y,, to be the unit vectors along the directions 
of the r-th and s-th axes respectively. Thus the condition on « im- 
posed by (9) is equivalent to that imposed by (10), and since (10) 
contains no reference to any coordinate system (9) must also be 
independent of the coordinate system. 
As a corollary to this work we see, by putting ay, = yy, in (10), 

$2 My = dy by = boty 

from (4). Since this holds for arbitrary y,, we must have 
$2 = $y. Gi 

Thus the -vector caf, has as its conjugate imaginary the d-vector $,x- 
This result will be much used in the following work. It is true only 
on account of the operator « being Hermitian. 


+ It would not do to measure separately the real and pure imaginary parts, because 
this would mean two measurements, which in general would interfere with one 
another. 
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The question now remains—Does every Hermitian operator repre- 
sent an observable? The answer to this is that, provided we give 
a sufficiently comprehensive meaning to the word observable, to 
make it include all real functions of the dynamical variables that 
are theoretically measurable and not merely those for which a practic- 
able method of measurement can be set up, most of the Hermitian 
operators ordinarily met with do represent observables, but there 
are exceptions. The remaining condition for a Hermitian operator 
to represent an observable will be given at the end of § 10. 


9. Eigenvalues 

In the two preceding sections we made a number of assumptions 
about the way in which states and observables are to be represented 
mathematically in the theory. These assumptions are not, by them- 
selves, laws of nature, but become laws of nature when we make some 
further assumptions that provide a physical interpretation of the 
theory. Such further assumptions must take the form of establishing 
connexions between physical facts, on the one hand, and the equa- 
tions of the mathematical formalism on the other. 

One of these further assumptions is the following: Jn the special case 
when the result of a particular observation made on the system in a par- 
ticular state is with certainty one particular number, a say (instead of 
being one of two or more numbers according to a probability law), 
then the Hermitian operator, « say, representing the observable that is 
measured and the yb-vector, yb, say, representing the state are connected by 


rains aif = apy. (12) 


Conversely, if this equation holds, a measurement of the observable 
represented by « made on the system in the state represented by yp, is 
certain to lead to the result a. 

Equation (12) means that the linear operator «, applied to the 
vector y,, just multiplies this vector by a numerical factor without 
changing its direction (or possibly multiplies it by the factor zero, 
so that it ceases to have a definite direction). This same « applied to 
other vectors will, of course, in general change both their lengths and 
their directions. It should be noticed that only the direction of ys, is 
of importance in equation (12). If one multiplies 4, by any number 
not zero, it will not affect the question of whether ¥, satisfies equa- 
tion (12) or not. This, of course, is necessary in order that our 
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assumption may be sensible, since the state represented by #, depends 
only on the direction of %, and not on its length. 

There are some other matters which we must look into before we 
can be sure that our assumption is reasonable. One of these concerns 
the reality of the number a. Any result of a measurement is necessarily 
a real number. Is any number a satisfying an equation of the type 
(12) also necessarily real? We can easily see that it is so when we 
make use of the Hermitian property of «. Multiplying (12) symboli- 
cally by ¢,, the conjugate imaginary of y,, on the left, we get 


$a Yq = Why pq: 
Now ¢, 0%, is a real number, as follows from equation (10) with 
~, and #,, both put equal to ,, and further we saw, just after equation 
(4), that 4, , must be real. Hence a must be a real number. 
Another point to be noticed is that our assumption does not disturb 
the symmetry between y's and ¢’s. We can, in fact, replace equation 
(12) in the assumption by $x aah (13) 


equations (12) and (13) being equivalent since they are just conjugate 
imaginary equations, according to the rule deduced in the preceding 
section in connexion with equation (11). 

A further question to be looked into is the following. If we have 
any observable, we can multiply it by any real number k and get 
another observable. Now if a measurement of the original observable 
with the system in a particular state is certain to lead to one particular 
result a, we should require for physical consistency that a measure- 
ment of the new observable with the system in this same state shall 
certainly lead to the result ka, Is this given by the mathematical 
formalism, with the help of our assumption ? It is easily seen that it 
is. If the original observable is represented by the operator a, the 
new one must be represented by ka. The condition that a measure- 
ment of the original observable shall certainly lead to the result a 
when the system is in the state represented by yw, is equation (12) and 
from this equation we can deduce 


(kala = kaypa, 
from which we can infer that a measurement of the new observable 
will certainly lead to the result ka for this same state. 
The above question is a special case of a more general one. We may 
take as new observable any function f of the original one, instead of 
just & times it, and we should then require for physical consistency 
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that a measurement of the new observable shall certainly lead to the 
result f(a). This also is deducible from the mathematical formalism in 
an elementary way, provided the function f is expressible as a power 
series. The general case, where the function f may not be expressible 
as a power series, will be dealt with in § 11, where the requirement 
we are now discussing will be used as a basis for a general mathe- 
matical definition of a function of an observable. 

Equation (12) is of such fundamental importance in the theory that 
it is desirable to introduce some special words to describe the rela- 
tionships between the quantities involved. We shall call a an eigen- 
valuet of the operator « or of the observable that « represents and 
ys, an eigen- of this operator or observable, and we shall say that 
the eigen-% 1, belongs to the eigenvalue a. Likewise, ¢, satisfying 
(13) is an eigen-f belonging to the eigenvalue a, and the state repre- 
sented by either ¥, or ¢, is an eigenstate belonging to this eigenvalue. 
This terminology may also be used when the linear operator « is not 
Hermitian and does not represent an observable. 

Our assumption now enables us to infer that every eigenvalue of an 
observable is a possible result of the measurement of that observable. It 
is certainly the result when the system is in an eigenstate belonging 
to the eigenvalue. The converse theorem, that every possible result of 
the measurement of an observable, with the system in any state whatever, 
as one of its eigenvalues, is also true and will be deduced in § 12 from 
a more general assumption for physical interpretation, The set of 
eigenvalues of an observable are just the possible results of measure- 
ments of that observable and the calculation of eigenvalues is thus 
an important practical problem. 

A real number & is a special case of a Hermitian operator. Its 
peculiar characteristic from our present standpoint is that it has 
just one eigenvalue, namely k, and every #-vector is an eigen-p 
belonging to this eigenvalue. Such an operator may be considered to 
represent an observable. Any measurement of the observable must 
then always lead to the same result, namely &, no matter what state 
the system isin. This means that the observable is a natural constant, 
such as the velocity of light or the charge of an electron, or perhaps 
just a number. 


+ The word ‘proper’ is sometimes used instead of ‘eigen’, but this is not satisfactory 
as the words ‘proper’ and ‘improper’ are so often used with other meanings. See, 
for example, § 20 and also p. 181. 
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The theorem will now be proved that two eigenstates belonging to 
two different eigenvalues of an observable are orthogonal, in the sense 
defined at the end of §7. Suppose the two eigenstates are represented 
by the eigen-/’s %, and x, the corresponding eigenvalues being 
a, and a, respectively. Then, if « represents the observable, we have 
auf, = Ay, (14) 

and $y X% = Apdo, (15) 
the second of these equations being of the type (13). Multiplying 
(14) by ¢, on the left-hand side and (15) by #, on the right-hand side, 


in i poopy = Ay boy 

and pz ay = by boy 

respectively. Hence Ay by fy = Ay bo}, 

so that if a, is not equal to a, ¢.4, = 0 and the two states are ortho- 
gonal. We shall call this theorem the orthogonality theorem. 

If #, and %, are two eigen-s’s belonging to the same eigenvalue, 
then it is easily seen that any linear combination of them, c, #,+-¢. He, 
is also an eigen-/ belonging to this eigenvalue. Physically, this means 
that if we take two states such that a measurement of some observable 
with the system in either of these states is certain to lead to one 
particular result, then a measurement of this observable with the 
system in any state formed by the superposition of the two states 
will also certainly lead to this same result. This gives us some under- 
standing of the physical meaning of superposition. 

It can easily be proved that no linear combination of eigen-y’s 
belonging to different eigenvalues can be an eigen-y, i.e., that eigen-p’s 
belonging to different eigenvalues are all necessarily independent. If 
this were not so, we should have a relation of the type 


> or} = 0, (16) 


with numerical coefficients c,, between a number of eigen-ys’s belong- 
ing to different eigenvalues. In this relation we can assume, without 
loss of generality, that there is only one term corresponding to any 
eigenvalue, since if there were several terms corresponding to the same 
eigenvalue, these terms could be lumped together to form a single 
term, which would still be an eigen-. If we now multiply (16) on the 
left by €,¢,, the conjugate imaginary of one of the terms, we get, on 
account of the orthogonality theorem proved above, 

és ds Cs, = 0, 

F 
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which gives Cy, = 0. 
Hence each term in (16) must vanish separately. 


10. The Expansion Theorem 
In the preceding section we discussed the eigenvalues and eigen-'s 
of an observable or Hermitian operator, assuming that these eigen- 
values and eigen-;’s exist. A question that we did not consider is 
whether, if we take some particular observable or Hermitian operator, 
it will have any eigenvalues and eigen-/’s at all, and if so how many. 
This question can easily be answered in the case of a dynamical 
system that has only a finite number of independent states, so that 
the space of y-vectors has only a finite number of dimensions.} If 
we introduce a system of coordinates in this space, the condition (12) 
for an eigenvalue and eigen-y of a Hermitian operator « becomes 


D> %s%s = ay,, (17) 


where the «,, are the coordinates of the linear operator and the x, are 
those of the eigen-s. Let us suppose that the Hermitian operator « is 
given, so that the «,, are given, and the x, and a are unknowns which 
we must try to choose to satisfy the conditions (17). We then have, 
if » is the number of dimensions of the vector space, n equations for 
the n-++-1 unknowns 2,,a. Written in full, these equations are 

(043 —@) XH yg Lat O43 Ty... Fy, = O 

Oy Xy + (OXg9 —@) ggg y+... + an Ly = O 

Ogy Ly + Olga Lp + (1g3—A) y+... xg, %, = O (18) 

ny Uy + yg Lot Ang Xgt... + (Xy,—A)X, = O. 
The n variables x, occur in these equations linearly and homogene- 
ously and we may eliminate them, obtaining the determinantal 
equation for a, 


Oy, —@ X29 X43 SS Me: XY 
oy Ag2—4 M3 ee Aon 
O31 Xge g3—@ Xgp = 0. (19) 
Ont Xne nz s » ° nn —@ 


+ The problem is then essentially the same as that of the transformation of a 
quadratic form to principal axes. See Courant and Hilbert, Methoden der mathe- 


matischen Physik, Chapter I. 
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This is an algebraic equation of the n-th degree in a and must have 
n roots, not necessarily all different. Each of these roots is an eigen- 
value and the eigen-% belonging to it may be obtained from (18). 
When two or more of the roots of (19) coincide at some particular 
value, a, say, then the eigenvalue a4, must have a number of inde- 
pendent eigen-’s belonging to it equal to the number of these co- 
incident roots, This result may be proved by algebraic methods, but 
one can also see that it must be true from elementary considerations 
of continuity. Suppose small variations, of the order of magnitude 
of «, to be made in the matrix elements «,, in such a way as not to 
destroy the Hermitian character of the matrix and so as to separate 
all the roots, m in number, say, that previously coincided at a,. These 
roots will then differ from one another and from a, by quantities of 
the order of «. Each of them will have some eigen-y belonging to it 
and these eigen-/’s will be all orthogonal to one another, by the 
orthogonality theorem of the preceding section. These eigen-y)’s 
will define an m-dimensional sub-space, which contains them all. 
Any ¥ in this sub-space (with a length of the order unity) will satisfy 
the condition for being an eigen- of the original Hermitian operator 
« belonging to the eigenvalue a,, with an error of the order «. By now 
making «> 0, we obtain in the limit an m-dimensional sub-space of 
y’s and thus m independent ’s, each of which is an eigen- of « 
belonging to the eigenvalue ay. 

It should be noted that the argument makes use of the Hermitian 
property of « in using the orthogonality theorem and nowhere else. 
It is necessary to use this theorem, since otherwise some of the 
eigen-’s of the varied Hermitian operator, belonging to eigenvalues 
near @,, might be inclined to each other at angles of the order ¢ and 
tend to coincidence as « -> 0, in which case the argument would fail. 
A simple example of such failure is obtained if we take the non- 
Hermitian matrix 01 

(0 ‘ 

We now have the result that, when the number of dimensions of the 
s-space is finite and equal to n, the number of independent eigen-¥’s 
of any Hermitian operator is also n. Hence an arbitrary % can be 
expressed linearly in terms of these eigen-y’s, thus 

$= va (20) 


where y is arbitrary and each yf, is an eigen-y. This is the expansion 
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theorem for the case when the number of dimensions of the #-space 
is finite. 

We must now go over to the case of an infinite number of dimen- 
sions. The expansion theorem still reads—an arbitrary y can be 
expressed linearly in terms of the eigen-s’s of a Hermitian operator, but 
the theorem can no longer always be written in the form (20), since 
the number of independent eigen-¥s’s may be more than enumerable. 
This happens when the eigenvalues include all numbers in a certain 
range, say all numbers from p tog. (It may quite possibly be from 
—o to +00.) The expansion may then take the form of an integral, 


= | deda, (21) 


where a is the eigenvalue to which #4, belongs and y¥, varies with @ in 
such a way that the integral exists. This form of expansion, though, 
does not include all cases. We shall take up this question again in 
§ 20. 

A rigorous proof of the expansion theorem, sufficiently general to 
cover all the cases for which it is required in quantum theory, has 
not yet been found. The following argument, however, makes the 
theorem appear plausible. 

Let a be the Hermitian operator and consider a ys-vector #, that 
is a function of the parameter r and satisfies the differential equation 


2 4, = inh, (22) 


If ys, is given for one value of r, then it is fixed by this equation for a 
slightly greater value of 7. Thus we should expect this equation to 
have one solution, and only one, for any given initial value for ¥,, 
i.e., for %, equal to an arbitrary y, when 7 = 0. Suppose now that 
this solution can be expressed as a Fourier series or integral in 7; 
thus, if we take for definiteness the case of the integral, 


o, = | ep, da, (38) 


where %, is independent of 7, but involves the new parameter @. 
Substituting this expression for yf, in (22), we obtain 


f iactary, da = ia | ey, da, 
or i ae, da = i} e7ouh, da. 
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Since this equation holds for all values of 7, we can equate coefficients 
of e'@7, which gives 

‘ 6 ap, = caf. 


Thus ¥, is an eigen-/ of « belonging to the eigenvalue a. If we now 
put 7 = 0 in (23), we obtain 


to = | Hada, 


which gives an expansion for the arbitrary ys, in terms of the eigen-%’s 
ys, in the form (21). If %, were expressible as a Fourier series instead 
of the Fourier integral (23), we should get an expansion of %, as a sum 
of eigen-/’s in the form (20). 

The weak point in the above argument is the assumption of a 
Fourier expansion for y,. One case of failure would arise if the length 
of the vector ¥, increased to infinity as 7 > co, but this possibility 
can be ruled out with the help of the Hermitian condition for «, which 
condition we have not yet used. Let 4, be the conjugate imaginary 
of #,, satisfying the conjugate imaginary equation to (22), which is 


d 
ae [7 —id, mt, 


according to the theorem deduced in § 8 in connexion with equation 


(11). Then d dy. dd 
dy (or ts) a) $7. +a ts 
afi p,- tap, — id, x. ip, = 0. (24) 
Thus the vector %, remains of constant length and cannot increase 
to infinity. 


The argument is not rigorous even yet, since the vector %, might 
behave in other odd ways which would make its Fourier expansion 
impossible. In fact the expansion theorem is not true for every 
Hermitian operator, although it is true for most of the Hermitian 
operators met with in quantum mechanics. This results in lack of 
rigour in the theory from the mathematical standpoint, since we shall 
continually be requiring to use the expansion theorem in cases where 
it has not been proved. The situation is not so bad though, because 
there are usually physical grounds for telling when an application of 
the expansion theorem is permissible. The consistent development 
and physical interpretation of quantum mechanics require us to make 
the assumption that only those Hermitian operators that satisfy the 
expansion theorem represent observables and thus that an arbitrary 
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state is dependent on the eigenstates of any observable. Hence, if we 
know that a certain Hermitian operator represents some dynamical 
quantity which can be observed (for example if it represents the 
energy of some system) we may use the expansion theorem for this 
operator without fear of getting into error. Those linear operators 
appearing in the theory which do not represent observables will still 
represent functions of the dynamical variables, though these func- 
tions will not be directly observable. 


11, Functions of an Observable 
With the help of the algebraic operations of addition and multi- 
plication we can give a meaning to those functions of linear operators 
that are expressible as power series and thus to the corresponding 
functions of observables. We can, however, get a much more general 
definition of a function of an observable by following out a suggestion 
mentioned in § 9. 

‘Suppose we have any observable, represented by the Hermitian 
operator «, and let ys, be one of its eigen-y’s, belonging to the eigen- 


value a, so that ah, = Oo. (25) 


A measurement of the observable when the system is in the state 
represented by ys, must certainly lead to the result a. We now require 
that a measurement of a function f of the observable, when the 
system is in this same state, shall certainly lead to the result f(a), 
f being any function such that f(a) has a meaning and is real. Thus 
we should expect the function of the obseryable to be represented by 
some linear operator f(x) that satisfies 

F(@)iha ee S(@)fa- (26) 

We take the condition that (26) always holds when (25) holds as 

the mathematical definition of f(a). It is easily seen that this defini- 
tion is self-consistent, when applied to a set of eigen-y’s of « which are 
not independent, since such eigen-ys’s must all belong to the same 
eigenvalue. Thus, if we take for example three such eigen-’s, y,,,, 
io, and x3, connected by the relation 

Yaa = YoatYsar 
the definition would give us the same result if we operate on #,,, with 
(x) as if we operate on ys, and ¥,,, and add, Also, the definition com- 
pletely fixes the linear operator f(a), since it allows us to obtain the 
result of f(x) operating on an arbitrary y-vector. We have only to 
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expand the arbitrary y-vector in terms of eigen-’s of «, which expan- 
sion must be possible since « represents an observable, and then to 
operate with f(x) on each term separately in the expansion.t 

We must now verify that the above-defined linear operator f(x) can 
represent an observable. Evidently f(x) satisfies the expansion 
theorem, since, as we see from (25) and (26), every eigen-% of « is an 
eigen-y of f(x). It therefore only remains for us to verify the Hermitian 
condition. We can do this most conveniently by taking the form (10) 
for the Hermitian condition. Expanding the arbitrary ¢, and ¥, in 
terms of eigen-¢’s and eigen-y’s of x respectively,} we get equations 


of the form é, = pa Pew by = p> Prats 


where ¢,,, is an eigen-¢ belonging to the eigenvalue a and Yyq is an 
eigen-/ belonging to the eigenvalue a’. Hence, with the help of (26), 


bef (oy — 2 Grad () s Pya’ — 2 bra > faye 
rel 2 S(@) bra Pua’ = 2 S(@) bra Pua (27) 


the orthogonality theorem being used in the last step. Interchanging 
the suffixes x and y, we get 


by fi (ax)yb,, pag p3 f (4) bya Pra: 
Now f(a) is, by hypothesis, a real number and from (4) 
$a Pya = $ya Pras 


so that ped (apy oo pyJ (cx)ypy. 
Hence f(x) satisfies the condition that « satisfies in (10) and must 
therefore be Hermitian. 

We can now assume that the linear operator f(«) represents that 
observable which is the function f of the observable represented by «. 
In this way we can give a meaning to any real function f of an observable, 


+ We are here, for definiteness, taking the case when the expansion is in the form 
of a sum, as in (20), and not an integral, as in (21). We shall be continually doing 
this in the rest of this chapter and the next one. The change from sums to integrals 
involves only formal alterations in the theory, which alterations will be dealt with in 
Chapter IV. 

{ An expansion in terms of eigen-¢’s must, of course, be possible whenever the 
corresponding expansion for eigen-:/’s is possible. In these expansions we may assume, 
without loss of generality, that there is only one term corresponding to any eigen-— 
value, since if there were more than one, they could be lumped together to form a 
single term. 
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provided only that the domain of existence of the function of a real variable 
f(x) includes all the eigenvalues of the observable. If the domain of 
existence contains other points besides these eigenvalues, then the 
values of f(x) for these other points will not affect the function of 
the observable. The function need not be analytic or continuous. 
The eigenvalues of a function f of an observable are just the function 
f of the eigenvalues of the observable. 

It is important to remember that the possibility of defining a func- 
tion f of an observable requires the existence of a unique number 
f(&) for each value of x which is an eigenvalue of the observable. Thus 
the function must be single-valued and the function idea which we 
use corresponds to the one in the theory of functions of a real variable, 
rather than the one in the theory of functions of a complex variable. 
This may be illustrated by considering the question: When we have 
an observable f(A) which is a function of the observable A, is the 
observable A a function of the observable f(A) ? The answer to this 
is yes, if different eigenvalues a of A always correspond to different 
values of f(a). If, however, there exist two different eigenvalues of A, 
a, and a, say, such that f(a,) = f(a,), then, corresponding to the eigen- 
value f(a) of the observable f(A), there will not be a unique eigenvalue 
of the observable A and the latter will not be a function of the 
observable f(A). 

It may easily be verified mathematically, from the definition, that 
the sum or product of two functions of an observable is a function 
of that observable and that a function of a function of an observable 
is a function of that observable. Also it is easily seen that the whole 
theory is symmetrical between ¢’s and 7's and that we could equally 
well work from the equations 


pax = aby (28) 
one tafla) = faba 
instead of from (25) and (26). 

We shall conclude this section with a discussion of two examples 
which are of great practical importance, namely the reciprocal and 
the square root. The reciprocal of an observable exists when the 
observable does not have the eigenvalue zero. If the observable is 
represented by the Hermitian operator a, the reciprocal observable 
will be represented by a Hermitian operator, which we call a-! or 


1/a, satisfying any, es aty,,, (29) 
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where 7, is an eigen-ys of « belonging to the eigenvalue a. Hence 
aaa — at", = Pa: 

Since this holds for any eigen-# /, and an arbitrary ¥ can be expanded 
in terms of these eigen-:b’s, we must have 

aa <= 1. (30) 
Similarly, ata== 1, (31) 
Either of these equations is sufficient to determine a-! completely, 
provided « does not have the eigenvalue zero. To prove this in the 
case of (30), take the equation 


of = 1 
and multiply both sides on the left by the a-! defined by (29). The 
result is anleg = a! 
and hence from (31) € = a-t, 


Equations (30) and (31) can be used to define the reciprocal, when 
it exists, of a general linear operator «, which need not be Hermitian 
and represent an observable. One of these equations by itself is then 
not necessarily sufficient. If any two linear operators « and B have 
reciprocals, their product af has the reciprocal 

(aB)-* = Bo", (32) 
obtained by taking the reciprocal of each factor and reversing their 
order. We verify (32) by noting that its right-hand side gives unity 
when multiplied by af, either on the right or on the left. This reci- 
procal law for products can be immediately extended to more than 
two factors, 1.0., (By...) tir ey Boat, 

The square root of an observable exists when the observable has 
no negative eigenvalues. If the observable is represented by the 
Hermitian operator «, the square root observable will be represented 
by a Hermitian operator, which we call vw or a, satisfying 

Vota = tvap,, (33) 
ys, being an eigen-% of « belonging to the eigenvalue a. Hence 

Vooutfg tei Vavays, = ap, = otf, 
and since this holds for any eigen- ¥,,, we must have 
Nova = cx. (34) 


Tt See, for example, the e and e—‘ of § 36, equation (58). 
3595.14 G 
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On account of the ambiguity of sign in (33) there will be several 
square-root observables. To fix one of them we must specify a 
particular sign in (33) for each eigenvalue. This sign may vary irregu- 
larly from one eigenvalue to the next and equation (33) will always 
define a Hermitian operator v« satisfying (34) and representing an 
observable which can legitimately be called a square root of our 
original observable. If there is an eigenvalue of « with two or more 
independent ecigen-/’s belonging to it, then we must, according to 
our definition of a function, have the same sign in (33) for each of 
these eigen-y’s. If we had different signs, however, equation (34) 
would still hold, and hence equation (34) by itself is not sufficient to 
define va, except in the special case when there is only one inde- 
pendent eigen-y of « belonging to any eigenvalue. 

The number of different square roots of any observable which has 
no negative eigenvalues is 2”, where n is the total number of eigen- 
values (or 2"—1 if one of the eigenvalues is zero). The square root 
mostly used in practice is the one for which the positive sign is always 
taken in (33). This one will be called the positive square root. 


12. The General Physical Interpretation 

The assumption that we introduced in § 9 to get a physical interpreta- 
tion of our mathematics is of a rather special kind, since it can be 
used only in connexion with an equation of the special type (12). We 
need some more general assumption which will enable us to extract 
physical information from our mathematics even when we have no 
equation of the type (12). 

In classical mechanics an observable always, as we say, ‘has a 
value’ for any particular state of the system. What is there in quan- 
tum mechanics corresponding to this? If we take any observable, 
represented by the Hermitian operator a say, and any two states, 
represented by the vectors ¢, and y, say, then we can form the 
number ¢,,oy,. This number is not very closely analogous to the 
value which an observable can ‘have’ in the classical theory, for 
three reasons, namely, (i) it refers to two states of the system, while the 
classical value always refers to one, (ii) it is in general not a real 
number, and (iii) it is not uniquely determined by the observable and 
the states, since the vectors ¢, and ¥,, contain arbitrary numerical 
factors. Even if we impose on ¢, and yj, the condition that they shall 
be normalized, there will still be an undetermined factor of modulus 
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unity in ¢,a,. These three reasons cease to apply, however, if we 
take the two states to be identical. The number that we then get, 
namely ¢, o@,, is necessarily real, as may be seen from equation (10) 
with the suffix y replaced by x. Also it is uniquely determined, with 
the help of the conditions that ¢, and ¥, are conjugate imaginary 
vectors and both normalized, since if we multiply ¢, by the numerical 
factor e*°, ec being some real number, we must multiply %, by e~* and 
¢, «pf, will be unaltered. 

One might thus be inclined to make the tentative assumption that 
the observable represented by « ‘has the value’ ¢, oa, for the state 
represented by ¢, or %,, in a sense analogous to the classical sense. 
This would not be satisfactory, though, for the following reason. Let 
us take a second observable, represented by the Hermitian operator 
B, and thus by the above assumption having the value ¢,. fy, for this 
same state. We should expect, from classical analogy, that, for the 
same state again, the sum of the two observables would have a value 
equal to the sum of the values of the two observables separately and 
the product of the two observables would have a value equal to the 
product of the values of the two observables separately. Actually, the 
tentative assumption would give for the sum of the two observables 
the value ¢,(a+-8)ys,, which is, in fact, equal to the sum of ¢,, oa, and 
+, Py,, but for the product it would give the value ¢, «Py, or ¢, Bouf,, 
neither of which is connected in any simple way with ¢, op, and 
be Bib 

However, since things go wrong only with the product and not with 
the sum, it would be reasonable to call ¢, op, the average value of the 
observable represented by « for the state represented by ¢, or #,. 
This is because the average of the sum of two quantities must equal 
the sum of their averages, but the average of their product need not 
equal the product of their averages. We therefore make the general 
assumption that if the measurement of the observable represented by «, 
for the system in the state represented by ,, is made a large number of 
times, the average of all the results obtained will be $, p,, provided , 
and ys, are normalized. This assumption provides a general method 
for physical interpretation of the mathematics. We shall see a little 
later that the assumption of § 9 is deducible from this one. 

The expression that an observable ‘has a particular value’ for a 
particular state is permissible in quantum mechanics in the special 
case when a measurement of the observable is certain to lead to the 
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particular value, so that an equation of the type (12) holds. It may 
easily be verified from the algebra that, with this restricted meaning 
for an observable ‘having a value’, if two observables have values 
for a particular state, then for this same state the sum of the two 
observables (if this sum is an observablet) has a value equal to the 
sum of the values of the two observables separately and the product 
of the two observables (if this product is an observable}) has a value 
equal to the product of the values of the two observables separately. 

In the general case we cannot speak of an observable having a value 
for a particular state, but we can speak of its having an average value 
for the state. We can go further and speak of the probability of its 
having any specified value for the state, meaning the probability of 
this specified value being obtained when one makes a measurement of 
the observable. This probability can be calculated from the general 
assumption for physical interpretation in the following way. 

Take any observable, represented by the Hermitian operator «, and 
any state, represented by the normalized y-vector y,. Then the 
average value of the observable for the state will be ¢,ay,. More 
generally, the average value of any function f of the observable will 
be ¢,f(«)%,. This provides us with sufficient information to calculate 
the probability of the observable having any specified value. Suppose 
we expand y, in terms of eigen-y’s of «, thus 


py, Er > Ya (35) 


where ,, is an eigen-y of « belonging to the eigenvalue a. Then, by 
the same analysis as led to (27) with the suffix y replaced by x, we 


amie ped (ap, 5 > S(@)b2a Para 


Now if P(a) is the probability of the result a being obtained from a 
measurement of the observable, the average value of the function f of 
the observable must be ¥ f(a) P(a), from the ordinary rules of proba- 


bility, the summation being over all values a which are possible 
results of the measurement. Hence 


2 f(a) P(a) TF 2 I(@¢ra tra 


This equation holds for an arbitrary function f, so that f(@) can be an 


} This is not obviously so, since the sum of the Hermitian operators representing 


the two observables may perhaps not satisfy the expansion theorem. 
¢ Here the Hermitian condition may fail, as well as the expansion theorem. 
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arbitrary number for each value of a. Hence we can equate coeflicients 
of f(a), which gives 

si isc P(A) = $a hon (36) 


Thus the probability of the observable having any value @ is equal 
to the square of the length of the corresponding eigen- in the expan- 
sion (35). If a is not an eigenvalue, there will be no eigen- corre- 
sponding to it in the expansion (35) and the probability must be 
zero. This proves the theorem, stated without proof in § 9, that every 
possible result of the measurement of an observable is one of its 
eigenvalues. It is easily confirmed that the expression (36) for P(a) 
gives unity for the total probability of the observable having as value 
any one of its eigenvalues. From the condition that ¥, is normalized, 


ie 1 = tee = & bead Yoa = 2 beater = 2 Por 


making use of the expansion (35) and its conjugate imaginary, and 
also of the orthogonality theorem. 

We can now see that the assumption for physical interpretation 
made in § 9 is deducible from the one made in the present section. Let 
us apply the formula (36), which was obtained entirely from the 
physical interpretation of the present section, without the help of 
that of § 9, to the case of a state which is an eigenstate of the observ- 
able we are interested in. Then ¥, will be an eigen-y and the expan- 
sion on the right-hand side of (35) will contain only one term. This 
term will be normalized, so the square of its length will be unity. 
Formula (36) now tells us that the probability of the observable 
having any given value is unity if this value is the eigenvalue to which 
the state belongs and zero otherwise. This is just the converse of the 
initial assumption of § 9. The assumption itself can be deduced by a 
reversal of the argument. 

We have been all the time taking the case when the expansion (35) 
is in the form of a sum and not an integral, and supposing, to agree 
with this, that the possible results of a measurement of the observable 
form a discrete set of numbers and not a continuous range. The case 
of integrals and continuous ranges will be dealt with in Chapter IV. 

In practical applications of quantum mechanics it is nearly always 
more convenient to obtain the physical interpretation of the mathe- 
matics from formula (36) or something equivalent, instead of from 
a direct application of the expression for the average value of an 
observable, 
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13. Commutability and Compatibility 

A state may be simultaneously an eigenstate of two observables. 
If the state is represented by the y-vector ys and the observables are 
represented by the Hermitian operators « and f, we should then 
have the equations ah a 


Bip = by, 
where a and 6 are numbers. We can now deduce 
app = aby = aby = bay = Banp, 

or («B—Ba)y = 0. 
This suggests that the chances for the existence of a simultaneous 
eigenstate are most favourable if o8—Ba = 0 and the two observables 
commute. If they do not commute a simultaneous eigenstate is not 
impossible, but is rather exceptional. On the other hand, if they do 
commute there exist so many simultaneous eigenstates that, as will 
now be proved, an arbitrary state is dependent on them. We thus get 
a generalization of the expansion theorem of § 10. 

Let « and f be the Hermitian operators representing any two 
commuting observables. Take any eigen- of «, say the eigen-y y,, 
belonging to the eigenvalue a, and expand it in terms of eigen-’s 


of £, thus te = p3 tos (37) 


where ¥, is an eigen-is of 8 belonging to the eigenvalue 6. This expan- 
sion must be possible from § 10. From the equation 

(a—a)f, = 0 
we get p32 (a—a)yp, = 0. (38) 
Now of, is an eigen-b of 8 belonging to the eigenvalue 6, since - 

Bloapy) = oP, = aby, = b(oapy). 
Hence (a—a), is also an eigen- of 8 belonging to the eigenvalue b. 
Thus every term in the sum in (38) is an eigen-/ of 8 and each belongs 
to a different eigenvalue, since each term in the sum in (37) may be 
assumed to correspond to a different eigenvalue.t Now from a 
theorem of § 9, eigen-/’s belonging to different eigenvalues are 
necessarily independent. It follows that every term in (38) vanishes 
separately. Thus foetal x 0 
b 


T See second footnote on p. 39. 
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and each yf, is an eigen-% of a belonging to the eigenvalue a as well as 
being an eigen-s of 8. Equation (37) therefore gives y, expanded in 
terms of simultaneous eigen-y’s of « and f. Since any ¥% can be 
expanded in terms of #,’s, it follows that any can be expanded in 
terms of simultaneous eigen-/’s of « and £. 

The converse theorem, which says that two observables must com- 
mute if an arbitrary % can be expanded in terms of their simul- 
taneous eigen-y)’s, is also true. To prove it, let «and B be the Her- 
mitian operators representing the two observables and let ;,, be one 
of their simultaneous eigen-s’s belonging to the eigenvalues a and 6. 


We then have (aB—Bax)tb., = (ab—ba)pba, = 0. 


Hence (oB—Ba)p = 0, 
where ¥ is any #s-symbol that can be expanded in terms of the #,,’s. 
Tf this is true for an arbitrary y, we can infer that 


ap—Ba = 0, 
as required. 

The idea of simultaneous eigen-’s may obviously be extended to 
more than two observables and the theorem proved above still holds, 
i.e., an arbitrary % can be expanded in terms of the simultaneous 
eigen-s’s of any set of observables that commute, and also its con- 
verse. The same arguments used for the proof in the case of two 
observables are adequate for the general case; e.g., if we have three 
observables, represented by the Hermitian operators a, B, y, that 
commute, each with the other two, we can expand any simultaneous 
eigen-y of « and f in terms of eigen-y’s of y and then show that each 
of these eigen-’s of y is also an eigen- of « and f. 

Two simultaneous eigen-/’s must be orthogonal if the sets of 
eigenvalues to which they belong differ in any way. 

Owing to the validity of the expansion theorem for two or more 
commuting observables, we can set up a theory of functions of two or 
more commuting observables, on the same lines as the theory of 
functions of a single observable given in §11. If the commuting 
observables are represented by the Hermitian operators, «a, B, y,..., We 
define a general function f of them to be that observable represented 
by the Hermitian operator f(«, 8, y,...) which satisfies 


f(a, By ,--- Pade... = F(4, 5, €,... rare...» (39) 
where y,,,, is any simultaneous eigen-y of «, 8, y,... belonging to the 
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eigenvalues a,b,c,.... Here f is any function such that f(a, b,c,...) is 
defined for all values of a,b,c,... which are eigenvalues of «, , y,... 
respectively. The linear operator f(a, 8, y,...) is completely defined by 
(39), since we can obtain the result of its operating on an arbitrary 
y by expanding this % in terms of the simultaneous eigen-/’s Yap... 
and operating on each term in the expansion separately. 

We can now proceed to generalize the result (36). Suppose the 
normalized vector y,, representing any state to be expanded in terms 
of simultaneous eigen-y’s of «, 8, y,..., thus 


ty = oy Pirade... (40) 


Working from this equation instead of (35), we obtain, by an analogous 
argument to that which led to (36), that the probability for this state 
of the results a,b,c,... being obtained when measurements are made 
of the observables represented by «, f, y,... is 
Pia, b, C5.) nha Prabe.. Prado. > (41) 
We can now conclude, in the first place, that we can give a meaning 
to the probability of definite results being obtained for simultaneous 
measurements of several commuting observables. This is not a trivial 
conclusion. In general one cannot make an observation on a system 
in a definite state without disturbing that state and spoiling it for the 
purposes of a second observation. One cannot then give any meaning 
at all to the two observations being made simultaneously. The above 
conclusion tells us, though, that in the special case when the two 
observables commute, the observations are to be considered as non- 
interfering or compatible, in such a way that one can give a meaning 
to the two observations being made simultaneously and can discuss 
the probability of any particular results being obtained. The two 
observations may, in fact, be considered as a single observation of 
amore complicated type, the result of which is expressible by two 
numbers instead of a single number. From the point of view of general 
theory, any two or more commuting observables may be counted as a 
single observable, the result of a measurement of which consists of two or 
more numbers. The states for which this measurement is certain to 
lead to One particular result are the simultaneous eigenstates. 
The numerical value of the probability (41) is very important for 
applications of quantum mechanics. 
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14. The Bracket Notation 

Tue preceding chapter dealt with the fundamental laws govern- 
ing states and observables in quantum mechanics and included all 
the axioms of the underlying mathematical formalism as well as the 
assumptions for physical interpretation of the mathematics. The 
present chapter and the following one will be concerned, not with 
making new laws and assumptions, but with systematizing and 
developing ideas and methods already introduced, and generally with 
arranging the theory in a form fitted for the subsequent applications. 
One matter that we must deal with is the setting up of a suitable 
notation for coordinates—a notation which can be consistently 
followed all through the future very extensive use of coordinates 
and is at the same time as simple and as easily remembered as 
possible. 

In order to define a system of coordinates we must specify a set of 
y's with the following properties. (i) They are all orthogonal to each 
other. (ii) Each of them is normalized. (iii) There are so many of 
them that an arbitrary % is dependent on them, so that if the space 
has a finite number of dimensions there must be the same number of 
these y's. Such a set of f’s will be called a set of basic y's for a coor- 
dinate system. The coordinates of any » will then be its coefficients 
when expanded in terms of the basic y’s. We shall denote a coor- 
dinate associated with a basic ¥, ys, by the bracket expression (r|). 


vita b= LHC) 


We put the coordinates (r|) to the right of their corresponding ¥,’s, in 
order to conform to a certain helpful style of writing, which will be 
developed as we go along. If we want to denote the coordinates of 
some particular y, specified by a suffix, 2 say, we put this suffix in the 
space to the right of the vertical line, so that the coordinate associated 
with the basic ys, %, is (rjv). Thus 


p, 7 2 ¥, (riz). (1) 


The notation implies some kind of symmetry in the way a coordinate 
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(r|x) depends on r and on x. We shall see in § 17 that there is such a 
symmetry. 

The conjugate imaginaries of a set of basic y’s will be a set of basic 
¢’s, defining a system of coordinates in the ¢-space, and the coor- 
dinates of an arbitrary 4 will be its coefficients when expanded in 
terms of the basic ¢’s. We denote the coordinate associated with the 
basic ¢, ¢, by the bracket expression (|r). Thus 


=> (Ir 


our style of writing now requiring the coordinates to be put on the 
left. The corresponding coordinate of a particular ¢,¢, is denoted 


by (|r), so that $. = > (xir)d,- (2) 


The conditions of orthogonality and normalization which the basic 
~’s and ¢’s have.to satisfy may all be expressed by the equation 


bth = Bre (3) 
where the symbol 8,,, which we shall often use in the future, has the 
winged 6,, = 0 when r + 8 (4) 

==] when r = 8. 


If we multiply equation (1) by ¢, on the left, we get, after first 
changing the dummy suffix r on the right-hand side into s, 


$Y, = 2 $, tf, (8 |) 

= (r|z), (5) 
with the help of (3). This gives us an explicit expression for the co- 
ordinate (r|x) of ¥,. A similar explicit expression for the coordinate 
(|r) of ¢, may be obtained by multiplying (2) by #, on the right, the 
RTT bee = (ein) (6) 

Other formulas which obviously hold are 
(jx) = (a/r) (7) 
and betty = X (elr\(rly). (8) 
The coordinates of a linear operator « (Hermitian or not), which 


we previously denoted by «,,, will now be denoted by (r|a|s). These 
coordinates are defined by equations (6) and (5) of the preceding 
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chapter, which become, in our present notation 


yf, = oa, 9 
(r[b) = ¥ (rlals)(elz). (9) 


If the linear operator is considered to operate to the left on ¢-vectors, 
the corresponding equations are 


$a = py & 
(a\s) = ¥ (a|r)(r|a\s). (10) 


r 
By putting ¥, in (9) equal to %,, one of the basic ~’s, with its s-th 
coordinate unity and all the others zero, we get 
(r[b) = (rls). 
Thus (r|«|s) is the r-th coordinate of oa,, or, from (1), 
anf, = > ¥,(r|a|s). (11) 


This equation may be taken as an alternative definition of the 
coordinates (r{x|s). The corresponding equation in terms of ¢’s, 
which may be derived by putting ¢, = ¢, in (10), is 


p, & hans > (r|x|s),. (12) 


By applying the formula (5) with oa, for %,, we obtain an explicit 
expression for the r-th coordinate of ox,, (r|«|s), namely the expres- 


8 (r|ax|s) = $, auby. (13) 
We could alternatively have obtained an explicit expression for 
(r|x|s) by considering it to be a coordinate of ¢,«, as in (12), and using 
the formula (6). The result would have been the same. Our method 
of introducing a meaning for « as an operator to the left on ¢-vectors 
was chosen so as to secure this agreement. 

We have seen already that multiplication by a number, & say, is 
a special case of a linear operator. It may easily be deduced from (11) 
or (13) that the coordinates of this operator are 

(r|k|s) = ké,,. (14) 

All the coordinates vanish except those on the diagonal, i.e., those 
for which r = s, and the latter all have the value *&. The identical 
operator, i.e., multiplication by unity, has for its coordinates just 
the numbers 5,.,, forming a matrix which is called the unit matrix. 

The general assumption of § 12 gives us a physical meaning for a 
diagonal coordinate (r|«|r) of any linear operator « that represents an 
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observable, namely (r|«|r) is the average value of the observable 
represented by «a for the basic state represented by y,. 

A system of coordinates for ys- and ¢-vectors and linear operators 
will be called in future a representation. The coordinates of any y- or 
¢-vector or linear operator will be called the representative of that 
quantity and will be said to represent that quantity. They may also 
be called the representative of the corresponding state or observable. 


15. Matrix Multiplication 

Suppose we are given the representatives of two linear operators 
«and 8. What will be the representative of their product a8 ? Using 
the formula (11) twice, we get 


oP, = a 2 b4(8|B|¢) 


= D3 (7 ||8)(#|B|t). (15) 
But from this same formula we also have 
oy, = (a8), = 2X #-(r|aB |e). (16) 
Equating coefficients of ¥, in (15) and (16), we obtain 
(r|oB|t) = > (r|«|s)(s|BIe), (17) 


8 
which gives us the representative of af in terms of those of « and p. 

If the representatives of our linear operators are regarded as form- 
ing matrices, equation (17) gives us the matrix law of multiplication, 
well known in pure mathematics. The element in the r-th row and 
t-th column of the product matrix is the sum of the product of 
each element in the r-th row of the first factor matrix with the corre- 
sponding element in the /-th column of the second factor matrix. 

The second of equations (9) may also be regarded as an example of 
matrix multiplication. For this purpose the representative of any 
#-vector must be regarded as forming a matrix with just one column. 
The product of such a matrix with a square matrix, the square matrix 
being on the left, is again a matrix with a single column. Equations 
(9) now show that the single-column matrix representing a, is equal 
to the product of the square matrix representing « with the single- 
column matrix representing ¥,,. In a corresponding way the second of 
equations (10) becomes an example of matrix multiplication if we 
regard the representative of any ¢-vector as forming a matrix with 
a single row. Finally, equation (8) gives yet another example of 
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matrix multiplication, since its right-hand side may be regarded as 
a product of the single-row matrix representing ¢, with the single- 
column matrix representing ¥,, which product is, by the matrix law 
of multiplication, a matrix with one row and one column, i.e., an 
ordinary number. 

The foregoing multiplication rules can be immediately extended to 
products of more than two factors, whether the factors are linear 
operators or ¥- or d-vectors. In every case the representative of the 
product is connected with those of the factors by the matrix law of 
multiplication. In consequence of this it is evident that the associa- 
tive law of multiplication holds generally with all our symbols for 
linear operators and vectors, and that, for example, 


$,(ap xp, ee (¢, x)(Br,). 
In fact, all the laws of ordinary algebra hold with the exception of the 
commutative law of multiplication. 

The rules of our style of writing have by now become fairly clear. 
When a summation is made over any variable, this variable occurs in 
two consecutive positions, on the extreme right of one factor and on 
the extreme left of the next following factor. The consistent use of 
this style makes it extremely easy to remember formulas such as 
(1), (2), (8), (9), (10), (17) and many others which will come later. 

We define the conjugate complex & of any linear operator « by 


(r|&|s) = (s|a/r), (18) 


i.e., the matrix representing & is obtained from that representing « by 
the interchanging of rows and columns and the taking of the conju- 
gate complex of each element. This rule, it should be noticed, is 
formally the same as that connecting the single-row matrix repre- 
senting any ¢ with the single-column matrix representing the 
conjugate imaginary %. We use the words ‘conjugate complex’ and 
not ‘conjugate imaginary’ when speaking of linear operators, because 
a linear operator and its conjugate complex are quantities of the same 
nature, which can be added together, and one can give a meaning to 
real and pure imaginary linear operators. A real linear operator, i.e., 
one equal to its conjugate complex, is, as we see from (18) with & = a, 
just what we called in § 8 a Hermitian operator. The general linear 
operator corresponds to a complex function of the dynamical variables 
and a real or Hermitian linear operator corresponds to a real function 
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of the dynamical variables, which may be an observable. (It is an 
observable if it satisfies the expansion theorem.) 

The conjugate complex of a product af of two linear operators 
may be obtained in the following way, from the formulas (18) 
and (07), (rlaBls) = @laB Ir) = & GIalCIBIP) 

= > (r{B|¢)(t\a|s) = (r|Ba}s). 

Hence ap = Pa. (19) 
Thus to take the conjugate complex of a product of two linear 

operators, we must take the conjugate complex of each factor and 

reverse their order. The same rule applies to a product of three or 

more linear operators, as may be deduced by repeated applications 

of the rule for two linear operators, thus 
apy = a(By) = By = 7 Ba. 

The rule can easily be generalized still further to read—the conjugate 
complex or conjugate imaginary of any product of linear operators and 
s- and 4-vectors is obtained by taking the conjugate complex or conjugate 
imaginary of each factor and reversing their order. The proof of the 
more general rule follows at once from the similarity of (7) and (18). 
This similarity allows us to infer, for instance by the same argument 
as led to (19), that the conjugate imaginary of ay, is ¢,%. We have 
already had examples of the general rule in the preceding chapter in 
equations (4) and (10) and the result connected with equation (11), 
the last two examples being for the special case of « real. 

From (19) we see that if « and 8 are two real linear operators, their 
product a8 need not be real. This product can be split up into a 


wk HaB-+aB) = HaB-+Ba) 
and a pure imaginary part 

HaB—aB) = HaB—Ba). 
Only when « and 8 commute is the product of also real. 


16. Eigen-y’s as Basic y’s 

The connexion between an observable and the Hermitian operator 
that represents it in the sense of § 8 is so close that we can use the 
same letter to denote them both, without getting into confusion. We 
can, in fact, go further and count the observable and the Hermitian 
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operator as both the same thing, so that we say an observable ts a 
Hermitian operator, which can operate either to the right on p- 
vectors or to the left on ¢-vectors. This provides a concise and con- 
venient manner of speaking. A further rule of notation which we 
shall adopt is to denote an eigenvalue of an observable by the same 
letter that denotes the observable itself, with one or more primes 
attached. Thus the various eigenvalues of the observable will be 
denoted by a’, «”,...,0,.... 

The representations that we have used up to the present have all 
been quite general. We must now consider the question of how to 
introduce a particular representation which shall be advantageous 
for some special problem. The idea for this is provided by the ortho- 
gonality theorem of §9. Let us take some observable ¢ and suppose 
for the present that its eigenvalues form a discrete set of numbers. 
Let us suppose further that it has only one independent eigen-p 
belonging to any eigenvalue. If we now choose a normalized eigen- 
for each eigenvalue, we shall get a set of ~’s, which are all orthogonal 
to each other and normalized and are such that an arbitrary can be 
expanded in terms of them, so that they can be taken as the basic 
i's of a representation. 

There will be one basic y associated with each eigenvalue of €. The 
basic y associated with an eigenvalue ¢’ we shall denote by p(s"). 
Also we shall use the eigenvalues associated with the various basic 
y's as the labels for the corresponding coordinates, instead of the 
arbitrary labels r, s, t of the two preceding sections. Thus the coor- 
dinates of a y in our present representation will be written (£"|), 
(é”|),..., those of a ¢, (é’), (|£"),.... and those of a linear operator « 
will be written like (’|«|&”). 

We can remove the restriction that there is only one independent 
eigen-/ of € belonging to any eigenvalue. If there are several inde- 
pendent eigen-’s belonging to some eigenvalue ¢’, we can choose out 
of all the eigen-’s belonging to this eigenvalue a set whose members 
are all normalized and orthogonal to each other and are such that 
any eigen-y belonging to this eigenvalue can be expanded in terms of 
them. (This choice can in fact be made in an infinite number of ways-) 
Let us call the members of this set #(é’a’), ¥(¢’a”),..... The whole 
assembly of (é’a’)’s for all é’ and a’ may now be taken as the basic 
#’s of a representation. The natural notation for coordinates in this 


representation is (€’a’|), (|€’a’), (€’a’ |«|E”a”"). 
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In this way we can set up a representation for which all the basic 
y's are eigen-/’s of some observable ¢. Let us see what the repre- 
sentative of € itself is in such a representation. We have from (11) 

Eméra’) = Sway eaiglera’, 
a 
But since (€"a”") is an eigen-s, 
Ep(E"a") = EY(E"a"). 
Equating the right-hand sides of these two equations, we obtain 
('a' E60") = f8p¢-Byae = E8¢¢-8aas (20) 

where the two-suffix 5-symbols have the meaning (4). 

The main feature of the matrix (£’a’|é|é"a") given by (20) is that 
all its matrix elements vanish except the diagonal ones, for which 
é’ = €” anda’ = a”. Such a matrix is called a diagonal matrix. Thus 
we have obtained a representation in which the observable € is 
represented by a diagonal matrix, or, as we may say for brevity, a 
representation in which é is diagonal. The elements on the diagonal 
are just the eigenvalues of €. In the next chapter we shall do the 
corresponding work for the case when the eigenvalues of € form a 
continuous range of numbers.f We shall then have the important 
and general result that we can set wp a representation in which any 
given observable is represented by a diagonal matrix, whose diagonal 
elements are just the eigenvalues of the observable. 

As an example of the usefulness of choosing a representation in 
which some given observable is diagonal, we shall prove the following 
theorem. Any linear operator that commutes with an observable € com- 
mutes also with any function of €. The theorem is obviously true when 
the function is expressible as a power series. To prove it generally, 
let w be the linear operator, so that we have the equation 

fw—wt = 0. (21) 
If we express this in terms of representatives in the above representa- 
tion in which é is diagonal, we get from (17) and (20) 

Dub See Baa(E"a" |ale"a")—(E'a' jal Ea" )E"8png-Byra’) = 0, 
or f(a’ |w|§"a")—(F'a' |w |F"a")E" = 0. (22) 
The € in (21) is represented in (22) by the multiplying factor €’ or €”. 

} All the theorems and results of the present chapter will be obtained for the case 


of discrete eigenvalues only, the generalization to the case of continuous ranges of 
eigenvalues being left to the next chapter. 
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This illustrates a useful general rule which we can apply whenever 
we have to take the representative of an equation involving a diagonal 
observable. From (22) we now obtain 
(f’a'|w|E"a") = 0 for & AE’ (23) 
as the condition for w to commute with €, If f(€) denotes any function 
of &, its representative is, by the same argument as led to (20), 
(f’a" |f(E)|E"a") = fF Bee Bwar- (24) 
Using this, we obtain as the condition for w to commute with f(€), 
by the same argument as led to (23), 
(f'a’|w|E"a") = 0 for f(é’) # f(g"). (25) 
Now (25) is obviously a consequence of (23) and so the theorem is 
proved. 

As a special case of the theorem, we have the result that any 
observable that commutes with an observable € also commutes with 
any function of €. This result appears as a physical necessity when 
we identify, as in § 13, the condition of commutability of two 
observables with the condition of compatibility of the correspond- 
ing observations. Any observation that is compatible with the 
measurement of an observable € must also be compatible with the 
measurement of f(€), since any measurement of € includes in itself 
a measurement of f(€). 

There is a converse theorem, which states that if two observables € 
and g are such that any linear operator that commutes with & also com- 
mutes with g, then g is a function of €. To prove it, we take a general 
linear operator w that commutes with € and use again the above 
representation in which é is diagonal, so that we have equation (23). 


By hypothesis es cay nO: 


and this, expressed in terms of representatives, gives us 
> L€'a’lg lea" Ne"a" lo lg"a")— (Ea wié"a")(E"a" glg"a")} = 0, 
which reduces, with the help of (23), to 


> {('a' Ig "a" (E"a” |w|E"a"”) — (Ea |w |F'a")(E'a" |g |€"a")} = 0. (26) 
Now the numbers (£’a’|w|é’a") are all arbitrary and independent, so 


that we can extract from (26) a great deal of information about the 
numbers (£’a’|g'é"a"). If we take é’ differing from £” in (26), we see 


at once that (é’a’ \g\é"a") =0Q for é’ # é”. 
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Further, putting €” = &’ in (26), we find that 
(g’a’|g|g’a") = 0 for a’ ~a’ 


and (g'a’ |g|f'a") = (€'a"|g|£'a"). 
Thus (€’a’|g|€"a”") is of the form 
(f'a'|g|f"a") = gE Bee Bua (27) 


where g(é’) is some function of £’, which has to be real, in order that 
the matrix representing the observable g may be Hermitian. Com- 
paring (27) with (24), we see that the observable g is just that 
function of the observable é that g(é’) is of the real variable ’. 

A representation which we require to be such that a certain ob- 
servable é is diagonal still has a great deal of arbitrariness left in it, 
if there are more than one independent eigen-’s of € belonging to any 
eigenvalue. We can reduce this arbitrariness by taking a second 
observable 7 that commutes with € and requiring the basic y's to be 
simultaneous eigen-\’s of € and ». We then get a representation in 
which both € and » are diagonal. If there are more than one inde- 
pendent simultaneous eigen-/’s belonging to any pair of eigenvalues 
é’, 7’, we can introduce a third observable that commutes with both 
€ and » and require the basic ¥s’s to be simultaneous eigen-»’s of all 
three, which will result in all three being diagonal. We can continue 
this process until eventually we have a representation for which the 
basic 4's are simultaneous eigen-/’s of a set of commuting observables, 
the set including so many commuting observables that there is only 
one independent simultaneous eigen-y: of all of them belonging to any 
set of eigenvalues. Such a set of commuting observables will be 
called a complete set of commuting observables. This kind of repre- 
sentation is the most useful one in practice. In it each of the com- 
plete set of commuting observables will be diagonal. Further, the 
representation will be completely determined by the complete set of 
commuting observables, except for arbitrary phase factors arising 
from the fact that the basic ¥’s may be multiplied by arbitrary 
numbers of modulus unity without any of the conditions defining 
them being invalidated. We therefore conclude that there exists a 
representation in which each of any set of commuting observables is 
simultaneously diagonal. If the set is a complete one, the representation 
is uniquely determined except for arbitrary phase factors in the basic y's. 

Let the observables €,, &,...,€,, form a complete commuting set and 
consider the representation in which they are diagonal. Each of the 
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basic #’s, (| &)...€%) say, will be specified by a set of eigenvalues 
£1, €3,---,€,. We can use these eigenvalues for labelling coordinates. 
A coordinate of a % or ¢ will thus be written (&; &3... €/|) or (1 &... &) 
respectively, which may be abridged to (€’|) or (/€’) in work of a 
general theoretical nature. Similarly a coordinate of a linear operator 
« will be written (&{ &... €)|a|E{ €3... €), or, abridged, (£’|~|é”). One of 
the é’s, say €,,, will itself be represented, according to (20), by 
(E'lénlé”) = £4, 8¢¢- (28) 
where 5-¢- has the meaning 
Bee = 8¢:¢; Bese: Bene. 

The existence of arbitrary phase factors in the basic y’s means 
that we can multiply each ¥(€; €)...€,) by a numerical factor of the 
form e'”, where y’ = y(&; &3... €,) is any real function of the variables 
&, &4,....€%. Such a change in the representation would require us to 
multiply the representative (€’|) of any y-vector by e-*”, the repre- 
sentative (|£’) of any ¢-vector by e‘”’ and the representative (&’ |a|é”) 
of any linear operator « by e”-Y, where y” = y(€] &3...€7). A diagonal 
element of a linear operator remains unaltered, as is necessary on 
account of its physical meaning as an average, when the linear 
operator corresponds to an observable. For most purposes the arbi- 
trary phase factors which exist in a representation are unimportant 
and trivial, so that we may count a representation as being completely 
determined by the observables that are diagonal in it. This fact is 
already implied in our notation, since the only indication in a repre- 
sentative of the representation to which it belongs are the letters 
denoting the observables that are diagonal, 

If f(E, &o... €,) = f(é) denotes any function of the €’s, defined accord- 
ing to our general theory of functions of observables given in § 11, 13, 
then we find for its representative, by the same argument as led to 
ae (CUOIE”) = SE 8ee-- (30) 
Thus any function of the observables € is represented by a diagonal 
matrix. Conversely, any Hermitian diagonal matrix represents a 
Junction of the &’s, since a general Hermitian diagonal matrix, g say, 
has for its elements (é’ \glé”) we GE’ )Bee-, 


(29) 


where g(é’) is some function of the variables €’, which has to be a real 
function from the Hermitian condition. This matrix must therefore 
represent that observable which is the function g of the observables €. 
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If w is a Hermitian operator that commutes with one of the €’s, say 
Em» we see from (23) that (é’|w|é”) vanishes except when €/, = é”,. If 
w commutes with all the é’s, (é’|w|é”) must vanish except when 
€, = € for all 1. This means that w is a Hermitian diagonal matrix 
and hence represents a function of the €’s. We therefore have the 
theorem that any Hermitian operator which commutes with each of a 
complete set of commuting observables is a function of those observables. 
It is easily seen that the theorem proved on pages 56 and 57, that 
any linear operator that commutes with an observable € commutes 
also with any function of £, and its converse are still valid when we 
replace the observable é by any set of commuting observables. 


17. Transformation Theory 

Let us take two representations, one with a complete set of commut- 
ing observables €,, diagonal and the other with another complete set 
of commuting observables , diagonal, and call them the £-representa- 
tion and 7-representation respectively. The basic ys’s in the two 
representations we shall denote for brevity by #(€’) and y(n’). An 
arbitrary ¥ will now have the two representatives (€’|) and (7'}), 
which are functions of the sets of variables €/, and 7; respectively, 


raver g v= SHEE (31) 
and a > yh(7')(m’|). (32) 


Since a ¥ is completely determined by its representative in any one 
representation, there must be a connexion between the two repre- 
sentatives (|) and (’|) such that either is determined by the other. 


We shall investigate the form of this connexion. 

Each basic % of the 7-representation, (7’), will itself have a 
representative in the €-representation. We may write this representa- 
tive (€’|n’), with 7’ on the right to show which ¢ it represents. We 


shall then have b(n’) i 3 MEME IN’) (33) 
for the definition of (é’|n’). Substituting this expression for y(y’) in 


the right-hand side of (32), we get 
v= ENE VID, 


which gives, on comparison with (31) 


Cl) = 2 Elna"). (34) 
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This is the transformation equation which gives the £-representative 
of a % in terms of its 4-representative. The corresponding equation 
which gives (»’|) in terms of (€’|) may be shown in the same way to be 


(i) ~ (7 |\E)(E" |), (35) 


where (7'|£’) is the representative of the basic yf, (é’), in the y-repre- 
sentation. 

The two representatives (€’|) and (y'|) are thus linear functions of 
one another. The expressions (£’|7’) and (n’|é’) which enable us to 
pass from one to the other will be called transformation functions. 
They are each functions of the two sets of variables é’ and »’. We 
can obtain an explicit expression for (é’|n’) by multiplying equation 
(33) on the left by 4(€'), corresponding to the way we obtained (5), the 
result being 


(’|9') = $(E’ p(n’). (36) 
Similarly it may be shown that 
(7 1&") = $(n’ h(E). (37) 


Hence (£’|7’) and (7'|é’) are conjugate complex numbers. 

The transformation functions must satisfy certain conditions in 
order that (34) and (35) may be consistent. If we substitute for (7'|) 
in (34) its value given by (35), we get 


él) = ~ (E"ln'Vn' IE" (E" |): 
7 
This must hold with (€’|) an arbitrary function of the variables é’ and 
me E nn" ie") = Bee (38) 
the 5 symbol being defined by (29). The corresponding equation in 
which € and » have changed places, namely 
~ ('1E’)(E" 1") = By ays (39) 
may be deduced in the same way. 
Let us now consider the transformation of the representatives of 
¢’s. We may deal with these analogously to the ’s. We have as 


the equation which gives the representative (|7') of an arbitrary ¢ in 
terms of its representative (|£’) 


(\n’) = 2 (ENE ln), 


where the quantity (£’|n’) is now defined as the y-representative of 
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the basic ¢, ¢(é’), ie. by the equation 


$(f") = > (€’|9')b(7’). 


If we multiply this equation by y(n”) on the right, we obtain, as an 
explicit expression for this (£’|7’), 

P(E" )(n") = (E'ln”), 
which is the same as (36). Hence this quantity (€’|n’), defined as the 
n-representative of ¢(é’), is the same as our previous one defined as 
the é-representative of /(’), so that our notation of using the same 
symbol for them both is justified. 

We can now understand the symmetry, referred to in § 14, in the 
way in which a coordinate (7|x) of any #, ys, involves on the one hand 
the parameter r specifying one particular coordinate and on the other 
the parameter # specifying the y% whose coordinates we are con- 
sidering. If ys, is normalized, we may consider it as one of the basic 
#’s of a new representation, and the coordinates (7|2) will then give us 
that part of the transformation function which refers to this one of 
the new basic b’s. Each (r|”) may be considered either as the r-th 
coordinate of #, or as the #-th coordinate in the new representation 
of the basic ¢, 4, of the original representation. 

The double meaning for a transformation function (€’|n’) also 
enables us to understand better the significance of equations (38) and 
(39). If in (38) we regard (£’|n’) as the y-representative of 4(€’) and 
(7'|€") as the »-representative of (£”), the left-hand side of (38) 
becomes the 7-representative of the product ¢4(£’)(€"), so the equa- 
tion itself becomes equivalent to 

P(E W(E") = Beer. (40) 
Thus equation (38) just expresses, in terms of representatives in the 
n-representation, the condition (40), equivalent to (3), that the basic 
b's of the é-representation are all orthogonal and normalized. Simi- 
larly equation (39) expresses, in terms of representatives in the 
é-representation, the condition that the basic y's of the »-representa- 
tion are all orthogonal and normalized. Equations (38) and (39), 
together with the condition that (£’| 7’) and (7’|£’) must be conjugate 
complex, are the only conditions imposed on the transformation 
functions by general theoretical requirements. 

Owing to the arbitrary phase factors occurring in representations, 
there will be a corresponding arbitrariness in the transformation 
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functions. If the basic #’s, (&’), %(n’) are multiplied by exp[7(é’)], 
exp[ig(n’)] respectively, f and g being arbitrary real functions, the 
transformation function (é’|n’) will get multiplied by 


exp{—[f(é)—9(n') }- 
Thus the modulus of the transformation function is quite definite, the 
indeterminacy being only in its phase. 

The connexion between the representatives of a linear operator « in 
the two representations may easily be obtained in a variety of differ- 
ent ways. We can, for instance, use the explicit expression for the 
representative of « given by equation (13). Applying this to the 
é-representation, we get 


(€" |alE") = P(E" )oap(E"). 
If we now substitute for the right-hand side, which consists of the 


symbolic product of three factors, its representative in the 7-repre- 
sentation, we get 


(&" |x|") = 2. (E’|n'(m' leln")n"[E"), (41) 


which gives the é-representative in terms of the »-representative. 
Similarly we may obtain the result 


(9'|o|9") = Pe Ve Ne ele VE I"), (42) 


giving the »-representative in terms of the €-representative. These 
are the transformation equations for the representatives of a linear 
operator. Either representative is a linear function of the other and 
the same transformation functions are required for passing from one 
to the other as for the representatives of ~’s and ¢’s. 

If we now take a third representation, ¢ say, we shall have trans- 
formation functions (¢’|é’), (€’|¢’) connecting it with the €-repre- 
sentation, and transformation functions ({'|n'), (m'|¢’) connecting it 
with the »-representation. There are simple relations between the 
transformation functions. Equation (36), with ¢ instead of », 


et St (€'10') = dE WC’). 
If we substitute for the right-hand side, which consists of the sym- 
bolic product of two factors, its representative in the »-representa- 


os 10) = > Ely’ n' (0. (43) 
7 
The conjugate complex equation, which could be deduced indepen- 
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dently in the same way, is 

(2"\¢’) = 2 (Clyne). (44) 
Equations (43) and (44) give the €,¢ transformation functions in 


terms of the €,7 and », ¢ ones. 
It is sometimes convenient to use a mixed representative of an 


observable or linear operator, that is to say, a representative in the 
form of a matrix whose rows and columns refer to two different repre- 
sentations. We define the mixed representative (€’|«|n’) of « by 


("a|q’) = > (E'lale"E"In). (45) 


With the help of (41) we can express this mixed representative in 
terms of (7'|«|7"), the result being 
(E"la|’) = >. (F’1n")(9" lel” NEE" In’), 
17 


which reduces, with the help of (39), to 
(E’laln’) = DB Elan" lala” Byrn 
7) 
= ~ (E"|9")(9" |’). (46) 
Equation (46) may be taken as an alternative definition of the mixed 
representative (£’|«|’). By similar pieces of algebraic work one can 
verify that the ordinary representatives are given in terms of the 
mixed representative by 
(f" lalE") = > (E’ laln’)(9'€") 
” 
("xin") = & (off) 19") 

The rows and the columns of a mixed representative are in general 
quite unrelated, so that no meaning can be given to its diagonal 
elements. The columns of one mixed representative may, however, 
refer to the same representation as, and thus be labelled to corre- 
spond to, the rows of a second mixed representative and we then have 
a multiplication law of the form 

> (€"|ax|n’)(m" [81 0’) = (€"|aB| 2"), (47) 
as is easily verified. 

The identical operator has for its mixed representative (£'|1|n’) 
(€"|1|n’) = (&l7’), 

as follows at once from (45) or (46) and (14) with k = 1. We thus get 
a new meaning for the transformation function as the mixed repre- 
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sentative of the identical operator. Further, we obtain from (45) 
ppb ’lénln’) = Enlé’In’), (48) 


or more generally, from (45) and (30) 
(Ff) 10) = FENE' |’). 
Similarly, using (46) instead of (45), we find 
(E"|neln’) = (€'\n') nt (49) 
(E"l9(n) in’) = (€'|n'9(7’). 
Finally, we have, using a multiplication law of the type (47), 
(F'IfO)9(n)\n') = ze IfE)|E") E" lan) I7’) 


= SEVE' |n'\g(7’)- (50) 


18. Probability Amplitudes 
In §12 we obtained the probability of an observable having any 
specified value for a given state and in § 13 we generalized this result 
and obtained the probability of a set of commuting observables 
simultaneously having specified values for a given state. Let us now 
apply this result to a complete set of commuting observables, say the 
set of é’s which we have been dealing with already. According to 
equation (40) of §13, we must take a normalized y representing the 
given state and expand it in terms of simultaneous eigen-’s of all 
the é’s. Equation (31) can now be used as this expansion, provided 
the ys on the left-hand side of (31) is normalized, since on the right- 
hand side of (31) there is just one term corresponding to any set of 
eigenvalues €’. The difference in form between equation (40) of § 13 
and equation (31) of § 17 consists merely in the simultaneous eigen-y’s 
in the latter equation being written as normalized y’s with numerical 
coefficients. If we now apply the result (41) of § 13, we see that the 
probability, for the state represented by the % of (31), of the £’s 
simultaneously all having specified values é’, is 
PE’) = |(€" |). (51) 

Thus the probability of a complete set of commuting observables having 
specified values for a given state is equal to the square of the modulus of 
the coordinate, corresponding to these specified values, of a normalized 
representing the state, in a representation in which each of the complete 
set of commuting observables is diagonal. 

There is therefore a simple physical meaning for the modulus of 
the representative of a normalized y in a representation in which each 
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of a complete set of commuting observables is diagonal. The exis- 
tence of this physical meaning is the main reason why such representa- 
tions are important. One may call the representative a probability 
amplitude, meaning by this something one must take the square 
of the modulus of to get an ordinary probability. There is no 
correspondingly simple physical meaning for the argument of the 
representative—indeed one cannot expect any, owing to the indeter- 
minacy of this argument associated with the arbitrary phase factors 
of the representation. When the y is not normalized, |(é'|)|* will still 
be proportional to the probability of the é’s having the values é’, the 
proportionality holding over all values of the €’’s. 

The probabilities that one calculates in practical problems in 
quantum mechanics are nearly always obtained as the squares of the 
moduli of probability amplitudes. Even when one is interested only 
in the probability of an incomplete set of commuting observables 
having specified values, it is usually necessary first to make the set 
a complete one by the introduction of some extra commuting obser- 
vables and to obtain the probability of the complete set having speci- 
fied values (as the square of the modulus of a probability amplitude), 
and then to sum over all possible values of the extra observables. A 
more direct application of formula (41) of §13 is usually not 
practicable. 

Let us now apply the formula (51) to a state which is one of the 
basic states of the »-representation, say the state represented by h(n’). 
This state is characterized physically by the property that a simul- 
taneous measurement of all the ’s for it is certain to lead to the set 
of results 7’. From (51) we see that the probability of the é’s having 
the values €’ for this state is just |(€’|’)|*, or the square of the modulus 
of the transformation function. The transformation function is now 
itself the probability amplitude. Since |(é'|7’)|? = |(n’|é’)|*, we have 
the theorem of reciprocity,—the probability of the &’s having the values 
é’ for the state for which the ’s certainly have the values 7! is equal to the 
probability of the n’s having the values 7»! for the state for which the &’s 
certainly have the values &’. The probability amplitude for either of 
these probabilities is the transformation function (£’|7’) or (n' |é’). 

The appearance of transformation functions as probability ampli- 
tudes results in the calculation of transformation functions being of 
practical importance. The general method of calculating the trans- 
formation function connecting two complete sets of commuting 
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observables consists in first obtaining the representatives of one set 
in the representation in which the other set are diagonal. When we 
know these representatives, (€’|n,|€") say, we can write down the 


Sieemone » (€’ Imlé”(E" In’) = (E'ln')nt (52) 


which follow at once from (45) with «a = 7, and (49), and proceed to 
solve them as algebraic equations in the unknowns (£’|n’) and possibly 
also the »'’s. They are just of the standard form of equations in the 
theory of eigenvalues, equivalent to (18) of Chapter II. The general 
solution (€’ |7n’) of (52) will contain an arbitrary function of the 7’’s asa 
factor, and we must choose this function so as to satisfy the normaliz- 
ing condition (39). 


19. Example 


As a simple example of the foregoing methods, let us consider three 
observables o,,,,¢, which satisfy the following relations 


Gy 


0,0,—0,0, = 2a, (53) 


ee Ty 
o,—9,0, = 2ito, 


Oy 0y—Oy 0, = io, 
and of = of = of = 1. (54) 
This example is of importance for a study of the spin of the electron, 
as will be seen in § 39. 

We note in the first place that equations (53) are permissible since, 
from the work at the end of § 15, their left-hand sides are pure imagi- 
nary and can therefore each be equated to i times an observable. We 
can get these equations into a simpler form with the help of some 
straightforward non-commutative algebra. From the first of equa- 
tions (53) we obtain 

2i(o,,0,-+-0,0,) = (2io,)o,+-0,(2te,) 

= (0,0,—9,9,)0,+9,(¢,0,—9, oy) 

2 Og oj-+ oF OZ 

== (Q, 
from (54). Hence 

Oy Oy = —oy Oy. 

Two observables or linear operators like these which satisfy the com- 
mutative law of multiplication except for a minus sign will be said to 
anticommute. Thus o,, anticommutes with o,. From symmetry each 
of the three observables o,,¢,,¢, must anticommute with any other. 
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Equations (53) may therefore be written 


0,0, = 10, = —o,0, 
0,0, = to, = —o,9, (55) 
0,0, = to, = —o,o, 

and also from (54) 0, Oyo, = t. (56) 


The three o’s may be considered as the components of a vector 
o in three-dimensional space and the algebraic equations which they 
satisfy would then be invariant under a rotation of axes. To verify 
this, let the components of o referred to a new set of mutually per- 
pendicular axes be 

o, = lo, +m, 0,+7,¢, 
Og = 1,0,+-Myg0,+N2 9, 
Ogi ls o,+Ms Oy +s Oz; 
the l’s, m’s and n’s being the direction cosines of the new axes relative 
to the old ones. We then have from (54) and (55) 
of = (l,o,+m, Oy +N o,)* 
= Hoz+m§o%-+-nj o2+-1,m,(o,0,+0,0,)+ 
+m, m(c, o,-+o, Oy) +N, L(o, O,+%, Cm) 
= 2?-+-m?-+-n? = 1. 
Again 
02093 = (/, o,+ Mg Oy +N o;)(ls o,+Ms; Oy +N o;) 
= 1,1, 03-+-Mmg Mz 7), -+-Ng Nz 0; +1, Mg Fz Gy Me ly oy 72+ 
mg Nz Oy F,--Ng Mz 0, Fy-+-Ngls,0,+-1, Ng 0,0, 
= Ighy+-mg M3+-Ng N3+U(ly Mzg—Mgly)o,4- 
+ i(m, Nz—Nz M3), +-i(Nyl3—1, Ng)oy 
= t(l,o,-+-m, 0,+7,0,) = t0}. 
Thus 0, 09, 03 Satisfy relations of the same form as (54) and (55). 

The eigenvalues of o2 must be the squares of the eigenvalues of o,,. 
Now from (54), o2 has only the one eigenvalue unity and hence the 
eigenvalues of o, can be only 1 and —1. Both these numbers must 
be eigenvalues of o,, otherwise ¢, would be equal to a number and 
could not anticommute with anything. Similarly, o, and o, each 
have as their eigenvalues 1 and —1. 

Let us set up a matrix representation for our observables o and let 
us take c, to be diagonal. If there are no other independent observ- 
ables besides the o’s in our dynamical system, then o, by itself forms 
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a complete set of commuting observables, since the form of equations 
(54) and (55) is such that we cannot construct out of o,, o,, and o, 
any new observable that commutes with o,. The diagonal elements 
of the matrix representing o, being the eigenvalues 1 and —1 of o,, 


the matrix itself will be l 0 
( — 
Let a, be represented by ( “) 
Ga % 
This matrix must be Hermitian, so that a, and a, must be real and 
a, and a, conjugate complex numbers. The equation o,¢, = —o,¢, 
gives us ( a, *) Baty + = >) 
4g eM a —% 


so that a, = a,= 0. Hence o, is represented by a matrix of the 


form (° 
a, 0 


The equation o2 = 1 now shows that a,a, = 1. Thus a, and a3, being 
conjugate complex numbers, must be of the form e™ and e~' re- 
spectively, where a is a real number, so that o,, is represented by a 
matrix of the form 0 eta 

i 0 
Similarly it may be shown that ¢, is also represented by a matrix of 
this form. By suitably choosing the phase factors in the representa- 
tion, which is not completely determined by the condition that o, 
shall be diagonal, we can arrange that o, shall be represented by the 
matrix 01 

( ) ; 

The representative of o, is then determined by the equation 
a, = to,¢,. We thus obtain finally the three matrices 


Get Gah ls ip (on 


to represent o,,¢,, and o, respectively, which matrices satisfy all the 
algebraic relations (53), (54), (55), (56). The component of the vector 
o in an arbitrary direction specified by the direction cosines /, m,n, 
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namely /o.,-+-ma,,-+-ne., is represented by 
( n ii (58) 
lim —n 
In our representation with o, diagonal, the representative of a % 
will be written (¢;|) and will consist of just two numbers, correspond- 
ing to the two values +-1 and —1 for o!. These two numbers may be 
considered as forming a function of a variable o!, whose domain con- 
sists of only the two points +1 and —1. The state for which o, has 
the value unity will be represented by the ys whose representative is 
the function, f,(o!) say, consisting of the pair of numbers 1, 0 and 
that for which o, has the value —1 will be represented by the 
whose representative is the function, fg(o;) say, consisting of the pair 
0,1. Any function of the variable o/, i.e. any pair of numbers, can 
be expressed as a linear combination of these two. Thus any state 
can be obtained by superposition of the two states for which o, equals 
+1 and —1 respectively. For example, the state for which the com- 
ponent of o in the direction /, m,n, represented by (58), has the value 
-+1is represented by the % whose representative is the pair of numbers 


a, b which satisfy n l—im\ fa a 
1 ( ) ai () 


+im —n }\b 
na-+-(l—im)b = a 
(l+-im)a—nb = b. 


OO Sig fa se 

6 l—nm lim 

This state can be regarded as a superposition of the two states for 
which o, equals +-1 and —1, the relative weights in the superposition 
process being as 


ja|? : |b]? = [_—im|? :(1—n)? = 1-+-n :1—n. 


Thus 


IV 


REPRESENTATION THEORY FOR CONTINUOUS 
EIGENVALUES 


20. Introduction of the 5 function 

In the preceding chapter we saw the convenience of using a represen- 
tation in which the basic #’s are eigen-:s’s of some chosen observable, 
or simultaneous eigen-ys’s of some chosen set of commuting observ- 
ables. We considered, however, only the case when the chosen 
observables have as eigenvalues discrete sets of numbers, all our 
equations being written down for this case. It is possible for an 
observable to have as eigenvalues all numbers in a certain range, and 
in that case it becomes necessary to make some modification in the 
theory. From general physical grounds and from the possibility of 
regarding a continuous range of numbers as a limiting form of a 
discrete set whose density is increased indefinitely, one would expect 
the theory to run on somewhat parallel lines in the two cases. It 
would be desirable to have this parallelism as accurate as possible, 
and our development of the transformation theory for continuous 
ranges of eigenvalues will be made with this object in view. 

Let us take an observable € with a continuous range of eigenvalues 
and suppose for the present that is has only one independent eigen- 
belonging to any eigenvalue. Then, ignoring for the present the 
question of normalization, we can take its eigen-p’s, (g’), as basic 
’s of a representation. The number of these basic ¢’s, equal to the 
number of axes of our system of coordinates, is an infinity of a high 
order, equal to the number of points on a line, but this is not in itself 
a source of difficulty, The fundamental equation defining the repre- 
sentative of a ys, corresponding to equation (1) of the preceding 
chapter, must now read 


te = | we’) dé’ (E'|x), (1) 


with an integral instead of a sum, the range of integration being 
understood to be the range of eigenvalues of €. (To conform to a neat 
style of writing in such equations it is desirable to put a differential 
element such as dé’ between the two factors that involve the corre- 
sponding parameter €’.) The representative of %,, namely (£'|x), is 
now a function of the continuous variable é’. 

We meet already with a difficulty in that not every 4% can be 
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expanded in the form (1), in spite of the expansion theorem requiring 
every y to be expressible as a linear function of the (€’)’s. An 
example of a ys that cannot be expanded in the form (1) is one of the 
basic xf’s itself, say ¥(€”). Another example is the differential coefti- 
cient dyb(é”)/dé”, when y)(é”) involves the parameter €” in a sufficiently 
continuous way for this differential coefficient to exist. But in order 
that our theory for continuous eigenvalues may at all resemble our 
previous theory for discrete eigenvalues, it is necessary that such an 
expansion should be possible for every %, at least formally. We get 
over the difficulty by allowing the representative (&'|) to involve 
infinities and singularites of a certain type, chosen in just such a way 
as to make the expansion (1) always formally possible. This means 
allowing that (¢’|) need not be a function of its variable é according 
to the usual mathematical sense, which would require it to have a 
definite value for each value of its variable lying in a certain range, 
but may be something more general, which we call an improper 
function of the variable é’. Such an improper function may be 
pictured as the limit of a sequence of ordinary functions, correspond- 
ing to the fact that a y% which cannot be expressed in the form (1) 
with (é’|) an ordinary function of €’ may be regarded as the limit of 
a sequence of y's that can. 

The chief improper function which we shall have to deal with is 
the 5 function, defined by 


| 5@) dx = 1 
—% (2) 
3(z) =='0 for #54 0; 


To get a picture of 5(a), take a function of the real variable « which 
vanishes everywhere except inside a small domain, of length « say, 
surrounding the origin « = 0, and which is so large inside this domain 
that its integral over this domain is unity. The exact shape of the 
function inside this domain does not matter, provided there are no 
unnecessarily wild variations (for example provided the function 
is always of order «~*). Then in the limit ¢ > 0 this function will go 
over into the 6 function. 

The most important property of the 5 function is exemplified by the 
following equation, My 


[ f@)3(x) de = f00), (3) 
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where f(x) is any continuous function of 2. We can easily see the 
validity of this equation from the above picture of 5(). The left- 
hand side of (3) can depend only on the values of f(z) very close 
to the origin, so that we may replace f(x) by its value at the 
origin, {(0), without serious error. Equation (3) then follows from 
the first of equations (2). By making a change of origin in (3), 
we can deduce the formula 


[ #@)8(e—a) dx = f(a), (4) 


where @ is any real number. Thus the process of multiplying a function 
of x by 8(a—a) and integrating over all x is equivalent to the process of 
substituting a for x. The range of integration, of course, need not 
necessarily be from —co to co, but may be over any domain surround- 
ing the critical point at which the 5 function does not vanish. In 
future the limits of integration will usually be omitted in such equa- 
tions, it being understood that the domain of integration is a 
suitable one. 

Formula (4) must hold equally well whether f is a scalar, or a 
vector or tensor function of x. By an application of (4) with f a 
s-vector, we see that 


HG") = | He’) dé’ 8("—€"), (5) 


provided (£’) depends continuously on the variable é’. In this way 
we can express the basic ys, ¥(£") in the form (1). The representative 
of yg”) is just 3(¢’—£"). 

In order to express dii(€")/dé” in the form (1), we have to use the 
derivative of the 5 function, which is another improper function, 
more improper than the 6 function itself. This derivative 5’ has the 
important property that, for any differentiable function f(x), 


{ f@)3'@—a) de = —f'(a). (6) 


We can verify this property either by integrating the left-hand side 
by parts and then applying (4) with f’(«) instead of f(x), or by differ- 
entiating both sides of (4) with respect to a. The agreement of these 
two methods of verification provides evidence of the self-consistency 
of our use of improper functions. Formula (6) shows that the process 
of multiplying a function of x by 8'(a—a) and integrating over all x 
is equivalent to the process of differentiating it with respect to x and 
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substituting a for x, with the provision of a — sign. From (6) we now get 


OE) = — f oe’) ae' ae 6"), 7) 


which expresses the /-vector dib(é”)/dé” in the form (1) and shows that 
its representative is —3(é’—é”). The higher derivatives of y(¢") with 
respect to é” can also be expressed in the form (1) with the help of 
the higher derivatives of the 5 function. 

The foregoing work shows how the expansion of a % as an integral 
in the form (1) can be made of universal validity by the introduction 
of suitable improper functions. In this way we can get a foundation 
for the theory of representations in the case of continuous eigen- 
values, corresponding to the foundation provided by equation (1) of 
Chapter ITI for the discrete case. Our definition and use of improper 
functions is not rigorous according to the standards of pure mathe- 
matics. It should be noticed, though, that an improper function can 
be given a rigorous meaning whenever it is a factor in an integrand. 
Now in the development of the theory, in every case where we have an 
improper function it will be something which is to be used finally only 
in integrands. We could therefore rewrite the theory in a form in 
which the improper functions appear all through only in integrands 
and could then eliminate the improper functions altogether and make 
the theory rigorous. The use of improper functions is thus not really 
connected with any essential lack of rigour in the theory. It is, 
rather, a convenient notation, enabling us to express in a concise 
form certain fundamental formulas which we could, if necessary, 

rewrite in a rigorous form, but only in a cumbersome way in which the 
parallelism with the case of discrete eigenvalues would be obscured. 
We shall confine our use of improper functions to such elementary 
equations that it will be obvious that the lack of rigour associated 


with them will not lead to a wrong result. 


21. Properties of the 5 function 
An alternative way of defining the 5 function is as the differential 
coefficient <’(x) of the function e(a) given by 
e(x) = 0 (~ < 0) 
= ] (~ > 0). 
We may verify formally that this is equivalent to the previous defini- 
tion by substituting e’(a) for 5(z) in the left-hand side of (3) and in- 
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tegrating by parts. We find, for g, and g, two positive numbers, 


| Foe) dee = [fa)e(w)", — { “f'(a)e(a) dx 


Os Os 
= flo.)— { fe) de 


= f(0), 
in agreement with (3). The 5 function appears whenever one differen- 
tiates a discontinuous function. 

There are a number of elementary equations which one can write 
down about 8 functions. These equations are essentially rules of 
manipulation for algebraic work involving 6 functions. The meaning 
of any of these equations is that its two sides give equivalent results 
as factors in an integrand. 

Examples of such equations are 


5(—a) = 8(x) 
8'(—a) = —8'(2), ®) 
x8(x) = 0, (9) 
2 8'(x) = —8(z), (10) 
d(ax) = a-18(x) (a > 0), (11) 
5(a®@—a®) = ja-"{S(a—a)+8(z+a)} (a >0), (12) 
J 8(a—a) de 3(a—b) = 3(a—D), (13) 
S(x)(w—a) = f(a)8(a—a). (14) 


Equations (8), which merely state that 5(a) is an even function of its 
variable x, are trivial. To verify (9) take any continuous function of 


x, f(z). Then [sey B(x) de es 


from (3). Thus x6(2) as a factor in an integrand is equivalent to 
zero, which is just the meaning of (9). Again, to verify (10) take any 
differentiable function f(x). Thus, from (6) with a = 0, 


J feere'ee) ae = —| epee} | = 0) 


£=0 
= — | f(w)8(x) de 


from (3). Thus x8’(#) as a factor in an integrand is equivalent to 
—6(x), which is just the meaning of (10). (11) and (12) may be 
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verified by similar elementary arguments. To verify (13) take any 
continuous function of a, f(a). Then 


{ fla) da / 8(a—x) dx 3(x—b) = J S(a—b) dex i} f(a) da 8(a—z) 
= ] 3(a—b) dee f(x) = / f(a) da 8(a—b). 


Thus the two sides of (13) are equivalent as factors in an integrand 
with a as variable of integration. It may be shown in the same way 
that they are equivalent also as factors in an integrand with b as 
variable of integration, so that equation (13) is justified from either 
of these points of view. Equation (14) is also easily justified, with 
the help of (4), from two points of view. 

Equation (13) would be given by an application of (4) with 
S(x) = 3(a—b). We have here an illustration of the fact that we may 
often use an improper function as though it were an ordinary con- 
tinuous function, without getting a wrong result. Another such 
illustration is obtained if we notice that the differentiation of equation 
(9) by the ordinary rules leads to equation (10). 

A further example of a useful improper equation is that, for real a, 

/ etar dy = 275(a). (15) 
From the standpoint of rigorous mathematics, the left-hand side of 
this equation is not a definite quantity at all, even when a differs from 
zero, since the integral even then does not converge when the limits 
of integration tend to «© and —o, but oscillates. If, however, we 
fix the limits of integration at g, and —g, say, where g, and g, are 
both very large, and consider the dependence of the left-hand side 
of (15) on a, we see that it oscillates very rapidly about the value 
zero, except when a@ is very small. ‘These oscillations will produce no 
effect in an integrand, and thus we can see the validity of (15) for 
a ~ 0 according to our present standpoint. To verify (15) for a in 
the neighbourhood of zero, take any continuous function of a, f(a). 
Then a © 
i] f(a) da f ela dy — f f(a) da 2a sinag 
uh “9 ae 
= 2n f(0), 
in the limit when g tends to infinity. A rather more complicated 
argument shows that we get the same result if instead of the limits 


i ee 
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g and —g we put g, and —g,, and then let g, and g, tend to infinity in 
different ways. We can now see the equivalence of the two sides of 
(15) as factors in an integrand. 
As an illustration of work with the 5 function, we may consider the 
differentiation of log x. The usual formula 
2 oe a 
dx x 
requires examination for the neighbourhood of x = 0. In order to 
make the reciprocal function 1/x well-defined in the neighbourhood 
of x = 0 (well-defined as an improper function) we must impose on 
it an extra condition, such as that its integral from —e to « vanishes. 
With this extra condition, the integral of the right-hand side of (16) 
from —e to e vanishes, while that of the left-hand side of (16) equals 
log—1, so that (16) is not a correct equation. To correct it, we must 
remember that, taking principal values, log x has a pure imaginary 
term im for negative values of x. As x passes through the value zero 
this pure imaginary term vanishes discontinuously. The differen- 
tiation of this pure imaginary term gives us the result —i 5(x), 80 


that (16) should read ] 1 
ee = 7 17 
j log x tm 5(x). (17) 


(16) 


The particular combination of reciprocal function and § function 
appearing in (17) plays an important part in the quantum theory of 
collision processes (see § 53). 


22. Representations with One Continuous Parameter 


Let us go back to the representation given by equation (1). Our 
problem now is to find a suitable way of fixing the length of the basic 
b's h(E’) as the usual normalization rule does not work here. We want 
some formula to replace (3) of Chapter III. We can attack this 
problem by referring to the physical meaning of the modulus of the 
representative (é’]) of a normalized %. If the eigenvalues £’ are 
discrete, the square of this modulus, |(é’|)|?, gives us, as we saw in 
§ 18, the probability of £ having the value é’ for the state represented 
by this normalized ys. If the eigenvalues ¢’ are continuous, the proba- 
bility of having exactly the value é’ for any physically obtainable 
state will be zero. The interesting quantity now will be the proba- 
bility of ¢ having a value lying within a specified range, say the small 
range from £’ to £’-+-dé’. It would be convenient if we could arrange 
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so that this probability is just |(E’|)\? dé’. We should then have a close 
parallelism in the physical meanings of |(£’|)| in the two cases. 

We want to arrange for the average value of any function f(£) of é 
to be f f(é’)|(é’ |w) |? dé’ for the state represented by any normalized 
ys, Now from the general assumption of § 12, this average must be 
, f(€)%,. We must therefore try to arrange so that 


$e fee = f HENE a) ae. (18) 
From (1) and its conjugate imaginary 
$e = | (wlé’) dé’ $é"), (19) 


t 
mee he Hehe = | (le) de’ HEE) f EAE (E" x) 
= | (w\&") df P(E) f(E") [we") dg” (&" |x) (20) 
with the help of (28) of Chapter II. Now we want (18) to hold for an 
arbitrary function f and hence we can equate coefficients of f(é’) on 
the right-hand sides of (18) and (20). This gives 


[Cg le) = ele (€') fe") a" (E" |x) 
or (€’ la) = | $H(E") dé” (€" 2). 


In order that this may hold for an arbitrary function (g’ |a) of é’, we 
must have, from (4), 
P(E’ YE") = 3(E’—E"). (21) 
Equation (21) is the fundamental formula which the basic y's have 
to satisfy in the continuous case, corresponding to formula (3) of 
Chapter ITI in the discrete case. If written in rigorous mathematical 
notation without the 8 function, it would read 


HE WE) = 0 (eH 8") (22) 
[ o@ we”) dé” = 1. (23) 


Equation (22) expresses that different basic ys’s are orthogonal, 
exactly as in the discrete case. Equation (23) replaces the normalizing 
condition for the discrete case and may be called the normalizing 
condition for a ys labelled by a parameter that takes on a continuous range 
of values. It should be remembered, though, that this involves a 
rather different meaning of the word ‘normalizing’ from what we 
had previously. A ¥(é’) normalized according to (23) is not of unit 
length, but has an infinitely great length, as may be seen from (21). 
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Thus a #(é’) normalized according to (23) would not be correctly 
normalized for the general physical interpretation of §12 to be 
applicable, i.e. the average value of an observable « for the state 
represented by such a (£’) would not be 4(&’)a(é’). It would be 
infinitely smaller. Still, the ratio of the average values of two 
observables « and 8 would be the ratio of (€’)axh(é’) to J(E’) By (E’), and 
such ratios would be all one would usually wish to calculate about 
these average values. The state represented by a basic #, (€’) is not 
of a kind that can actually exist. If an observable such as € with a 
continuous range of eigenvalues is measured for any actual state, the 
result must be distributed over a finite range according to some defi- 
nite probability law, which range may be made as small as we please 
but cannot be contracted to a single point. The state represented by 
¥(€’) may, however, be regarded as a limit of actual states and as such 
it is a very useful theoretical abstraction. 

We can now proceed with the development of the theory on parallel 
lines to Chapter III. From equation (1) with the suffix a replaced by 


y and equation (19), we get 
batty = {f ele’) de” $e’ We") dé” (Ely) 


= ff jie de (e’—2") de" (é"ly) 
= f (wle’) de’ (é'ly), (24) 


with the help of (21) and (4). This is the formula for the product of 
a ¢ and a in terms of their representatives. It corresponds to (8) of 
Chapter III, differing from that formula only in that the sum is 


replaced by an integral. 
We define the representative of a linear operator « by 
aye") = | le’) dé (E"lalé”), (25) 


corresponding to (11) of Chapter ITI. (An alternative definition, 
corresponding to (9) of Chapter III, would also be possible.) The 
representative (€’|«|é”) is now a function of two variables é’ and &" 
which can vary continuously. It is convenient to call such a function 
a ‘matrix’, using this word in a generalized sense, in order that we 
may be able to use the same terminology for the discrete and con- 
tinuous cases. One of these generalized matrices cannot, of course, 
be written out as a two-dimensional array like an ordinary matrix, 
since the number of its rows and columns is an infinity equal to the 


80 REPRESENTATION THEORY FOR CONTINUOUS EIGENVALUES § 22 
number of points on a line. The law of multiplication for these genera- 
lized matrices is found to be, by an analogous piece of work to that 
leading to (17) of Chapter TIT, 


(é’laBlé”) = { (Elalg”) ae” (€”|B1E")- (26) 


It is the same law as in the discrete case, except that the sum is 
replaced by an integral. More generally, one can easily verify that 
the whole theory of multiplication of representatives given in § 15, 
can be taken over if one just replaces sums by integrals all through. 
Equation (24) is an example of this. Further, the explicit expres- 
sions for representatives given by (5), (6) and (13) of §14 have their 
analogues in the present theory. For example, corresponding to (5) 
of § 14, we get by multiplying (1) on the left by 4(&’) 


$(E Wee = f HE Wl") aE” (Ex) 
= J 5@'—€") dé" (€"|x) 


= (2 |x) 
from (21) and (4). Similarly, corresponding to (13) of § 14, we find 
(E" |alE") = P(E" )oyp(e"). (27) 


An element on the diagonal, (¢’|«|£’), is no longer, however, just the 
average value of the observable « (when the linear operator « repre- 
sents an observable), for the basic state represented by #(g’), since 
the ¢- and ;j-vectors on the right-hand side of (27) are not correctly 
normalized for this to be so. 

From (27) and (21) we find that the operator of multiplication by 
a number k is represented by 

(€"|k|E") = kd(E’—€"), (28) 
corresponding to (14) of Chapter III. The identical operator is repre- 
sented by 8(¢’—£”). For this reason the unit matrix in our present 
scheme of generalized matrices is defined as the matrix whose (¢’, £”) 
element is 5(é’—é"). As defined in this way, the unit matrix leaves 
unchanged any matrix when multiplied into it, on either the right- 
or left-hand side, according to the law of multiplication (26). 

We define a diagonal matrix in our present scheme as one whose 
(é’, €”) element is equal to some function of £’ [or of €”, which would 
be equivalent, from (14)] multiplied into 8(é’—§’) and this function, 
ie. the coefficient of 5(¢’—é”), we call a diagonal element. The 
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reason for this definition is that it is the widest one which gives 
to diagonal matrices the property of always commuting with one 
another, which property is a most fundamental one for diagonal 
matrices in the discrete case and is specially important in our theory 
of representations. It would not be sufficient to define a diagonal 
matrix merely as one whose (£’, €”) elements all vanish except when 
é’ differs infinitely little from é”, as that would include a matrix such 
as 8’(£’—£"), which, as is easily verified by the methods of § 21, does 
not commute with the matrix f(é’)3(é’—”) unless f(€’) is a constant. 
With the above definition the unit matrix and the matrix (é’|k|é”) 
given by (28) are diagonal matrices. Further, the representative of 
€ is also a diagonal matrix, since, as easily follows from (25) or (27), 


(E"/E1E") = 8g’ —"). (29) 


Thus choosing a representation in which the basic ¥’s are eigen-ys’s of 
£ is equivalent to choosing a representation in which é is diagonal, in 
the case of continuous eigenvalues é’ just as well as in the case of 
discrete eigenvalues, and the diagonal elements of the representative 
of € are in both cases just its eigenvalues €’. We can now see how the 
whole representation theory of the preceding chapter may be taken 
over to the case of a continuous range of basic states. We simply 
have to replace sums by integrals and the two-suffix 5 symbol See by 
the 5 function 8(£’—&"), all the way through. 

The transformation theory of §17 may be taken over in the same 
way. If 7 is a second observable with continuous eigenvalues and 
we assume it for the present to have only one independent eigen-y 
belonging to each eigenvalue, we can introduce a second representa- 
tion in which the basic y’s are eigen-ys’s of 7 and in which, therefore, 
» is diagonal. There will then be transformation functions, (£’|7’) 
and its conjugate complex (7’|é’), which enable one to pass from a 
€-representative to an 7-representative by formulas analogous to 
those of § 17, with sums replaced by integrals. The conditions which 
the transformation functions have to satisfy will be 


f in’) dy’ @n' le") = 3" —-2") | | 
(30) 

J (r'le) dé" €'In") = 89’—n"), 
instead of (38) and (39) of § 17. 


It would be quite possible for one representation to have continuous 
3595.14 M 
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eigenvalues and the other discrete. We should then have similar 
transformation equations, with sums and integrals each occurring 


in the appropriate places. Instead of (30) we should have, if £’ were 
continuous and 7’ discrete, 


> (€’|n’)(n' €”) = 8(’—€") 
J OWE) a8 (EI0") = Baya 


The physical interpretation of these transformation functions as 
probability amplitudes is evident. In the case of £’ continuous and 
n’ discrete, |(£’|n’)|* dé’ will be the probability of ¢ having a value 
within the small range from €’ to €’+-dé’ for the state for which 7 
certainly has the value 7’. Also |(£’|n’)|*® will be proportional to the 
probability of » having the value 7’ for the state for which & certainly 
has the value ¢’ (the proportionality holding for all values of 7’), but 
will not be equal to this probability, since the ¢-vector 4(é’) which is 
represented by (£’|n’) in the y-representation is not properly norma- 
lized for this. In the case of both £’ and »’ continuous, |(&’|7’)|* dé’ 
will be proportional to the probability of € having a value within the 
small range £’ to ’+-dé’ for the state for which » certainly has the 
value 7’, and |(é’|7’)|? dy’ will be proportional to the probability of 
7 having a value within the small range 7’ to '--d7' for the state for 
which € certainly has the value ¢’. 


(31) 


23. General Representations 


The work of the preceding section can be readily extended to the case 
when the observable £ does not have only one independent eigen-ys 
belonging to any eigenvalue and when, following the method of the 
latter part of § 16, we take our basic #’s to be simultaneous eigen-’s 
of € and of one or more other observables which commute with ¢ and 
with each other and which together with ¢ form a complete set. Let 
us call the observables of this complete set &,, &,...,€,, and let us 
suppose each of them has a continuous range of eigenvalues. We can 
now make a straightforward generalization of our earlier theory, re- 
placing the one-dimensional space of our former single variable é’ by 
the n-dimensional space of the variables €/, &5,..., &/. 

+ If the number of basic ;/’s is finite in one representation, it must, of course, be 
finite and equal in any other representation, but it may be infinite enumerable in 


one representation and infinite equal to the number of points on a line in another. An 
example of this will be given in § 36. 
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Let us begin by obtaining the representative of one of the basic 
i's, Wi(E7 >... €2), or W(E") say, for brevity. We note that 


We”) = [ff WE’) de; dbs... dé, 8(E,—€1) (£2)... Es), (32) 


as may be verified by carrying out the integrations one by one with 
the help of (4). This corresponds to (5) in the one-dimensional case. 
If we introduce the notation 

5(’—£") = 8(€ —&) (E,—€2)...8(E, Ey), (33) 
analogous to (29) of Chapter III, we find that the representative of 
y(é") is just 5(€’—€"), a result which is formally the same as in the 
one-dimensional case. Also we have, for each m from 1 to n, 


OWE”) [fof we) de; des... d&s 5(E;—€) 5E,—£D.. 


in 
»-8(Em—1—€ ina) 8’ (Em — Em) 8(En4a—Fm4a)---5(E,—En), (34) 
as may be verified by carrying out the integrations one by one with 
the help of (4) and (6). The integrand in (34) differs from the inte- 
grand in (32) only in having the factor 5’(£/, —€*,) instead of 5(&/,—£&,). 
Equation (34) is the generalization of (7) and gives us the representa- 
tive of dyb(E")/a€%,. 

We again fix the lengths of our basic ¢%’s in such a way as to give a 
simple physical meaning to the modulus of the representative 
(€{ &...E,|), or (€’|) for brevity, of a normalized %. We can arrange 
for the probability of a simultaneous observation of all the &’s, for 
the state represented by this ¥, yielding for each €,, a result in the 
small domain between €/, and &/,-+-dé}, to be 

1(E"|)1? df; d&s... dg). (35) 
The condition for this turns out to be, with the notation (33), formally 
the same as (21). In fact if we use, in conjunction with (33), the 
notation of letting df’ denote the product d£j dé}...d&/, and letting 
a single integral sign denote integration over all the variables £’, the 
equations and results of the preceding section will all apply, without 
formal alteration, to our present case. Thus, for example, the matrix 
law of multiplication (26) will still apply and the representative of 
a numerical multiplier will still be given by (28). Equation (29), to 
be made definite, should be rewritten 
(E'lEmIE") = &n 5(E’—&"), (36) 
and then applies to each €,, of the set &, &g,...,€. In conformity with 
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our general plan, we must now define a diagonal matrix as one whose 
(é’,é”) element is equal to some function of the £’’s, or of the £"’s, 
multiplied into 6(é’—é”"). This results in each é,, being represented by 
a diagonal matrix. It can now easily be verified that all the theorems 
of § 16 are valid also for the case of continuous eigenvalues. 

A further generalization which we must make in our theory is to 
allow some of the é’s in the complete commuting set to have discrete 
eigenvalues and others continuous eigenvalues. The alterations which 
this requires in the formalism are obvious. For each variable in- 
dependently we must use either a sum or an integral, and either the 
two-suffix § symbol or the 8 function, according to whether it is discrete 
or continuous. We can make a transformation to another representa- 
tion, in which each of a new complete set of commuting observables 
7 is diagonal, with the help of transformation functions satisfying 
conditions which are an appropriate generalization of (30) or (31). 
There is no need for the number of discrete y's, or the number of 
continuous »’s, to equal the number of discrete or continuous ¢’s 
respectively. In fact the total number of 7’s in the y-set may differ 
from the total number of £’s in the é-set. This non-conservation in 
the total number of observables is connected with the circumstance, 
which we found in § 13, that two or more commuting observables may 
be counted as a single observable. We may at any time split up an 
observable into two commuting observables, a measurement of both 
of which is equivalent to a measurement of the original observable. 
For example, if the observable « does not have the eigenvalue zero, 
we may split it up into o* and |a|/a, a measurement of both of these 
being equivalent to a measurement of a. 

We must make yet one more generalization in order to include all 
cases which may occur, namely we must allow any £ to have as eigen- 
values a discrete set of numbers together with a continuous range. 
This would give a representation theory in which sums and integrals 
occur added together in the formulas. The necessary alterations to 
be made in the formulas are obvious. For example, if we take the case 
of just one with discrete eigenvalues denoted by é’, €”,... and con- 
tinuous eigenvalues denoted by &, é..., the formula defining the 
representative of a -vector, corresponding to (1), will be 


b= SHENED+ J WE) ae (0). (37) 
The representative of a 4 will now consist of the discrete set of 
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numbers (é’|) and the continuous range (|). These numbers may 
together be considered as forming a function of a variable whose 
domain consists of a discrete set of points together with a continuous 
range. They have the physical interpretation, when ys is normalized, 
that |(£’|)|? is the probability of ¢ having the value £’ and |(€@|)|? d& 
is the probability of € having a value in the small range €&@ to &-+-d&é, 
The conditions for the basic y's, corresponding to (21), will be 

PE WE") = See PE YE) = 0 (38) 

P(E WE") = 0 PEE) = (KO —E). 

The representative of a linear operator will have four kinds of 
elements, typified by (£’|a|é"), (€’|a|&), (E|alé”), (|a|E), and the 
matrix law of multiplication, corresponding to (26), will be 


(€loBle") = & €'lale" ME" BIE + J (late) ago (€1BIE") 
(€loBle™) = S C'lale"E" BIE) + [ 'lale) deo (EO1BIE) 
(G1aB1E") = ¥ (EM lale” EBLE) + f EMlalg) dB” EO1BIE") 

($a Ie) = ¥ (EMaleVEIBIEM)+ | (EMlalg) dE (COBIE. 


In the general case of many é’s, the representative of a ys will be a 
function whose domain may consist of several separate regions with 
different numbers of dimensions, and it may even be convenient to 
label the points of the various separate regions according to different 
schemes, referring perhaps to different sets of ’s as diagonal matrices. 


24. The Weight Function 
The foregoing discussion is sufficiently general to include all kinds 
of representations which can occur, but there is a purely formal 
generalization which it is sometimes desirable to make. This consists 
in introducing what is called a weight function into the expression (35) 
for the probability of the é’s having values in certain specified small 
ranges for any given state. We replace (35) by 

I(£"|) P(E’) dé; d&s... dE, (39) 
where the weight function p(é’) is any function of the variables 
é’ which is greater than zero for all points in the domain of these 
variables. The use of a weight function is of no value from the point 
of view of general theory, but it is advantageous for certain special 
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applications, for the purpose of increasing the symmetry of the equa- 
tions or of giving a more direct physical interpretation to |(é’|)|* as 
a probability. For example, if two of the é’s are the angle variables 
@ and ¢ which fix some direction in space, it would be convenient to 
take as weight function sin 6’, in order to have the element of solid 
angle sin 6’ d0’dd’ in (39), so that we could interpret |(£’|)|? directly 
as a probability per unit solid angle. It would be permissible to use 
a weight function also in the case of discrete eigenvalues, but there 
do not seem to be any examples in which it is then any help. 

The effect of the introduction of the weight function in the various 
formulas is easily investigated. The two probabilities (39) and (35) 
must, of course, be the same, so that, putting p(é’) equal to p’ for 
brevity, we may take the (£’|) in (39) to be p’-+ times the (£’|) in (35). 
Formula (24) must now be replaced by 


dethy = { (xlé’)p! ae’ (E'ly), (40) 


the extra factor p’ being inserted in the integrand to compensate for 
each of the factors (x|é’) and (€’|y) having p’-+ times its value in (24). 
We generalize this result to the assumption that the weight function 
p’ ts to be inserted as a factor to the differential dé’ in every formula in- 
volving an integration over the £’’s, for example in (25) and (26). With 
this general assumption it is easily seen that all the formulas are still 
valid provided the various quantities they involve are all changed 
according to the following rules: 
(i) The representative (£’|) or (|é’) of any %- or d-vector is multi- 
plied by p’-, as we had above. 
(ii) Each basic %, x(é’), and basic ¢, 4(é’), is multiplied by p’-. 
(iii) The representative (£’|«|£”) of any linear operator is multiplied 
by p’*p’+4. 
Thus formula (28), for instance, gets altered to 
(E"|k[E") = k(p‘p”)-# 3(E’—£") = kp’ 5(E’—&"), 
and the representative of the identical operator becomes p’—! 5(£’ —-§"). 
For a certain type of general theoretical investigation the use of a 
continuous range of eigenvalues in the representation is extremely 
inconvenient and it becomes desirable, and is permissible, to replace 
the continuous range by a discrete set of points lying very close to 
one another over the whole range and eventually to pass to the limit 
when the density of these points is everywhere infinite. This proce- 
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dure is equivalent to the introduction of a certain weight function, 
which tends to infinity in the limit. Let the number of discrete points 
in the small domain £’ to é’+dé’ (which may be either one-dimen- 
sional or many-dimensional) be s’ dé’, where s’ = s(’) is any function 
of é’ which is everywhere large. Thus s’ is the density of the discrete 
points. The general formula connecting a sum over the discrete 
points with an integral over the continuous range is now 

PPE) = | Few ae (41) 
which shows that the discrete representation is equivalent to that 
continuous representation in which the weight function s has been 
introduced. We may now use the rules (i), (ii), (iii), with p replaced 
by s. We shall have, for example, using the suffix D to denote a repre- 
sentative in the discrete representation 

(€’|)p rai s’-4(€’|), (l€p = (\€’)s’-# (42) 

(f"|alE")p = 8°-*(E" |axE")9"-4, 

and further 


2 (EME - 2 (le EI) = i (1&") dg’ (€"|) (43) 


from (41). 


Vv 
THE QUANTUM CONDITIONS 


25. Poisson Brackets 

Our work so far has consisted in setting wp a general mathematical 
scheme connecting states and observables in quantum mechanics. 
One of the dominant features of this scheme is that observables, and 
dynamical variables in general, appear in it as quantities which do 
not obey the commutative law of multiplication. It now becomes - 
necessary for us to obtain equations to replace the commutative law 
of multiplication, equations that will tell us the value of &y7—7& when 
& and 7 are any two observables or dynamical variables. Only when 
such equations are known shall we have a complete scheme of 
mechanics with which to replace classical mechanics. These new 
equations are called quantum conditions or commutability relations. 

The problem of finding quantum conditions is not of such a general 
character as those we have been concerned with up to the present. It 
is instead a special problem which presents itself with each particular 
dynamical system one is called upon to study. There is, however, 
a fairly general method of obtaining quantum conditions, applicable 
to a very large class of dynamical systems. This is the method of 
classical analogy and will form the main theme of the present chapter. 
Those dynamical systems to which this method is not applicable 
must be treated individually and special considerations used in each 
case. 

The value of classical analogy in the development of quantum 
mechanics depends on the fact that classical mechanics provides a 
valid description of dynamical systems under certain conditions, 
when the particles and bodies composing the systems are sufficiently 
massive for the disturbance accompanying an observation to be 
negligible. Classical mechanics must therefore be a limiting case of 
quantum mechanics. We should thus expect to find that important 
concepts in classical mechanics correspond to important concepts in 
quantum mechanics, and, from an understanding of the general 
nature of the analogy between classical and quantum mechanics, we 
may hope to get laws and theorems in quantum mechanics appearing 
as simple generalizations of well-known results in classical mechanics; 
in particular we may hope to get the quantum conditions appearing 
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as a simple generalization of the classical law that all dynamical 
variables commute, 

One of the fundamental ideas of classical mechanics is that of 
generalized coordinates g, and their canonically conjugate momenta 
p,. An idea possibly still more fundamental, however, is that of the 
Poisson Bracket. Any two dynamical variables € and y have a P.B. 
(Poisson Bracket) which we shall denote by [£, 7], defined by 


te 

(nl = > Seige oe a 
€ and » being regarded as functions of the canonical coordinates and 
momenta g, and p, for the purpose of the differentiations. The P.B. 
owes its importance to its being invariant under a contact transforma- 
tion, i.e. a transformation to a new set of canonical coordinates and 
momenta, so that it depends only on the two dynamical variables 
€ and 7 to which it refers and is independent of which set of canonical 
coordinates and momenta one is using. The main properties of P.B.’s, 
which follow at once from their definition (1), are 


[é,9] = —[n ] (2) 
; [g,c] = 0 (3) 
where c is a number, 
[é:+€2,0] = [61 9]+[€2,0] (4) 
[é,m +72] = [& m]+1€, v2] 


fafonl = > (eer 6.) 20 (Lasse 2) 


= [é. nlée+€,[£2, 7] (5) 
[€, 9172) = [€,m1]n2+ml€, n2]- 
Also the identity 
[é.[n. $]]+[n, [2 €1)+14. [6 9]] = 0 (6) 


is easily verified. Equations (4) express that the P.B. [£, 7] involves 
€ and » linearly, while equations (5) correspond to the ordinary rules 
for differentiating a product. 

Let us try to introduce a quantum P.B. which shall be the analogue 
of the classical one. We assume the quantum P.B. to satisfy all the 
conditions (2) to (6), it being now necessary that the order of the 
factors £, and é, in the first of equations (5) should be preserved 
throughout the equation, as in the way we have here written it, and 
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similarly for the », and 7 in the second of equations (5). These condi- 
tions are already sufficient to determine the form of the quantum 
P.B. uniquely, as may be seen from the following argument. We can 
evaluate the P.B. [&, €,, 7, 72] in two different ways, since we can use 
either of the two formulas (5) first, thus, 


[& £2, 2] oo [é m1 Nalfe+€ ilé 2> 71 72] 

= (6, m}no+ ml Es, melee Erllé> 1) 92+ mlb 22]} 
pal as [&, ™)%2 fo+ ml. nelbo+ Eile, minet+& mlé2, 72] 
[é, £2, 72] = [& Eo, Mn+ ml fs £s, 72] 

= [é » malé. 2 2et+é ilé 2° ”)"2+ mlé LD ne lée+ mé é 2 n2|- 


Equating these two results, we obtain 
[€1> M1 )(E2 72— M2 Fe) = (€1 1 — 1 Er) Ea, 22). 

Since this condition holds with ¢, and 7, quite independent of £, and 
ee LO EE f ™—™m E, = me, 7] 

£2 %2—Nob, = ths, n2]; 
where 7: must not depend on é, and 7, nor on £, and 7, and also must 
commute with (£,,—7,¢,). It follows that 4 must be simply a 
number. We want the P.B. of two observables or real variables to be 
real, as in the classical theory, which requires, from the work at the 
end of § 15, that 4 shall be a real number when introduced, as here, 
with the coefficient ¢<. We are thus led to the following general formula 
for the quantum P.B. [&,y] of any two variables £ and », 

En—né = th[E, 7], (7) 

in which # is a new universal constant having the dimensions of 
action. In order that the theory may agree with experiment, we 
must take / equal to h/27, where h is the universal constant that was 
introduced by Planck, known as Planck’s constant. It is easily 
verified that the quantum P.B. satisfies all the conditions (2), (3), (4), 
(5) and (6). 

The problem of finding quantum conditions now reduces to the 
problem of determining P.B.’s in quantum mechanics. The strong 
analogy between the quantum P.B. defined by (7) and the classical 
P.B. defined by (1) leads us to make the assumption that the quantum 
P.B.’s, or at any rate the simpler ones of them, have the same values 
as the corresponding classical P.B.’s. The simplest P.B.’s are those 
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involving the canonical coordinates and momenta themselves and 
have the following values in the classical theory: 
[%»9s] = 0 [p,, Ps] = 0 (8) 
[%> Ps] = 5° 
We therefore assume that the corresponding quantum P.B.’s also 
have the values given by (8). By eliminating the quantum P.B.’s 
with the help of (7), we obtain the equations 
Ur Ve— 0 Ir = 9 PrPs—PsP;r = 9 (9) 
Yr Ps—Ps Ur = W8,,, 
which are the fundamental quantum conditions. They show us where 
the lack of commutability among the canonical coordinates and 
momenta lies. They also provide us with a basis for calculating com- 
mutability relations between other dynamical variables. For instance, 
if € and 7 are any two functions of the g’s and p’s expressible as 
power series, we may express £y—7£ or [é, 7], by repeated applica- 
tions of the laws (2), (3), (4) and (5), in terms of the elementary 
P.B.’s given in (8) and so evaluate it. The result is often, in simple 
cases, the same as the classical result, or departs from the classical 
result only through requiring a special order for factors in a product, 
this order being, of course, unimportant in the classical theory. Even 
when € and » are more general functions of the qg’s and p’s not ex- 
pressible as power series, equations (9) are still sufficient to fix the 
value of )—7£, as will become clear from the following work. 
Equations (9) thus give the solution of the problem of finding the 
quantum conditions, for all those dynamical systems which have a 
classical analogue and which are describable in terms of canonical 
coordinates and momenta. This does not include all possible systems 
in quantum mechanics. 

Equations (7) and (9) provide the foundation for the analogy 
between quantum mechanics and classical mechanics. They show 
that classical mechanics may be regarded as the limiting case of quantum 
mechanics when h tends to zero. A P.B. in quantum mechanics is a 
purely algebraic notion and is thus a rather more fundamental con- 
cept than a classical P.B., which can be defined only with reference to 
a set of canonical coordinates and momenta. For this reason canonical 
coordinates and momenta are of less importance in quantum mechanics 
than in classical mechanics; in fact, we may have a system in quan- 
tum mechanics for which canonical coordinates and momenta do 
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not exist and we can still give a meaning to P.B.’s. Such a system 
would be one without a classical analogue and we should not be able 
to obtain its quantum conditions by the method here described. 


26. Canonical Coordinates and Momenta 

Let us examine in greater detail the conditions (9) for canonical 
coordinates and momenta, which we assume to be all observables. 
One of the first things we notice is that two variables with different 
suffixes r and s always commute. It follows that any function of 
q, and p, will commute with any function of g, and p, when 8 differs 
from r. Thus dynamical variables referring to different degrees of 
freedom commute. This law, as we have derived it from (9), is proved 
only for dynamical systems with classical analogues, but we assume 
it to hold generally. In this way we can make a start on the problem 
of finding quantum conditions for dynamical systems for which 
canonical coordinates and momenta do not exist, in so far as we can 
give a meaning to degrees of freedom. 

In applications of quantum mechanics it is often convenient to take 
two separate dynamical systems and to put them together and count 
them as forming a single system. This would be useful, for instance, 
if one wanted subsequently to introduce an interaction between the 
two systems and to treat this interaction perhaps by a perturbation 
method of the kind given in Chapter VIII. We can see from the 
above law how two dynamical systems may be counted as a single 
system. All the dynamical variables of one of the constituent systems 
must commute with all those of the other, since each of the two con- 
stituent systems has its own degrees of freedom. If we now take a 
complete set of commuting observables €, for the first constituent 
system and a complete set of commuting observables €, for the 
second, then it is easily seen that the €,’s and é,’s together form a 
complete set of commuting observables for the whole system; in 
fact, the basic #’s, (£/ £4) in the (€, €,)-representation for the whole 
system may each be considered as a product of the basic y's, $(€;) 
and %(é;) in representations for the constituent systems, the /-space 
for the whole system being considered as the product of the #-spaces 
for the constituent systems. The product of representatives of y's 
for the constituent systems will give the representative of a ys for the 
whole system, thus, 


(Si €21) = (Er10(Es1), (10) 
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although, of course, the general ys for the whole system will not be of 
the form of the right-hand side of (10), but will be a sum or integral 
of terms of this form. If 7, and y, denote a second pair of complete 
sets of commuting observables for the two constituent systems 
respectively, the transformation function for the whole system will 
be just the product of the transformation functions for the con- 
stituent systems, thus, 

(€ €alnins) = (€i]ni)(E2 108). (11) 
The multiplication laws (10) and (11) apply, of course, to any division 
of the degrees of freedom of the whole system into two sets, even 
though these two sets do not correspond physically to two consti- 
tuent systems. The generalization to more than two constituent 
systems, or more than two sets of degrees of freedom, can be made 
immediately. 

Let us now go back to the equations (9) and see what they tell us 
for a single degree of freedom. We have now just one qg and one p, 
forming what is called in classical mechanics a pair of conjugate 
variables, and they satisfy 

P—Py = th. (12) 

Equation (12) is the fundamental equation in quantum mechanics 

_ for a pair of conjugate variables describing a degree of freedom that 

has a classical analogue. It is of such frequent occurrence that its 
main algebraic consequences should be noted. 


We have : 
Pp—PP = aqP—Pq) + (qp—paq)d = 2ihgq. 


The more general formula 

q"p—pq" = nihgr (13) 
is also valid. It is best proved by induction. Assuming (13) holds 
for one particular value of n, we find 

q"*'p—pq"** = g(q"p—Pq") + (P—Paq)a” 
= q.nihg"*+-ihg” = (n+1)ihg", 

which is just (13) with m-++-1 for n. Thus (13) holds generally. We 
may write (13) in the form 
q"p—pg" = ins. q”. (14) 
It follows that if f(q) is any function of g expressible as a power series, 


fo—nf = int -f (15) 
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since we can apply (14) separately to each term in the expansion of f. 
In the next section at the end we shall see that (15) holds also for 
more general functions f that are not expressible as power series. 

There is one example of (15) of special interest, namely when f is the 
exponential function e’¢, c being any real number. This exponential 
function is defined in the usual way as the sum of the series 


Ck (16) 
n=0 
and the ordinary exponential theorem must be valid for it, since 


there are no non-commuting quantities occurring in (16) to make a 
difference from ordinary algebra. With this expression for f, (15) 


becomes eit —peica — —chetor 
or pert = ef4(p-+-ch). (17) 
Let ,, be an eigen of p belonging to the eigenvalue p’, so that 
Pty = Phy. 


From (17) we obtain 

pera, = e°p-+-ch)by = €'1(p'+-ch)py 

= (p’+chiei%p,,.. 

Thus e%p,, is an eigen-ys of p belonging to the eigenvalue p’-+-ch. In 
this way we see that if p’ is any eigenvalue of p, p’-+-ch must be 
another. Since c is arbitrary, it follows that the eigenvalues of p must 
include all numbers from —oo to oo. Similarly it may be shown that 
the eigenvalues of qg include all numbers from —co to 0, Hence 
canonical variables satisfying (12) or (9) have as eigenvalues all numbers 
from — tooo, This result is known to be true from physical grounds 
in the case when the canonical variables are Cartesian coordinates 
and momenta of particles. 

A possible source of difficulty in the above deduction should be 
pointed out. We could take ¢ to be a pure imaginary or complex 
number and could then still formally deduce (17) and then (18). This 
would seem to lead to the result that p has complex numbers as 
eigenvalues, whereas p being, as we assumed at the beginning of this 
section, an observable, can have only real eigenvalues. The solution 
of the paradox lies in the fact that, for imaginary or complex c, the 
series (16) must be counted as non-convergent and the operator e? as 
not existing according to our general theory of linear operators given in 
Chapters II to TV. The eigenvalues of g extend to —co and to 0, and 


(18) 
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at one or other of these places e”¢ would tend to infinity so rapidly 
as to be physically inadmissible as an operator, that can operate on 
y’s representing states that actually exist to give other #’s repre- 
senting states that actually exist. 


27. Momenta as Differential Operators 

Let us take a dynamical system described by a set of canonical coordi- 
nates and momenta q,, p,, and introduce a representation in which the 
coordinates q, are all diagonal. We may assume the g, to form a com- 
plete set of commuting observables, the justification for this assump- 
tion being that it leads, as we shall see, to a self-consistent scheme of 
representatives for the q’s and p’s satisfying all the conditions (9). 
The representative of any y will thus be of the form (qj qj...q,|). The 
domain of each of the variables gq’ extends from —oo to oo. 

To begin our investigation, let us suppose our dynamical system 
has only one degree of freedom, so that we have to deal with just one 
q and one p, satisfying (12), and the representative of a # is simply 
(q'|). An interesting linear operator now presents itself for study, 
namely the operator of differentiation of any (q’|) with respect to 
q’. This linear operator can be applied to the representative of any 
y and will give a function of g’ which may be regarded as the repre- 
sentative of another ys. This linear operator may therefore be handled 
according to our general theory of Chapters II to ITV. Let us denote 
it by 7 in symbolic notation. It may be defined by the condition that 


if 
b= [we dd’ @'\), 
then mb = f oad’ 4). iB 


Its representative is thus determined by 
, ” ed ee d , 
J (@'trla") da" (@"l) = Fl) 
and is therefore (q’ |z|¢") = 8’(q’—q”"), (20) 
from (6) of Chapter IV. From (20) we can see that ia is Hermitian. 
We can also see that when z operates to the left on a ¢-symbol, it is 
equivalent to minus the operator of differentiation applied to the 


representative of that ¢-symbol; thus 


, , , ” WL ere , 
J (la’) dg’ (a'wla") = — Fla’) 
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96 
that if 
sya = f (la) da oa’), 
(21) 
then bo = | F(a") ag $a!) 


Let us now work out the commutability relation connecting 7 with 


q. We have the equation 
d , cha ,a , , 


which, written in symbolic notation, becomes 
ag = grip. 


This equation holds for arbitrary y and we may therefore cancel out 
the factor y. We are then left with 

m™q—qr = I, 
which is the required commutability relation. It could have been 
obtained alternatively directly from the representative (20) with the 
help of properties of the 5 function given in § 21, in particular equa- 
tion (10) there. 

On comparing (22) with (12), we see that —ifz satisfies the same 
commutability relation with g that p does. Their difference, p-+-thz, 
commutes with g. From the theorem at the top of page 60 and 
from our assumption that g by itself forms a complete set of 
commuting observables, it follows that p--i/iz must be a function 


of q, i.e. p+ila = f(q). (23) 


Both p and ifiz are Hermitian operators and the function f is real. 
We shall now see that, by suitably choosing the phase factors in our 
q-representation, we can arrange to make f vanish and p just 


(22) 


equal —iiiz. 
Let us take a new representation in which q is diagonal, differing 


from our previous one in the phase factors of the basic y's, and let 
us use stars to denote things referring to the new representation. 
The connexion between the basic s’s of the two representations will 


be of the form _ w*(q') = lq’e”’, (24) 


where y’ = y(q’) is any real function of qg’. The new representation 
will give us a new operator 7*, defined, in a corresponding way to (19), 
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by the condition that if 


b= [ vq) dd (¢'\)*, 
then my = [ oa!) da’ a). 
' Putting the same ¢ on the left-hand sides of (19) and (25), we have 
hee = eq’ |) 
and £0 i # qt =e” i (q' |) ~ie-#” ae q’\). 


The second of equations (25) now gives us 


ty = f gmta’) da’ [e- giv ap} 


(25) 


= fuera {= a'p—i% ca’) 


= mp—i yp. 
mpi Pp 
Since this holds for arbitrary % we have 
at = 7-4 
nS, . dy dy 
Hence p+iln* = p+thr+h ae =f@Q+h7 (26) 


from (23). We may now choose the function y, which has been left 
arbitrary up to the present, so that the right-hand side of (26) 
vanishes. This will make p just equal to —thi*. 

We can easily extend this work to the case of n degrees of freedom. 
We then have n differentiation operators 7,, one for each degree of 
freedom, and we define them by replacing the second of equations 


(19) by 
mb = f abla’ ) da (a )). (27) 
The representative of 7, will be 


(q'|\7-19") = 8(¢1—491) 8(92—92).-- 

5 (G1 — Ga) 89-9) (G41 — Gar) B(Ga— Gn), (28) 
like the representative in the right-hand side of equation (34) of 
Chapter IV. From the form of this representative we again see that 
iz, is Hermitian and that, when z, operates to the left on a ¢-symbol, 
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it is equivalent to minus the operator of differentiation with respect 


to g, applied to the representative of that g-eymbol. 
To obtain the commutability relations for the z,’s, we note first that 


&q, ara Dag wa. a" 
which, written in symbolic notation, gives us 
T, 1, = 1, Tt, Wp. 


This holds for arbitrary 4 and hence 


TT, th = 0, (29) 
. é 
ay be ‘)} = @ 5,5 ), 
Again agi I} = & wilt )+8,6("| 
which, written in symbolic notation, gives us 
Te Ue = We Te PA+Syo 
(30) 


and hence Ur M3 —TMe Tp = —5ys: 
Comparing (29) and (30) with (9), we see that the operators —iln, 
satisfy the same commutability relations with the g’s and with each 
other as the p, do. We can get a generalization of (30) by noticing 
that, if f(q) is | function of the * 
Q 
Zhai} = 1a) {a+ TH a. 
Written in Bia notation, this gives us 
malb = fob Ey 


and hence Pole, 3 sar z (31) 


From (30) and the corresponding equations for p, in (9), we see 
that each of the operators p,+-i/iz, commutes with each of the q’s. 
It follows as before, from the theorem at the top of page 60, that each 
ps+thz, is a function of the qg’s only, i.e. 

Pst tha, = SA@: 
f,(q) being a function of the q’s, necessarily real. Using (29) and the 
corresponding equation for p’s in (9), we now obtain 

O = DP, Ps—DsP, = (— thin, +-f,)(—ihir, +f,)—(—ihia, +f,)(— tit, +fr) 

= —th(a,f, +h, %e—%Se—SoMr)s 


or PS ed y= Npfo—JeMr- 


(32) 
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This gives, with the help of (31), 

af, _ As 

oq, 4," 


which shows that the functions f, are all of the form 


b = OF, /: &q,5 
where F is a function of the g’s independent of r. (It may be taken 
to be a real function.) Equations (32) now become 
Ps = —tha,+0F /0q,. (33) 
Let us now, as in the case of one degree of freedom, introduce 
a new representation in which the q’s are all diagonal, differing from 
the previous one in the phase factors of the basic y's, and let us again 
use stars to denote things referring to the new representation. The 
connexion between the basic ~’s of the two representations will again 
be of the form (24), y’ now being an arbitrary function of all the 
variables g’. The new differentiation operators 7* will be defined by 
equations (25), with the second of these equations replaced by 


ay = furaag = 7 ('|)* 


corresponding to (27). We now obtain, by sollte. analysis to that which 
led to (26), the result dy 


i ce 
ws = 7,—i—. 


Ys 
Comparing this with (33), we see that, if we take y = —F/h, each 
p, becomes just equal to —ihn*. 

We have now established the general result that, by suitably 
choosing the phase factors in a representation in which the q's are 
diagonal, we can make each of the momenta conjugate to the q’s take 
sone ietin 2p, = —thm,, (34) 


a, being the operator which, operating to the right on a ip-vector, is 
equivalent to differentiation of the representative of that y-vector with 
respect to q,, and operating to the left on a 4-vector, is equivalent to minus 
the differentiation of the representative of that $-vector with respect to 
q,- The interpretation of 7, as a differentiation or as minus a differen- 
tiation, according to whether it is multiplied to the right or to the 
left, is easily seen to apply generally, also when the thing it is multi- 
plied into is not a % ora ¢. Thus, for example, with z, multiplied 
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into a linear operator €, we have 


, ” Uhre , ” 
(q'|75€lq”) = agi 2 \E\q") 


(q' |&75\¢") = —pW lE\q”), 
giving 
('Ipeéla”) = —ih@Z('\E lg") 
‘ (35) 


(7'lép.lg") = ind l6\a") 


The result (34) is a very valuable one in applications of quantum 
mechanics. It is a consequence only of the quantum conditions (9) 
and may be regarded as a new way of expressing these conditions. 
We may illustrate its value by taking any function H(q,, p,) of the q’s 
and p’s expressible as a power series in the p’s. This function must 
be equal to H(q,,—thz,) and therefore, as an operator operating to 
the right on a #-vector, it must be equivalent to the differential 


operator ae 2 

(1 , aa) me 
in which each 7, has been replaced by @/éq;, without any alteration of 
the order of factors in products, operating on the representative 
(q’|) of this y-vector. Thus H becomes expressed: as a familiar kind 
of differential operator. The equation for determining the eigenvalues 
of H is 3 
H(4. ia’) = Ha), (37) 

Ys, 


which is just a partial differential equation for the unknown function 
(q'|) and the unknown eigenvalue H’, A solution (q’|) of an equation 
like (37) is called an eigenfunction of the relevant operator H. Equa- 
tions of the form (37) were introduced into quantum mechanics by 
Schrédinger. 

We can now understand rather better the meaning of the indeter- 
minacy in a representation when only the observables that are to be 
diagonal in it are specified, at any rate for the case when these obser- 
vables are a set of canonical coordinates. Corresponding to each 
representation in which the q’s are diagonal there exists one set of 
momenta conjugate to the q’s [i.e. satisfying the same conditions as 
the p’s in (9)] whose representatives are of the specially simple form 
(34) instead of the more general form (33). If we take some particular 


§ 27 MOMENTA AS DIFFERENTIAL OPERATORS 101 
set of momenta conjugate to the q’s and require that these shall have 
representatives of the specially simple form, the representation is 
then completely determined, except for a trivial phase factor e‘? 
where f is independent of the q’’s, since the function y above is com- 
pletely determined by the condition that each —ifiz, shall equal p,, 
except for an arbitrary constant. 

As a corollary to the above work we may note that, from (31) 
applied in a representation in which (34) holds, 

fe.—p.f = iw. (38) 
qs 

This is the generalization of equation (15) to the case of several 
degrees of freedom and the case when / is a function of the q’s not 
necessarily expressible as a power series. 


28. Heisenberg’s Principle of Uncertainty 

On account of the general symmetry between the q’s and the p’s in 
the quantum conditions (9), it must be possible to interchange q’s 
and p’s throughout the work of the preceding section. This would 
mean setting up a representation in which the p’s are diagonal and 
each q is represented by the operator, -+-i/ times differentiation with 
respect to the corresponding p, the + sign being taken when it 
operates to the right and the — sign when it operates to the left. 
(These signs are just the other way round to what we had in the pre- 
ceding section.) The two representations would be equally funda- 
mental from the point of view of general theory. In practice, the 
representation in which the q’s are diagonal is the more useful one in 
general, since most of the dynamical quantities one has to deal with 
are expressible as power series in the p’s (usually of degree not higher 
than two), but are not expressible as power series in the q’s, and so 
would take the form of differential operators like (36) in the qg-repre- 
sentation, but would not take the form of differential operators in 
the p-representation. There are, however, some problems in which 
the p-representation can be used with advantage, and it becomes 
desirable to calculate the transformation function connecting the two 
representations. 

Let us take the case of the system with one degree of freedom and 
calculate the transformation function (q’|p’) connecting the repre- 
sentation in which q is diagonal with that in which p is diagonal. We 
shall use the general method described at the end of §18. Equation 


102 THE QUANTUM CONDITIONS § 28 
(52) of that section, applied to our present problem, reads 


J tela") da” (@" |p’) = Pe’ 


We can evaluate the left-hand side of this equation according to (34), 
provided the phase factors of the g-representation are suitably chosen. 


. 


This gives ne 
Hct = hs § \p') = p'(q' |p’). 
The solution of this differential equation for (q’ |p’) is 
(q' |p’) = a’e'rr'hn, (39) 


where a’ = a(p’) is an arbitrary function of p’. Note that (39) gives 
the general form of the g-representative of an eigen-/ of p. 

We can determine the modulus of a’ by using the normalizing 
condition 


| @'\a’) dd’ '\p") = 8(v'—P"), 


which comes from (30) of Chapter IV. This gives, when we put 
(p' lq’) = (q' |p’) = a’e-iar'h, 
the equation ” 
aa” J ete"-vMh dq’ = 8(p'—p"), 
where a” = a(p"). Integrating the left-hand side with the help of (15) 
of Chapter IV, we obtain 


2m a’a” 3{(p"—p')/h} = 8(p'—p"), 
and hence, from (8), (11), and (14) of Chapter IV, 


2ria’a’ = 1. 
Thus a’ is of the form h-'e!”’, where y’ is some real function of p’, and 
hence (q' |p’) = ht ety eta’, 


By suitably choosing the phase factors of the p-representation [those 
of the g-representation were chosen when we made use of (34), but 
those of the p-representation are still arbitrary] we may remove the 
factor e*Y’, leaving as final result 

(q' |p’) = ht etre, (40) 


The result (40) shows that the formulas connecting the g- and 
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p-representatives of a ys-vector are 


(') = h-* | evn dg’ (g'!), 
i (41) 


(q'|) = h-* { eta" dp’ (p')). 


These formulas have an elementary significance. They show that 
either of the representatives is given, apart from numerical coefficients, 
by the amplitudes of the Fourier components of the other. 

It is interesting to apply (41) to a y%-vector whose q-representative 
consists of what is called a wave packet. This is a function whose value 
is very small everywhere outside a certain domain, of width Aq’ say, 
and inside this domain is approximately periodic with a definite 
frequency. If a Fourier analysis is made of such a wave packet, the 
amplitude of all the Fourier components will be small, except those 
in the neighbourhood of the definite frequency. The components 
whose amplitudes are not small will fill up a frequency band whose 
width is of the order 1/Ag’, since two components whose frequencies 
differ by this amount, if in phase in the middle of the domain Ag’, 
will be just out of phase and interfering at the ends of this domain. 
Now in the first of equations (41) the variable p’/h plays the part of 
frequency. Thus with (q’|) of the form of a wave packet, the function 
(p’|), being composed of the amplitudes of the Fourier components of 
the wave packet, will be small everywhere in the p’-space outside a 
certain domain of width Ap’ = h/Aq’. 

Let us now apply the physical interpretation of the square of the 
modulus of the representative of a y% as a probability. We find that 
our wave packet represents a state for which a measurement of g is 
almost certain to lead to a result lying in a domain of width Ag’ and 
a measurement of p is almost certain to lead to a result lying in a 
domain of width Ap’. We may say that for this state q has a definite 
value with an error of order Aq’ and p has a definite value with an 
error of order Ap’. The product of these two errors is 


Aq’ Ap’ = h. (42) 


Thus the more accurately one of the variables g,p has a definite 
value, the less accurately the other has a definite value. In the limit 


+ Frequency here means reciprocal of wave-length. 
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when one of them is completely determined, the other is completely 
undetermined. This last result can be obtained more directly from the 
transformation function (q'|p’). According to the end of § 22, 
|(q' \p’)|? dq’ is proportional to the probability of g having a value in 
the small range from q’ to q’-++-dq' for the state for which p certainly 
has the value p’, and from (40) this probability is independent of q’ for 
a given dg’. Thus if p certainly has a definite value p’, all values of 
q are equally probable. Similarly it may be shown that if q certainly 
has a definite value q’, all values of p are equally probable. 7 

Equation (42) is known as Heisenberg’s Principle of Uncertainty. 
It shows clearly the limitations in the possibility of simultaneously 
assigning numerical values, for any particular state, to two non- 
commuting observables, when those observables are canonically oon: 
jugate variables, and provides a plain illustration of how observations 
in quantum mechanics may be incompatible. It also shows how 
classical mechanics, which assumes that numerical values can be 
assigned simultaneously to all observables, may be a valid approxi- 
mation when h can be considered as small enough to be negligible. 
Equation (42) holds only in the most favourable case, which occurs 
when the representative of the state is of the form of a wave packet. 
Other forms of representative would lead to a Ag’ and Ap’ whose pro- 
duct is larger than h. 

The foregoing work can be easily extended to systems with several 
degrees of freedom. The transformation function connecting the q- 
and p-representations when there are » degrees of freedom is, accord- 
ing to the law (11), just the product of the transformation functions 
for each degree of freedom separately, namely 

(95 95-+-In Pi Po-- Pn) = (Gi 1PiM(G21P2)---Qn|Pn) 
— Ar-M2 CHA Pit Pst tan Ph, (43) 
The idea of a wave packet can be extended to the case of several 78, 
the function (q’|) having to be very small everywhere outside a certain 
domain of the q’-space and approximately periodic in each of the 
q’’s inside this domain. The principle of uncertainty then applies to 
each degree of freedom separately. 


29. Displacement Operators fe 

An instructive way of looking at some of the quantum conditions 
is provided by a study of displacement operators. These appear In 
the theory when we take into consideration that the scheme of rela- 
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tions between states and observables given in Chapter II is essen- 
tially a physical scheme, so that if certain states and observables 
are connected by some relation, on our displacing them all in a 
definite way (for example, displacing them all through a distance 
dx in the direction of the x-axis of Cartesian coordinates), the new 
states and observables would have to be connected by the same 
relation. 

The displacement of a state or observable is a perfectly definite 
process physically. Thus to displace a state or observable through a 
distance 5x in the direction of the x-axis, we should merely have to 
displace all the apparatus used in preparing the state, or all the 
apparatus required to measure the observable, through the distance 
dx in the direction of the x-axis, and the displaced apparatus would 
define the displaced state or observable. A displaced state or obser- 
vable is uniquely determined by the undisplaced state or observable 
together with the direction and magnitude of the displacement. 

The displacement of a #-vector is not such a definite thing though. 
If we take a certain -vector, it will represent a certain state and we 
may displace this state and get a perfectly definite new state, but this 
new state will not determine our displaced ¥, but only the direction of 
our displaced y. We help to fix our displaced y by requiring that it 
shall have the same length as the undisplaced , but even then it is 
not completely determined, but can still be multiplied by an arbitrary 
phase factor. One would think at first sight that each 4 one displaces 
would have a different independent phase factor, but with the help 
of the following extra condition, we see that they must all have the 
same. We here make use of the law that superposition relationships 
between states remain invariant under the displacement. A super- 
position relationship between states is expressed mathematically by 
a linear equation between the ’s representing those states, for 


nial tho = Catt cathe (44) 
where ¢, and c, are numbers, and the invariance of the superposition 
relationship requires that the displaced states can be represented by 
w’s with the same linear equation between them—in our example 
they could be represented by #j, ¥], and J satisfying 

Py = CPi +es py. (45) 
We now take such #’s to be our displaced w’s, that is to say, we 


require that any linear equations holding between our undisplaced p's 
3596 14 P 
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shali hold also between our displaced y's. This makes it impossible to 
provide our displaced s’s with independently variable phase factors, 
as these would spoil the linear equations [for example, (45) would 
cease to be valid if we multiplied #{, ¥!, and 4! by different fac- 
tors e'%, e:, and e'”:], and the only arbitrariness left in the displaced 
#’s is that of a single arbitrary phase factor to be multiplied into 
them all. 

With the displacement of b’s made fairly definite in the above 
manner and the displacement of ¢’s, of course, made equally definite, 
through their being the conjugate imaginaries of the #’s, we can now 
assert that any symbolic equation between y’s, ¢’s, and linear 
operators must remain invariant under the displacement of every 
symbol occurring in it, on account of such an equation having some 
physical significance which will not get changed by the displacement. 
Take, for example, the equation 


dnt = ¢, (46) 


¢,, being any ¢-vector, y, any #-vector, and ¢ a number, equal 
to their scalar product. The assertion that this equation remains 
invariant under the displacement may be written, if we use the 
sign 7 generally to denote a displaced quantity, 


Lb] = = betp (47) 


and is thus equivalent to the assertion that the scalar product 
¢,% is invariant. Now a scalar product ¢,%, may be regarded as a 
specification of the extent to which the two states represented by ?, 
and y, approximate to being orthogonal (it vanishes when they are 
orthogonal), and the assertion of its invariance is justified on account 
of the notion of orthogonality of two states being a physical notion, 
unaffected by an equal displacement of both states. Again, an equa- 


tion of the type bia = Wp, (48) 


€ being any observable, denotes some physical relation between the 
observable € and the two states represented by ¥, and y,, although 
this relation cannot be described in an elementary way. This physical 
relation must be invariant under the displacement and hence equa- 
tion (48) must be invariant. 

To deal mathematically with the invariance of equations like (46) 
and (48), it is convenient to introduce a process of differentiation, 
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denoted by D,, defined by ' 

— lim Mah 
D, iy = eee 

Dd), = lim $h—$n 49 

Pie ae 8a ( ) 

ae 

the + denoting a quantity displaced through a distance 5a in the 

direction of the z-axis. There will be some lack of determinacy in 

D,,4, due to the arbitrary phase factor by which we may multiply 


all our displaced ys’s. Taking new displaced y’s equal to e’” times the 
previous ones, we get a new D, y,, say D* ys, defined by 


D* yy, = lim etry} —, 


ba—>0 ba 
_ ue (Pit , 7 —1 ys 
iar, D, pt iap, (50) 


where a is a real number and is the limit of y/8x. (We must choose y 
so that this limit exists in order that D* may have a meaning.) There 
will be a corresponding lack of determinacy in D,¢;,, but none in D, €. 
Applying our differentiation process D,, which is subject to the usual 
law for the differentiation of a product, to equations (46) and (48), 


itr (Debit bu(De ti) = 0 (51) 
and (Dz E fat &(Dz ta) = Dry. (52) © 
These equations must hold for each of the various meanings of D, 
arising from its lack of determinacy. 

The condition that linear equations between the ¥’s remain in- 
variant under the displacement and that an equation such as (45) 
holds whenever the corresponding (44) holds, means that the dis- 
placed #’s are linear functions of the undisplaced y's and that each 
displaced y% is the result of some linear operator{ applied to the 
corresponding undisplaced ys. In symbols, 

v} = Ad, (53) 
where A is a linear operator independent of ys, and depending only on 

t This follows at once (with the definition of a linear operator given in § 8) from 


the invariance of the linear equation expressing an arbitrary y in terms of the basic 
i's of a representation. 
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the displacement. It follows that D,y, must also be the result of some 
linear operator applied to ¥,. We call this linear operator the displace- 


ment operator d,, thus D, dy bo d, th. ( 54) 
Alternatively, we could define d, directly in terms of the operator A of 
equation (53), as rr Or Bp 

d, = lim lim (55) 


From (50) we see that the lack of determinacy in d, consists in the 
possibility of adding to it an arbitrary, pure imaginary number. 

Let us see how to express D,¢, and D,& in terms of d,,¢,,, and &. 
From (51) and (54) we get 

(Dz dxdt, dey = 0, 

and since this holds for arbitrary ¥,, we must have i 

Dz dy = — bx de (56) 
This result shows that d, is a pure imaginary operator (i times a 
Hermitian operator), since, D,¢,, being the conjugate imaginary of 
D,, yy, it gives —d,,d,, as the conjugate imaginary of d,,,. From (52) 
and (54) weget (7 ey,+fdytha = deth = defile 
from (48). Since this holds for arbitrary yy, we must have 

D,€ = d,&—éd,. (57) 
We can see from this result how it is that the lack of determinacy in 
d,, consisting in the possibility of adding to it an arbitrary, pure 
imaginary number, is not associated with any lack of determinacy 
in D, é. 

Let us now introduce a set of canonical coordinates and momenta 
consisting of x, y, and z, the Cartesian coordinates of the centre of 
gravity of our system, and p,,p,, and p,, the components of the total 
momentum of the system, which are the conjugates of x, y, and z, 
together with any other coordinates and momenta that may be 
necessary for describing internal degrees of freedom of the system. If 
we suppose a piece of apparatus, which has been set up to measure 2, 
to be displaced a distance 5x in the direction of the z-axis, it will 


measure x—dz. Thus oad ea i 
and therefore, from the third of equations (49), 

Die ahi (58) 
From (57) we now find ad,—d,2 = 1. 
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This is the quantum condition connecting d, with x. From similar 
arguments we find that each of the other canonical coordinates and 
momenta introduced above, since it is unaffected by the displacement, 
must commute with d,. Comparing these results with (9), we see that 
thd, satisfies just the same quantum conditions as p,. Their differ- 
ence, p,—tid,,, commutes with all the coordinates and momenta and 
must therefore be a number. This number, which is necessarily real 
since p, and iid, are both Hermitian operators, may be made zero by 
a suitable choice of the arbitrary, pure imaginary number that can 
be added to d,. We then have the result 

Pz = thd, (59) 
or the x-component of the total momentum of the system is ih times the 
displacement operator d.,. 

This is a fundamental result, which gives a new significance to 
displacement operators. There is a corresponding result, of course, 
also for the y and z displacement operators d, and d,. The quantum 
conditions which state that p,, p,, and p, commute with each other 
are now seen to be connected with the fact that displacements in 
different directions are commutable operations. 

We can build up a similar theory for rotation operators about the 
x,y and z axes. These linear operators, de, d, and d; say, are found, in 
the same way as d,, to be pure imaginary and to be undetermined to 
the extent of arbitrary, pure imaginary additive numbers. Their 
quantum conditions may be easily calculated and turn out to be, 
apart from the factor iii, the same as those for the components of 
angular momentum of the system (as they will be deduced in § 38), so 
that we can identify ifd,, ifd,, and ikdz with the components of 
angular momentum. An interesting consequence of this result is that 
if a state, represented by ys, has zero angular momentum, then 

dep = d,s = dep = 0, 
which requires that y% shall be spherically symmetrical. Thus a state 
of zero angular momentum is necessarily spherically symmetrical. 


30. Contact Transformations 

Let U be any linear operator that has a reciprocal U-! and consider 
the equation ph ace ahT 2, (60) 
« being an arbitrary linear operator. This equation may be regarded 
as expressing a transformation from any linear operator « to a 
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corresponding linear operator a*, and as such it has rather remarkable 
properties. In the first place it should be noted that each a* has the 
same eigenvalues as the corresponding q; since, if «’ is any eigenvalue 
of « and ¥,, is the eigen-y belonging to it, we have 
apy = apes 

andhence —s_ a*U fy» = Un AU py = Uorpy = «Udy, 

showing that Uy, is an eigen) of a* belonging to the same eigen- 
value a’, and similarly any eigenvalue of «* may be shown to be also 
an eigenvalue of «. Further, if we take several «’s that are connected 
by algebraic equations and transform them all according to (60), the 
corresponding a*’s will be connected by the same algebraic equations. 
This result follows from the fact that the fundamental algebraic pro- 
cesses of addition and multiplication are left invariant by the trans- 
formation (60), as is shown by the following equations: 

(yt a%g)* = O(ay-+-01)U-? = Uy U4 Uo U-* = af +08 
(ay W)* => Vay, Xg U-1 = Uo, U-"U a U-1 = at ak. 

Let us now see what condition would be imposed on U by the 
requirement that any Hermitian « shall be transformed into a 
Hermitian «*. Equation (60) may be written 

a*U = Ua. 


Taking the conjugate complex of both sides in accordance with (19) of 
Chapter ITI we find, if « and «* are both Hermitian, 


Oat = aU. 


(61) 


(62) 


Equation (61) gives us UatU = UU 
and equation (62) gives us 

Ua*U = UU. 

Hence OUa = aU. 
Thus UU commutes with any Hermitian operator and therefore also 
with any linear operator whatever, since any linear operator can be 
expressed as one Hermitian operator plus ¢ times another. It follows 
that UU is a number. By taking a matrix representation we can 
easily see that this number must be real and positive. We can suppose 
it to be unity without any loss of generality in the transformation 
(60). We then have Bime4 (63) 
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Equation (63) is equivalent to any of the following 
U=02, U=0-, U-A02=1. (64) 

A matrix or linear operator U that satisfies (63) and (64) is said to 
be unitary and a transformation (60) with unitary U is called a 
unitary transformation. A unitary transformation transforms Hermi- 
tian operators into Hermitian operators. Also it transforms linear 
operators satisfying the expansion theorem into linear operators 
satisfying the expansion theorem, since, if « satisfies the expansion 
theorem, we can expand U-1s, where ¢ is arbitrary, in terms of %,.’s 
and by multiplying this result by U, we get + expanded in terms of 
%-vectors of the form Uy, each of which is an eigen-/ of «*. We can 
now see that a unitary transformation transforms observables into 
observables. It leaves invariant any algebraic equation between the 
observables and also, as may easily be verified, any functional relation 
based on the general definition of a function given in § 11. 

The inverse of a unitary transformation is also a unitary transfor- 
mation, owing to the fact, which follows from (64), that if U is 
unitary, U-! is also unitary. Further, if two unitary transformations 
are applied in succession, the result is a third unitary transformation, 
as may be verified in the following way. Let the two unitary trans- 
formations be (60) and 

at = VatV—, 
The connexion between «' and « is then 
at = VUaU-17V- 
= (VU)(VU)-1 (65) 
from (32) of Chapter IT. Now VU is unitary since 
VUVU = UVVU = UU = 1, 
and hence (65) is a unitary transformation. 

A transformation from one set of canonical coordinates and 
momenta q,, p, to another set g*, p¥ is called in quantum mechanics, 
as in classical mechanics, a contact transformation. In quantum 
mechanics the conditions for a set of variables to be canonical are 
algebraic, namely equations (9), which makes the theory of contact 
transformations more elementary than in classical mechanics. We 
shall now see that quantum contact transformations are the same as 


the above unitary transformations. 
Let us consider the contact transformation from the canonical 
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variables ¢,, p, to the canonical variables g*, p*. We shall use two 
representations in which the q’s and the g*’s respectively are diagonal, 
the phase factors of these representations being such that equation 
(34) and the corresponding equation for the starred variables hold. 
We introduce the linear operator U whose mixed representative 
(q*’|U |g") is defined to be 

(q*’|U |g") = 8(q*’—9"). 
[The right-hand side of (66) has a meaning since each q’ and q*’ takes 
on all values from —co to oo.) We note in the first place that U is 
unitary, since, using fundamental equations of the transformation 


theory, 


(66) 


('|U\a") = | (a'\g*”) dq” (q*" Ug") = (a \a*"), 


so that (q"|U\q’) = 'Iq*”) = (@*" lq’) 
and hence Bs wef 
(q'|UO |g") = f (q'\U\q") dq" ("01a") 
= | (\a*") dq*" (q*"\a”) 
— 5(q'—¢”"), 
so that UU <i}, 


We have further 
(q*’ lar Ug") = gF’8(q*'—9’) 


and (q*"|Uq,|q") = 8(q*’—9" ar. 
The right-hand sides of these two equations are equal on account of 
(9) of Chapter IV and hence 
qr; U = Ug, 
or gG = 0¢,U0-. 
Again, according to the rules expressed by (35), which are valid also 
for mixed representatives 
-» @ +m 
(q*’ |p U |g") = —ah age’ 3(q*’—q") 


2 O , ” 
(q*’|Up,|q") = aaa" —q"). 


t In this piece of analysis we use the notation that a g, and a g* with the same 
number of primes both denote the same number. Thus, for example, g7 = gf”. It 
is necessary to retain both symbols for the same number in order to preserve the 
meaning of bracket expressions, such as (q‘|q*”). 
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The right-hand sides of these two equations are obviously equal, and 
hence ptU = Up, 

or pe = Up, U-, 

This establishes that a contact transformation is just a unitary 
transformation of the form (60). The converse result, that a unitary 
transformation applied to a set of canonical variables gives a contact 
transformation, is obvious, owing to the invariance of algebraic rela- 
tions under a unitary transformation. We can now give a meaning to 
contact transformations for dynamical systems in which canonical 
coordinates and momenta do not exist, defining such transformations 
simply as unitary transformations. 

One of the ways of expressing the conditions for a contact trans- 
formation in classical mechanics is 


as x as 
5 cre ce eee, (67) 
, q, " 4 


S being some function of the qg’s and q*’s. There is a quantum ana- 
logue of this. We define the quantum S by 

(7 |q*”) = eS@, "Mn, (68) 
We now have 


(a'Iprla*”) = | (a' pela”) dq” (Q" Ia*") 


~~ O 7 +) oe as(7’,g*") P 
= —th— a") * 69 
a ag, (4 | ) oq (q'\q*"). (69) 


Similarly, 
(q' Ip \g*") = e f la*”) dq*” (q*" \p,|a*") 


(y'\g*") = ~ ef 1.9"") q\g*"). (70) 


thse 
From equation (50) of Chapter III we have 
(7 If(ag(a*)|a*") = fa’)o(a*"V(q' |a*"), (71) 


where f(g) and g(q*) are functions of the qg’s and q*’s respectively, 
Let B(q,q*) be any function of the g’s and q*’s consisting of a sum of 
terms each of the form f(q)g(q*), so that all the q’s in B occur to the 
left of all the g*’s. Such a function we call well-ordered. Applying 


(71) to each of the terms in B and adding, we get 
(q'|B(q, a*)\q*") = BY’, a*")(q'1q*"). (72) 
Now let us suppose each p, and p* can be expressed as a well-ordered 
3595.14 Q 
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function of the g’s and q*’s and write these functions p,(q,q*), 
Pp (q,q*). We shall then have, from (72), 


(q'\p,lq*”) = p,(q',9*"(q' |9*") (73) 
(7' pF la*") = pr(q’.a*")(7' |a*"). (74) 
Comparing (73) with (69) and (74) with (70), we see that 
i en Cue pale sth Pe ae 
Pq’, g*") = — ee), Pr(7'.q*") = BS ik ES a 
This means that 
_ @S(q,9q*) +» _ _ 2S(9,q*) (75) 
Pr 24, > Py ag* > 


provided the right-hand sides of (75) are written as well-ordered 
functions. Thus the classical equations (67) for a contact transforma- 
tion hold also in the quantum theory when the non-commuting 
variables g and q* in their right-hand sides are suitably ordered. 

We get an infinitesimal contact or unitary transformation by taking 
U in (60) to differ by an infinitesimal from unity, Put 


U = 1+7%eF, 
where « is infinitesimal, so that its square can be neglected. Then 
U-! = 1—ieF. 


The unitary condition (63) or (64) requires that / shall be Hermitian. 
The transformation equation (60) now takes the form 

a* = (1+iceF)a(1—ieF), 
which gives a*—a = ie(Fa—aF). (76) 
It may be written in P.B. notation 

at—a = ehi[a, F'], 

when it is formally the same as a classical infinitesimal contact 
transformation. 


VI 
THE EQUATIONS OF MOTION 


31. Schrédinger’s Form for the Equations of Motion 

Our work in Chapters II to V was all concerned with one instant of 
time. It gave the general scheme of relations between states and 
observations at that one instant of time. To get a complete theory of 
dynamics we must consider also the connexion between different 
instants of time and set up something of the nature of equations of 
motion. 

The state of our system at each instant of time will be represented 
by some vector % and we have to find the law of variation of ~ with 
the time ¢. For this purpose we use the general principle of super- 
position, according to which, as discussed in § 6, any superposition 
relationship between states holding at one instant of time will hold 
throughout all time. Thus if, for example, we have three states at 
one instant of time, represented by three vectors pp, 1, Y_ satisfying 


Po = Cy +Ce fo, 
these states will vary with the time in such a way that at any other 
instant of time they will be represented by three vectors, vs}, x1, %} 
say, which satisfy, provided the arbitrary numerical factors by which 
these vectors may be multiplied are suitably chosen, 


oy = eh] +co¥t, 
with the same coefficients c, and cy. This requires, as we had in § 29 
in connexion with equations (44) and (45) referring to a displacement, 
that each yt shall be the result of some linear operator applied to the 
corresponding ys. If we now take the second instant of time, to which 
s' belongs, to differ by only a small time interval 5¢ from the first and 
form the differential coefficient 

dy 3, ¥'—# 

F Beg ects * 
then dis/dt must also be the result of some linear operator applied to 
the corresponding wb. 


We put = dys ar (1) 


? 


where H is a linear operator independent of ys. This gives the general 
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law for the variation of %-vectors with the time. We make the further 
assumption that H is a Hermitian operator. This has the effect of 
making any scalar product of a ¢ with a 4s constant, since it causes 
the conjugate imaginary of (1) to be 


so that 
th aac yy) = th _ fy +th dy, rn = —(¢, A)b,+¢,(Hyp,) = 0. 


By arguments similar to those used for d, in § 29, we can deduce that 
H is undetermined to the extent of an arbitrary real additive number. 

Formula (1) shows how all the states of our system vary with the 
time and is one of the fundamental ways of expressing the equations 
of motion of quantum mechanics. Written in terms of representa- 
tives in a representation in which, say, each of the complete set of 
commuting observables q is diagonal, it appears asT 


ib Z(q'\) = | Hla") da" (a')). (3) 


In this form it is known as Schrédinger’s wave equation, having been 
first put forward by Schrédinger in 1926, and is very extensively used 
in practical applications of the theory. Its solutions are called wave 
functions, owing to the fact that in a great many problems they are of 
the kind of function which represents waves; in fact, as we shall see 
in § 34, they are so, if the g’s are taken to be dynamical coordinates, 
in all those problems in which the classical theory holds as an 
approximation. The square of the modulus of a normalized solution 
gives the probability of the q’s having specified values at any time for 
some particular state of motion of the system. Formula (2) written 
in terms of representatives gives the conjugate complex equation to 


(3), namely a 

—ih 5 (id) = f(g") da" "Ha, (4) 
which is equally fundamental in general theory but is not so often 
explicitly used in practice. 


The linear operator H introduced in (1) we call the Hamiltonian 
of the system. There is one such linear operator for each dynamical 


t+ The case of continuous q’’s is taken for definiteness, the usual modifications of 
notation being required for the discrete case. 
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system. We assume it to be always an observable and to be, in fact, 
the total energy of the system. Its analogy with the Hamiltonian of 
classical mechanics will become apparent in the next section. Like 
the classical Hamiltonian it may either be constant or vary with the 
time, one or other of these possibilities occurring according to whether 
there are present only forces of interaction between the various com- 
ponent parts of the system or whether there are also external forces 
present. The constancy or variability with time of the linear operator 
H implies, of course, the constancy or variability with time of its 
representative (q'|H|q"). 

When # is constant we can write down a formal solution of 


(1), namely ty Pe e-tHihyy,,, (5) 


i) being the value of any y at time 0 and ¥, its value at time ¢. This 
solution may be verified by direct substitution in (1), it being noted 
that the differentiation of the exponential can be carried out in the 
ordinary way since there are no non-commuting quantities involved. 
In practical problems the solution (5) is not often of use, owing to the 
difficulty of evaluating the exponential, and one usually has to work 
from the differential equation (3) instead. 

It may happen that a particular state of our system does not vary 
with the time. It is then called a stationary state. The condition for 
a state to be stationary is that it shall be represented by a whose 
direction remains constant, i.e. 


oF , 6 
7 (6) 
where A is a number. Combining this equation with (1) we get 

Hp = ihxp, 


which is just the condition that shall be an eigen- of H. Thus 
the stationary states are the eigenstates of the Hamiltonian. It is 
necessary that equation (6) shall hold throughout all time and hence 
y must be an eigen-y of H throughout all time. Thisis usually possible 
only when H is constant, so that stationary states usually exist only 
for a dynamical system with constant Hamiltonian. There are then 
so many of them that an arbitrary state is dependent on them (from 
our assumption that the Hamiltonian is an observable). For each of 
these stationary states the Hamiltonian or energy has a definite 
value, namely the eigenvalue H’ to which the state belongs, equal to 
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ih times the A of equation (6), and the % representing the state varies 
with time according to the law 


p= etHinh, (7) 
i.e. the simple harmonic law, with a frequency depending only on the 
associated energy value. 


32. Heisenberg’s Form for the Equations of Motion 


In the preceding section we had a picture of the states of our 
dynamical system represented by vectors in a certain vector space, 
these vectors varying with time in order to correspond to the changes 
taking place in the states. We shall call this the Schrédinger picture. 
On account of the linear form of the law of variation of the vectors 
with time, as shown by equation (1), we may adopt an alternative 
picture in which the vectors representing the states are all fixed, but 
are referred to a moving system of coordinates. We shall call this the 
Heisenberg picture. The two pictures are, of course, formally equi- 
valent. In both of them the coordinates of a ys representing a state 
vary in the same way, namely according to (3), the only difference 
being that in one of them this variation is ascribed to a motion of the 
%’s themselves and in the other it is ascribed to a motion of the 
system of coordinates. 

In the Schrédinger picture a dynamical variable is represented by 
a constant linear operator. In the Heisenberg picture a dynamical 
variable will be represented by a linear operator fixed relative to the 
coordinate system and therefore, in general, varying with time. Let 
us determine its law of variation. 

A vector y fixed relative to the coordinate system in the Heisenberg 
picture must vary with time according to the formula 


on 8 (8) 


that is, formula (1) with a minus sign, since this is the time-variation 
which must be superposed on (1) to bring y to rest. The H in (8) 
is at any time the same function of the dynamical variables as the H 
in (1), though these dynamical variables are now represented by 
moving linear operators. The condition for a linear operator € to 
be fixed relative to the coordinate system is that, when multiplied 
into any vector ys, fixed relative to the coordinate system, the 


resulting #-vector bi, = ty (9) 
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shall also be fixed relative to the coordinate system. Differentiating 
(9), we get dé 


and with the help of formula (8) applied to ys, and yy, we find 
iS yy —€H jg = —Hypy = —HE a 
Since this holds for arbitrary ¥,, we can cancel out y,, obtaining 
in — enue. . (10) 


Equation (10) gives the law of variation of dynamical variables 
with time in Heisenberg’s picture and is Heisenberg’s form for the 
equations of motion. It is comparable with the classical equations 
of motion, since these are also concerned with the variation of 
dynamical variables and not, like Schrédinger’s form for the quantum 
equations of motion, with the variation of states. The classical equa- 


tions of motion are 
dg, _ 2H dp, _ _ al an 
dt ap,’ dt aq, 
H being the classical Hamiltonian and the q’s and p’s a set of 
canonical coordinates and momenta. They give, for € any function of 


the q’s and p’s that does not contain the time ¢ explicitly, 
0& dq, , 0& dp, 
dg { & dq a 0& dp, 
4 


dt = <X \éq, dt ‘ ap, dt 
ce fe OH » «08 =| 
— eq, Op, Op, Og, 

= [¢, 4], (12) 


with the classical definition of a P.B., equation (1) of Chapter V. But 
equation (10) takes precisely the form (12) with the quantum defini- 
tion of a P.B., equation (7) of Chapter V. We thus get an analogy 
between the classical and quantum equations of motion, on the basis 
of the analogy between classical and quantum P.B.’s, discussed in 
Chapter V, and we also get a justification for calling the linear 
operator H introduced by equation (1) the Hamiltonian of the 
quantum-mechanical system. 

Our general derivation of equation (10) shows that the equations 
of motion of any dynamical system in quantum mechanics are deter- 
mined by a Hamiltonian, whether the system is one that has a classical 
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analogue and is describable in terms of canonical coordinates and 
momenta or not. A system is defined mathematically by its Hamil- 
tonian being given. When the system does have a classical analogue, 
it is usually permissible to assume that the Hamiltonian is the same 
function of the dynamical variables as in the analogous classical 
system.t There would be a difficulty in this, of course, if the classical 
Hamiltonian involved a product of factors whose quantum analogues 
do not commute, as one would not know in which order to put these 
factors in the quantum Hamiltonian, but this does not happen for 
most of the elementary dynamical systems whose study is important 
for atomic physics. In consequence we are able also largely to use 
the same language for describing dynamical systems in the quantum 
theory asin the classical theory (e.g. to talk about particles with given 
masses moving through given fields of force), and when given a 
system in classical mechanics, can usually give a meaning to “the 
same’ system in quantum mechanics. 

A system in quantum mechanics is usually defined by its Hamil- 
tonian being given as an algebraic function of dynamical variables, 
the nature of these dynamical variables being defined by their 
quantum conditions. This does not include the most general systems, 
however. It is possible to have a system whose Hamiltonian is not 
expressible algebraically in terms of dynamical variables, but can be 
specified only through its representative in some representation being 
given. An example of such a system is provided by the interaction of 
a photon with an atom, as will be dealt with in Chapter XI. 

The equation of motion (12) must be generalized when £ involves 
the time ¢ explicitly as well as being a function of the dynamical 
variables. The generalization is, of course, 

dg __ 0 

yt lg, H], 
in the quantum theory as well as in the classical theory, The 
generalization of (10) is thus 


5 G& _ ., 0 up 13 
th a th at S# Hé. (13) 
A function of the dynamical variables not involving the time 


explicitly is, according to (10), a constant if it commutes with H. 


} This assumption is found in practice to be successful only when applied with the 
dynamical coordinates and momenta referring to a Cartesian system of axes and not 
to more general curvilinear coordinates. 
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It is then called a constant of the motion. It must commute with H at 
all times, which is possible usually only if H is a constant. The con- 
stancy of H in our present Heisenberg picture requires, according 
to (13) applied with € = H, that dH /at = 0, or that H isa function Tf 
of the dynamical variables not involving the time explicitly, and 
therefore is a constant also in the Schrédinger picture. The result 
that H is a constant of the motion if 2H/é = 0 is a formal expression 
of the law of the conservation of energy for a system in which there are 
no external forces. The corresponding formal expression of conserva- 
tion of momentum follows from the requirement that the Hamiltonian 
of a system with no external forces must be an observable that is 
unchanged by a displacement of the type considered in § 29 and must 
therefore, according to equation (57) of that section with € = H, 
commute with the displacement operator, ie. according to (59) of 
that section, with the total momentum. Conservation of angular 
momentum may be deduced in a similar way, for a system whose 
Hamiltonian is spherically symmetrical, with the help of the rotation 
operators of § 29. 

We can conveniently work with a fixed representation in the 
Heisenberg picture only for dynamical systems whose Hamiltonian 
is constant. We then take the Hamiltonian itself to be diagonal. 
A representation of this type we call a Heisenberg representation, 
as it was introduced by Heisenberg in 1925. It was historically the 
first form of quantum mechanics to be discovered. In a Heisenberg 
representation every diagonal matrix represents a function of the 
dynamical variables that commutes with the Hamiltonian and is 
therefore a constant of the motion. The problem of setting up a 
Heisenberg representation thus reduces to the problem of finding 
a complete set of commuting observables, each of which is @ con- 
stant of the motion, and then making these observables diagonal. The 
Hamiltonian itself may be one of these observables. Each of the 
basic states of the representation is an eigenstate of H and is there- 
fore, according to a result of the preceding section, a stationary 
state. 

Take a Heisenberg representation with the complete set of com- 
muting observables a, each of which is a constant of the motion, 
diagonal. From a theorem on page 59, the Hamiltonian H, being 
diagonal, must be a function of the a’s, say H(«). Thus, taking 


} In a generalized sense, not necessarily an algebraic function. 
3595.14 R 
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for definiteness the case of discrete eigenvalues for the «’s, we shall 
have for the representative of H, from formula (30) of page 59, 
(a'|H|a") = HB xs (14) 
where H’ is short for H(a’). If now § denotes any dynamical variable, 
or any function of the dynamical variables not involving the time 
explicitly, we obtain, expressing (10) in terms of representatives, 


ii(w dé «| = (a |f a") — (a |é |”) 
or nt (a'|£|a”) = —(H’—H")(a" |€ |"). 
Hence (cx! |e ]ax”) = (a’|E x" )p 8 -F™", (15) 


where (a’|£|«x”), is independent of ¢. Formula (15) shows how the 
matrix elements representing any dynamical variable in a Heisen- 
berg representation vary with the time. The variation is simply 
periodic with the frequency 

|H’—H" |/2rh = |H’—H" \/h, (16) 


depending only on the energy difference of the two stationary states 
to which the matrix element refers. This result contains the essence of 
the Combination Law of Spectroscopy and of Bohr’s Frequency Con- 
dition, according to which (16) is the frequency of the electromagnetic 
radiation emitted or absorbed when the system makes a transition 
under the influence of the radiation between the stationary states 
a’ and a”, the eigenvalues of H being Bohr’s energy levels. These 
matters will be dealt with in § 48. 

The above representation with the constants of the motion « 
diagonal is fixed in the Heisenberg picture, and is thus moving in 
the Schrédinger picture. We could introduce a representation with 
the «’s diagonal, which is fixed in the Schrédinger picture and is 
thus moving in the Heisenberg picture. The two representations 
would differ only in the phase factors. The representative, (a'|£|a”)* 
say, of a dynamical variable € in the latter representation would not 
vary with the time and would thus, according to (15), be connected 
with the representative («’|£|«”) in the former representation by the 


“i (x! ety* — (Ila) 2m, 


with neglect of a possible constant phase factor. Hence the repre- 
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sentative («’|)* of a % in the latter representation would be connected 
with its representative («’|) in the former by 

(a’|)* = (a'|)e-tUM, (17) 


33. The Action Principle 


The analogy between Heisenberg’s form for the equations of motion 
(10) and the classical equation of motion (12) enables us to pursue the 
analogy between classical dynamics and quantum dynamics further 
and to see how all the main principles and results of the classical 
theory reappear in the quantum theory in a generalized form. 

If we denote by &, the dynamical variable é at time t, then equation 
(10) gives us, for 5¢ infinitesimal, 

h(E s—F) = 8t(EH—Hé), 

or Er45—€, = 1 8t/h.(HE—EH). 

Comparing this with (76) of Chapter V, we see that the dynamical 
variables at time t+-8t are connected with the dynamical variables at 
time t by an infinitesimal contact transformation. Thus the changing of 
the dynamical variables under the equation of motion (10) may be 
regarded as the continual development of a contact transforma- 
tion. After the lapse of a finite time the dynamical variables will be 
connected with the initial dynamical variables by a finite contact 
transformation. These results are formally the same as in classical 
mechanics. One might expect them in quantum mechanics simply 
from the requirement that the quantum conditions must hold through- 
out all time, the only general transformations which leave invariant 
quantum conditions, or any algebraic equations, being the contact 
transformations of § 30. 

If the Hamiltonian is a constant, the contact transformation con- 
necting the dynamical variables at time ¢, £,, with the initial dynamical 
variables £), may be written 

E, = ef Hung, einen, (18) 
To verify this equation, we note that it obviously holds for ¢ = 0, and 
when differentiated with respect to ¢ gives 


dg, detHn . inn gitan g Ce 
Apa foe err fo “n° 
oe & = — —Heiltthg, ¢-itin 4 itah ¢ ¢-intnyy 


= —Hé,+¢,H, 
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which is just the equation of motion (10). Equation (18) thus pro- 
vides an explicit solution in symbolic form of the differential equation 
(10). This solution, like equation (5), is not often useful in practice, 
owing to the difficulty of evaluating the exponentials. 

In the Heisenberg picture in which the states are represented 
by fixed y-vectors and the dynamical variables by varying linear 
operators, we may introduce a fixed representation in which the 
diagonal observables are dynamical variables at some definite time f. 
They may, for instance, be the coordinates at time t, q, say, assuming 
the system to have canonical coordinates and momenta. We should 
then have one representation for each time ¢ and should have a 
transformation function (gj|q/,) connecting the representations refer- 
ring to two different times ¢ and 7’. The law of transformation for 
the representative of a %-symbol will be 


(ai!) = { ilar) 4a’ (G7!) 


If in this equation we vary ¢ keeping 7' and the function (q7|) fixed, 
the resulting (q;|) will give us the representative at various times of 
a fixed % referred to the moving axes of the Heisenberg picture. This 
must be the same as the representative of a moving ¥, representing a 
state as it varies with time, referred to the fixed axes of the Schré- 
dinger picture, and must therefore satisfy Schrédinger’s wave equa- 
tion (3), i.e. 


in, { (late) Aa (el) = f f aa\Pt\t) dat (la) dae (a) 
This holds for an arbitrary function (q’-|) and hence 
in (ala) = f (ailHL lah) aa (aa. (19) 


Thus the transformation function (qj\q7), considered as a function of the 
variables q,, is a solution of Schrédinger’s wave equation. Similarly, 
considered as a function of the variables q’, it satisfies an equation of 
the form (4), namely 


ih © (dld'n) = [ (Gilr) d'r r\H la. (20) 


From the analogy between classical and quantum contact trans- 
formations discussed in § 30, we see that (q;\q7) corresponds in the 
classical theory to e*S/", where S is Hamilton’s principal function for 
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the time interval 7 tot, equal to the time-integral of the Lagrangian L, 


t 
i [ Lae. (21) 
i 


Taking an infinitesimal time interval ¢ to t-+-8t, we see that (q/,5:!97) 
corresponds to e'/", This result gives probably the most funda- 
mental quantum analogue for the classical Lagrangian function. It 
is preferable for the sake of the analogy to consider the classical 
Lagrangian as a function of the coordinates at time ¢ and the co- 
ordinates at time ¢+-5¢, instead of a function of the coordinates and 
velocities at time ¢. 

There is an important action principle in classical mechanics con- 
cerning Hamilton’s principal function (21). It says that this function 
remains stationary for small variations of the trajectory of the system 
which do not alter the end points, i.e. for small variations of the q’s 
at all intermediate times between 7' and ¢ with q, and q fixed. Let us 
see what it corresponds to in the quantum theory. 

Put ty 
exp{i fz ar/n} = expfiS(ty, t,)/A} = Bllys te): (22) 

la 


so that B(t,,t,) corresponds to (q;,|q;,) in the quantum theory. Now 
suppose the time interval 7' — ¢ to be divided up into a large number 
of small time intervals 7'—> t,, t,—> to,-..5 tn-1—> tm tm—>t, by the 
introduction of a sequence of intermediate times ¢,, fy,...,4,,.. Then 


Bt, 7) = Bit, ty) Btn» tm—1)---B (las y) Bh, T). (23) 
The corresponding quantum equation, which follows from the com- 
position law (43) of Chapter IIT, is 


(dilate) = [ff (lain) Adin (QnlGina) Aaina--(Qs\ai) Aa, (ai lr), (24) 


qj. being written for 7, for brevity. At first sight there does not seem 
to be any close correspondence between (23) and (24). We must, 
however, analyse the meaning of (23) rather more carefully. We must 
regard each factor B as a function of the q’s at the two ends of the 
time interval to which it refers. This makes the right-hand side of 
(23) a function, not only of g, and gy, but also of all the intermediate 
q's. Equation (23) is valid only when we substitute for the inter- 
mediate q’s in its right-hand side their values for the real trajectory, 
small variations in which values leave S(t, 7’) stationary and there- 
fore also, from (22), leave B(t, 7’) stationary. It is the process of 
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substituting these values for the intermediate q’s which corresponds 
to the integrations over all values for the intermediate q’’s in (24). 
The quantum analogue of Hamilton’s action principle is thus ab- 
sorbed in the composition law (24) and the classical requirement that 
the values of the intermediate g’s shall make S(t, 7’) stationary corre- 
sponds to the condition in quantum mechanics that all values of the 
intermediate q’’s are important in proportion to their contribution 
to the integral in (24). 

Let us see how (23) can be a limiting case of (24) for i small. We 
must suppose the integrand in (24) to be of the form e'”!", where F is 
a function of ¢/p, 9, 94>++-> Uns % Which remains continuous as 4 tends 
to zero, so that the integrand is a rapidly oscillating function when 
#4 is small, The integral of such a rapidly oscillating function will be 
extremely small, except for the contribution arising from a region in 
the domain of integration where comparatively large variations in the 
q. produce only very small variations in /. Such a region must be 
the neighbourhood of a point where F' is stationary for small varia- 
tions of the g;. Thus the integral in (24) is determined essentially by 
the value of the integrand at a point where the integrand is stationary 
for small variations of the intermediate q’’s, and so (24) goes over 
into (23). 


34. The Motion of Wave Packets 

The comparison between classical and quantum mechanics may be 
discussed with reference to a wave function, (q’|) or (qj|), instead of, 
as we did above, with reference to a transformation function (q)\q77)- 
The transformation function (qj|q7,) is like a wave function in its 
dependence on the variables qj, as is shown by equation (19), and if 
we are interested only in the variables g; and not in qp, the natural 
thing to do is to study a wave function instead of the transformation 
function. The resulting simplification will enable us to push the com- 
parison to a higher degree of accuracy without getting laborious 
calculations. 

Let us take a quantum dynamical system having a classical ana- 
logue and therefore describable with canonical coordinates and 
momenta and assume that its Hamiltonian is a function of the 
coordinates and momenta expressible as a power series in the 
momenta. The Hamiltonian is thus expressible as a sum of terms, 
each of which is a product of various powers of the momenta and of 
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various functions of the coordinates, with no restriction on the order 
of the factors. To facilitate comparison with the classical theory we 
shall suppose that these functions of the coordinates are all real and 
that the Hamiltonian does not involve i in any way. This condition 
does not mean any loss of generality in our dynamical system, since 
if it does not hold we can make it hold by simplifying the expression 
for the Hamiltonian in the following way. We can certainly express 


in which H, and H, involve the coordinates only through real 
functions and do not involve i. H, and tH, individually need not be 
Hermitian, although, of course, H must be. Thus, taking the con- 
jugate complex of equation (25), we get 
H = H,—iH,. (26) 

According to the rules of §15 for obtaining conjugate complexes, 
H, and H, will be just H, and H, with the factors in all their terms in 
the reverse order, since each factor by itself is Hermitian. From (25) 
and (26) we have iy nf 

H = }(H,+H,)+}i(H,—H,). (27) 
For each term in H, there will be a corresponding term in H, con- 
sisting of the same factors in the reverse order and the difference of 
two such terms can be reduced, by means of general theorems on 
P.B.’s given in § 25 and of equation (38) in § 27, to ii times an expres- 
sion not involving 7 in any way. By carrying out this reduction for all 
the terms in H,—H, in (27), we get H in the required form not in- 
volving i. It should be noted that in this form H remains unchanged 
if we reverse the order of the factors in every term. 

Since H is expressible as a power series in the momenta, in a 
representation in which the coordinates g, are diagonal it will be 
represented by a differential operator of the form (36) of Chapter V, 
and thus Schrédinger’s wave equation (3) will read 

in F(a’) = Hy’, i Naa. (28) 
Let us study the nature of the solution of (28) in the limiting case of 
h very small. We try to get a solution in the form of waves 


(q'|) = eS", (29) 
where S and A are real functions of the q’’s and ¢ which give the 
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phase and amplitude respectively. The appearance of the factor A 
here marks a step towards higher accuracy than we had in the pre- 


ceding section. 
With (29), the effect of the operator —ih @/éq) on the wave function 
(q'|) is ae a 
ean —ih x A (30) 
age) = Ci oe 


and that of the erin th d/dtis 
fA O 
ai Lj [) pia es 
th “(a |) e€ ( a +ih 5) 4. 


If f is any function of the operators —i/i @/aq), expressible as a power 
series, we find readily by repeated applications of (30) 
os 
—ih , efSih (= —ih wz) 4: 
i g)e = So ap 


Thus when we substitute the expression (29) for (q’|) into (28) we shall 
get, after cancelling the factor e*/*, 
28 sg OF. 1 

( ee f\4 = Ha. in) a. (31) 
The operator on the right-hand side here is a power series in the 
(@S/éq’ —ik @/éq’)’s and is thus a power series in the (i# @/éq’)’s. We 
shall now neglect #? and thus neglect terms of higher degree than the 
first in this power series in the (i/ @/éq’)’s. The terms of zero degree 
and of the first degree are real and pure imaginary respectively, and 
therefore we shall have to equate the results of their operating on A to 
the real and pure imaginary parts of the left-hand side of (31) 


respectively. 
Equating the real parts on both sides of (31) we get, after cancelling 
the factor A, ag , a8 
—— = Hq’, —}. (32) 
at &q 


This is just the Hamilton-Jacobi equation of classical mechanics, 
with S as Hamilton’s principal function, and is what we should expect 
from our work in the preceding section. 

Let us now pick out the terms of first degree in ih @/ég, in the 
operator on the right-hand side of (31). These terms will give us an 
operator of the general form 


ra) 
X, th —Y,, 33 
D3 Ke eq, k ( ) 
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where the X’s and Y’s are functions of the q’’s. The total coefficient 
of ih @/éq;. in (33), namely p3 X,,Y;., must be equal to 


__ 0H (7, eS/éq') 
$ tale = ~~ aeaion) 
but we cannot immediately use this result on account of the sand- 
wiched positions of i# 8/@q;, in (33). We must first use the condition 
mentioned above, that the expression for the Hamiltonian in co- 
ordinates and momenta remains unchanged if we reverse the order 
of the factors in every term. This means that the operator on the 
right-hand side of (31), and hence also the operator (33), will remain 
unchanged if we reverse the order of the factors in every term. Thus 


> Xai ste EN ie 


7; 
=5 S (ain 2 oy 4+Y, ih aX} 
1 
wt S iene ih YX] 
5 . k+k at 2 kAn 


0H (q’, 2S/6q') 5 
— PH 25100 in 25 


@ eH(q, ll} 
a(aS/eq,) 2, 


éq, —o(@S/eq;) 
(35) 
from (34). We must now equate the result of the operator (35) 
summed for all values of 7, operating on A, to the pure imaginary part 
of the wy hand side of (31). This gives 
3 (aH 8/oe) 2 2 SH 28/0) 
ae a(aS/eq,) eq, oq, — a(AS/eq;) ; 
which, on ARE Les by 2A, reduces to 
- oH (q’, 08/29’) , 
roe a ag. acosjog,) ~ J MG 
This is the equation for the amplitude A of the wave function. To 
get an understanding of its significance, let us suppose we have a fluid 
moving in the space of the variables q’, the density of the fluid at any 
point and time being A? and its velocity 
dq, _ 2H(q', 0S{eq') el 
dt 2(0S/0q;) 
Equation (36) is then just the equation of conservation for such a fluid. 
There is one velocity function (37) for each function S satisfying (32). 
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Let us take a solution of (36) for which at some definite time the 
density A? vanishes everywhere outside a certain small region. We 
may suppose this region to move with the fluid, its velocity at each 
point being given by (37), and then the equation of conservation (36) 
will require the density always to vanish outside the region. There 
is a limit to how small the region may be, imposed by the approxima- 
tion we made above in neglecting 4? in the operator in the right-hand 
side of (31). This approximation is valid only provided 


a as 

ag" Sag * 

which requires that A shall vary by an appreciable fraction of itself 
only through a range of g’ in which S varies by many times h, i.e. 
a range consisting of many wave-lengths of the wave function (29). 
Our solution is then a wave packet of the type discussed in § 28 and 
remains so for all time. 

We thus get a wave function representing a state} for which the 
coordinates and momenta have approximate numerical values 
throughout all time. Such a state in quantum theory corresponds to 
the states with which classical theory deals. The motion of our wave 
packet is given by equation (37) and is therefore, from the Hamilton- 
Jacobi theory of classical mechanics in which the momenta p, are 
replaced by @S/éq,, just along the classical trajectory. This gives us a 
justification, of a less formal type than the analogy discussed in 
§ 32, for considering the classical equations of motion as the limiting 
form of the quantum ones when i + 0. 

By a more accurate solution of the wave equation one can show 
that the accuracy with which the coordinates and momenta simul- 
taneously have numerical values cannot’ remain permanently as 
favourable as the limit allowed by Heisenberg’s principle of un- 
certainty, equation (42) of Chapter V, but if it is initially so it will 
become less favourable, the wave packet undergoing a spreading.} 


i 


35. The Free Particle 


The most fundamental and elementary application of quantum 
mechanics is to the system consisting merely of a free particle, or 
+ The word ‘state’ is here used with its space-time meaning. 


t See Kennard, Z. f. Physik, 44 (1927), 344; Darwin, Proc. Roy. Soc. A, 117 
(1927), 258. 
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particle not acted on by any forces. The problem is still very simple 
when we take into account, as we shall do here, the relativistic varia- 
tion of the mass of the particle with its velocity. We shall use as dyna- 
mical variables the three Cartesian coordinates of the particle x, y, z, 
and their conjugate momenta p,,p,,p,. In terms of these variables, 
the Hamiltonian in classical mechanics, equal to the energy, is 

H = o(m*c?+-p?+p2+-p?)}, (38) 
where m is the rest-mass of the particle and c is the velocity of light. 
We assume the Hamiltonian to be of the same form in quantum 
mechanics, the square root now being interpreted as the positive 
square root defined at the end of § 11. 

From the quantum conditions (9) of Chapter V, p,, commutes with 
p, and p,, and hence, from the theorem given at the end of § 16, p, 
commutes with any function of p,, p,, and p, and therefore with H. 
It follows that p, is a constant of the motion. Similarly p, and p, are 
constants of the motion. These results are the same as in the classical 
theory. Again, the equation of motion for a coordinate, x say, is, 
according to (10), 


iha = ih 4 = wo(m*c?+ pi +p +p2)!—e(m*c?+- pi +p; +p?2)tx. 


The right-hand side here can be evaluated by means of formula (38) of 

Chapter V with the roles of coordinates and momenta interchanged, so 

that it reads of 

Ss Uf = —th Op. ’ (39) 
Ps 


f now being any function of the p’s. This gives 
‘ é c 
t= 5p me tet P+ Pe) = se) 
Similarly, See. in oe. (40) 


These equations of motion are of the same form as in the classical 
theory. 

Let us consider a state that is an eigenstate of the momenta, 
belonging to the eigenvalues p;, p,, p,. This state must be an eigen- 
state of the Hamiltonian, belonging to the eigenvalue 


H!’ = c(m*c?+-p?+-p,?+-p)t (41) 
and must therefore be a stationary state. The possible values for H’ 
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are all numbers from mc? to 00, as in the classical theory. In a repre- 
sentation with the coordinates x,y,z diagonal, the representative of 
our stationary state at any time ¢ will be, from (39) of Chapter V, of 
the form (2'y’2! |) = aetle’ nity’, +299, 


where a is independent of x’,y’,2’ but may depend on the time 1. 
From (7) we see that a varies with t according to the simple harmonic 
law a = dye-H2'M, 
where a, is a constant, and hence 
(ar’y'2’ |) = ay eter tay v4.2 —H'OIN (42) 
Formula (42) gives the wave function representing a state with 
definite momentum, for the problem of a free particle. It could of 
course have been obtained alternatively from a direct solution of 
Schrédinger’s wave equation (3). It is of the form of plane waves in 
space-time. The frequency of the waves is 
v= H'sh, (43) 
their wave-length is 
= hf{(p?+p,?+p?) = h/P", 
P’ being the length of the vector (p}.,p;, p!), and their motion is in the 
direction specified by the vector (p/, p;, p,) with the velocity 
m= Ay = H’/P' = c/o, (45) 
v being the classical velocity of the particle corresponding to the 
momentum (p/, p;,p!). Equations (43), (44), and (45) are easily seen 
to hold in all Lorentz frames of reference, the expression on the 
right-hand side of (42) being, in fact, relativistically invariant with 
Pz» Py, p, and H’ as the components of a 4-vector. These properties 
of relativistic invariance led de Broglie, before the discovery of 
quantum mechanics, to postulate the existence of waves such as (42) 
associated with the motion of any particle. They are therefore known 
as de Broglie waves. In the limiting case when the rest-mass m is made 
to tend to zero, the classical velocity of the particle » becomes equal 
to c and hence, from (45), the wave velocity also becomes c. The 
waves then become identical with the light-waves associated with 
a photon, except for the fact that they contain no reference to the 
polarization and involve a complex exponential instead of sines and 
cosines. Formulas (43) and (44) are still valid, connecting the fre- 
quency of the light-waves with the energy of the photon and the 
wave-length of the light-waves with the momentum of the photon. 


(44) 
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For the state represented by (42), the probability of the particle 
being found in any specified small volume when an observation of its 
position is made is proportional to |(a’y‘z’ |)|? and is thus independent 
of the position of the volume. This provides an example of Heisen- 
berg’s principle of uncertainty, the state being one for which the 
momentum is accurately given and for which, in consequence, the 
position is completely unknown. Such a state is, of course, a limiting 
case which never occurs in practice. The states usually met with in 
practice are those represented by wave packets, which may be formed 
by superposing a number of waves of the type (42) belonging to 
slightly different values of (pj,p),p‘). The ordinary formula in 
hydrodynamics for the velocity of such a wave packet, i.e. the group 


velocity of the waves, is ai 
d(1/A) 
which gives, from (43) and (44) 
dH’ 4 - 3 EEN <M 
qpi =o gp t+ Pt = = v. (46) 


This is just the classical velocity of the particle and confirms the 
general theory of the preceding section. 


36. The Harmonic Oscillator 

As another example of a simple system treated according to quantum 
mechanics, we may take the harmonic oscillator, neglecting relati- 
vistic variation of mass with velocity. We have as variables only 
one coordinate q and its conjugate momentum p and we take the 
Hamiltonian to be, as in the classical theory, 


H = = (p*+ma%¢), (47) 


m being the mass of the oscillating particle and w being 27 times the 
frequency. With this Hamiltonian it is easily verified that the 
equations of motion for g and p are 

G=pim> p= —mw%4, (48) 
precisely as in the classical theory. 

We must now determine the eigenvalues of the Hamiltonian. This 
could be done directly by solving the differential equation (37) of 
Chapter V. An alternative method, based on more primitive argu- 
ments, is as follows. We have from straightforward non-commutative 
algebra, with the help of the quantum condition (12) of Chapter V, 
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(p+-imwgq)(p—itmwg) = p?+-m*w*g?+- ima (qp—pq) 


= 2mH—mihw, (49) 
and similarly, 
(p—tmwg)(p-+-imwg) = 2mH+-mhw. (50) 
Hence 
(2mH—mhiw)(p+-imag) = (p+-imwg)(p—imang)(p-+- imag) 
= (p+imwg)(2mH +-mhw). (51) 


We now introduce a Heisenberg representation in which H is diagonal. 
We shall assume that H by itself forms a complete set of commuting 
observables and its eigenvalues can therefore be used for labelling 
coordinates in the representation. The justification for this assump- 
tion is that it leads, as we shall see, without inconsistency to definite 
representatives for g and p. Expressing (51) in terms of representa- 
tives, we obtain 


(2mH'—miiw}(H' |p--imwg|H") = (H' \p-+-imag|H"){2mH" +-mhe} 
or {H’ — H" —hw}(H' |p+-imwgq|H") = 0. (52) 
This shows that all the matrix elements (H’ |p-+-imwq\H") of the repre- 
sentative of p-+-imwgq vanish except those for which 


H'—H’—hw = 0. (53) 
Taking the conjugate complex of this result in accordance with (18) 
of Chapter ITT, we see that all the matrix elements (H” |p—imwgq|H’) 


of the representative of p—imwg vanish except those for which 
(53) holds. It follows that in the equation 


p (H'|p-+-imwg|H")(H" \p—imwg|H’) = (H'|2mH—mhw\H") 

= 2mH’—mhw = 2m{H'’— hw} (54) 
which we obtain by expressing (49) in terms of representatives and 
taking a diagonal matrix element of each side, referring to an arbi- 
trarily chosen eigenvalue 1’, all the terms in the sum on the left-hand 
side vanish except (at most) the one for which H” = H’—hw, if 
H'—hw is an eigenvalue of H, and if it is not, then every term on 
the left-hand side of (54) vanishes without exception. In the first 
case H’—t}hw is positive or zero, since (H’|p-+-imwg|H’—hw) and 
(H'—hw|p—imwg|H’) are conjugate complex numbers, and in the 
second H’— thw is certainly zero. We can therefore draw the conclu- 
sions that, if H’ is any eigenvalue of H, then H’ is positive and either 
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H' —iw is another eigenvalue or H’ = }iw. Similarly, by expressing 
(50) in terms of representatives and taking the diagonal matrix 
element of each side referring to H’, we can draw the conclusion that 
either H’-+-w is another eigenvalue or H’ = —}iiw. The second 
alternative here is ruled out, since H’ must always be positive. It 
follows finally from all this that the only possible set of eigenvalues 
for H is the series 
iw, jhw, fhw, jw, ..., (55) 

extending to infinity. These are the energy levels for the simple 
harmonic oscillator. 

We can now easily obtain the representatives of g and p. Equation 
(54) reduces to 


(A |p+-tmwg|H’ —hw)(H' —hes |p —imeng|H’) = 2m{H'— yen}. 
The two factors on the left here are conjugate complex numbers and 
hence (H' |p-+-imwgq|H’—Fiwo) = (2m) H’ — Mie} et7’ 

(H’ —Iiao|p—imeng|H’) = (2m){H’ —Yia}te-*7, 
where y’ is some real number, which may be a function of H’. From 
(15) we see that (H’|p-+-imwq|H’—iiw) must vary with ¢ according 
to the law (H' |\p+-imwq|H'—ihiw) = const. e%, 
and hence 7’ must vary with ¢ according to the law 
y = wt+yo; 

where y, is a constant. We can make yj zero by a suitable choice of 
the phase factors of our representation. We then have 

(H' |p--¢mag|H'—he) = (2m) HH’ — fharjreot 

(H'—hew|\p—imwg|H’) = (2m)'{H’—fhiw}te-, 
These formulas give all the non-vanishing matrix elements of the 
representatives of p-+-imwg and p—imwgq, and thus of the repre- 
sentatives of p and qg. 

In the classical treatment of periodic and multiply-periodic 

dynamical systems it is often convenient to make use of action and 
angle variables. We can introduce corresponding variables in the 


quantum theory. In our present problem of the harmonic oscillator 
we can define the action variable J by 


J = Hlw—¥. (57) 
It is a constant of the motion and its eigenvalues are integral multiples 


| (56) 
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of % greater than or equal to zero. Thus its matrix representative in 
the Heisenberg representation is 

00 0 

0h 

10 0 2h 
| 0.0 
te 0 


when the rows and columns are arranged in order of ascending energy- 
values. To define the angle variable we introduce the two matrices 


00000 lio 1000 
10000 0010 0 
On 00D 6100 00 
0.9 1:00 00001 
00010 0000 0 


in which the non-vanishing elements are just to the left and just to 
the right of the principal diagonal respectively, and call the variables 
that they represent at time t = 0, e’” and e-‘” respectively. These 
two matrices, according to § 15, represent conjugate complex dyna- 
mical variables, in agreement with what is implied by the notation 
of e” and e~*”, This notation implies further, however, that the two 
matrices are the reciprocals of one another and this is not altogether 
true. The matrix representing the product e~*”e” is, in fact, just the 
unit matrix, but that representing ee’ differs from the unit 
matrix through having zero for its first diagonal element. Thus 
e-twetw — ] efve—tw ~ I. (58) 


The variables e, e-‘”, defined above through their matrix repre- 
sentatives, are the best quantum analogues that we can get to the 
exponentials of i and —i times the angle variable of the classical 
theory. They have many properties analogous to those of their 
classical counterparts, and their only defect is that ee is not pre- 
cisely equal to unity. Thus, for example, we obtain at once from the 
matrices the relations 

Jeiw — ei(J+h) (59) 
Je-™ = e-tu( J —h), 
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which are equivalent to the classical relations, 

[e™, J| = ieiv [e-™, J] = —ze-tw, 
Equations (59), when compared with equation (17) of Chapter V 
with c = +1, are seen to be consistent with the view that J and w 
are a pair of canonically conjugate dynamical variables satisfying the 
quantum condition wJ—Jw = th, 


although actually this relation is meaningless since we cannot define 
w itself but only e+”, Again, the dynamical variable e*”’ at an arbi- 
trary time ¢ must be represented by a matrix whose elements vary 
with ¢ according to the Heisenberg law e”’-4™, Since all the 
matrix elements vanish except those referring to consecutive energy- 
levels for which H’—H" = hw, every matrix element will vary with 
the time according to the law e'. This corresponds to the fact that 
in the classical theory w increases linearly with ¢ at the rate w. 
The dynamical variables g and p can be expressed in terms of the 

action and angle variables. From (56) we see that 

p+imwg = (2m)'{H—Via}te™ 

= (2mw)t Jie’ 
p—imag = (2m)te-*{H— hha}* 
= (2mw)te-™J*. 

Thus p = (Ame) Stet -e-te 9} (60) 

q = (2mw)-*{—i J te + te 8}. 
We see from these equations that g and p, when expressed in terms of 
the action and angle variables, involve them only through the two 
combinations Jte™ and e-‘’J*. Further, all dynamical variables 
that we ordinarily have to deal with to obtain physical results are 
algebraic functions of g and p and therefore, when expressed in terms 
of the action and angle variables, will involve them only through the 
two quantities Jte’’ and e-*’Jt. Now it is easily verified from the 
matrix representatives that these two quantities are respectively 
equal to Siete — gio J+h)t (61) 
and e-twJt — (J+-h)te-iv 
and that their products in either order are 

Siew e-w jt = J 
eto Jt, Jigiv — (J+h)te-t.ef(J +h)t = J+h. 

These results hold in spite of the inequality in (58). They show that 
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when we are dealing with ordinary dynamical variables which are 
algebraic functions of g and p and which therefore involve the action 
and angle variables only through the two quantities Jie and 
e~*’ Jt, we may count e” and e-™ as truly reciprocal quantities 
without getting into error. Thus we can freely use the action and 
angle variables in complete analogy with the classical theory without 
getting incorrect results. 

The wave equation for the harmonic oscillator with Hamiltonian 
(47) is 


§ 36 


x2 @)= 2 (—1 5 +miu%4*| (7). 
dt 2m éq'? 
The wave functions representing stationary states are those periodic 
solutions of this equation, for which the operator if d/dt is the same as 

multiplication by an energy eigenvalue H/’ and therefore satisfy 
‘ 1 a , 
HW) = 5, {—# oa tte fa). (62) 

The general solution of this equation has been given by Schrédinger.t 
It provides us with the transformation function (q’|H’) connecting 
the q- and H-representations, one of which, it may be noted, has a 
discrete set of basic states while the other has a continuous range. 

We shall here obtain some of the solutions representing states of 
lowest energy. Equation (62) reduces to 


2 , 


where a? is the number fi/mw and H’ has been put equal to (n+ 4)ka, 
n being a positive integer or zero. Put 

(7'|) = fq/ewr. 
Equation (63) now becomes 


of oS ey fe 1) ,[ 2, ty 0 


dq? dq a a a as 
d*f q df . 2n 
or dq? 2 a lq’ + 2 been 0 


The solution of this equation, with n any non-negative integer, is a 
finite power series in g. For 
n= 0, 1; 2, tga 
the solutions are easily verified to be 
()=1 YY, g—}0%, = 9°—Ih9’a%, .... 
+ Schrédinger, Ann. d. Physik, 79 (1926), 514. 
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The successive eigenfunctions are thus 


(q/|0) = ea" (q/|1) = g’e-we (64) 
(q'|2) = (?#—Ja%}e-w'e@——(q'|3) = (q'2—Ig'a*jee"™, ... 


37. The Gibbs Ensemble 
In our work up to the present we have been assuming all along that 
our dynamical system at each instant of time is in a definite state, 
that is to say, its motion is specified as completely and accurately as 
is possible without conflicting with the general principles of the theory. 
In the classical theory this would mean, of course, that all the coordi- 
nates and momenta have specified values. Now we may be interested 
in a motion which is specified to a lesser extent than this maximum 
possible. The present section will be devoted to the methods to be 
used in such a case. 

The procedure in classical mechanics is to introduce what is called 
a Gibbs ensemble, the idea of which is as follows. We consider all the 
dynamical coordinates and momenta as Cartesian coordinates in a 
certain space, the phase space, whose number of dimensions is twice 
the number of degrees of freedom of the system. Any state of the 
system can then be represented by a point in this space. This point 
will move according to the classical equations of motion (11). Sup- 
pose, now, that we are not given that the system is in a definite state 
at any time, but only that it is in one or other of a number of possible 
states according to a definite probability law. We should then be 
able to represent it by a fluid in the phase space, the mass of fluid in 
any volume of the phase space being the total probability of the 
system being in any state whose representative point lies in that 
volume, Each particle of the fluid will be moving according to the 
equations of motion (11). If we introduce the density p of the fluid 
at any point, equal to the probability per unit volume of phase space 
of the system being in the neighbourhood of the corresponding state, 
we shall have the equation of conservation 


-- Digg b) 


~S(2, 68-2 62) 


= —[p,H]. (65) 
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This may be considered as the equation of motion for the fluid, since 
it determines the density p for all time if p is given initially as a 
function of the q’s and p’s. It is, apart from the minus sign, of the 
same form as the ordinary equation of motion (12) for a dynamical 
variable. 

The requirement that the total probability of the system being in 
any state shall be unity gives us a normalizing condition for p 


Jf edadp = 1, (66) 


the integration being over the whole of phase space and the single 
differential dq or dp being written to denote the product of all the 
dq’s or dp’s. If 8 denotes any function of the dynamical variables, the 
average value of f will be 


[J Be dgdp. (67) 


It makes only a trivial alteration in the theory, but often facilitates 
discussion, if we work with a density p differing from the above one 
by a positive constant factor, k say, so that we have instead of (66) 


i} pdgqdp = k. (68) 


With this density we can picture the fluid as representing a number 
k of similar dynamical systems, all following through their motions 
independently in the same place, without any mutual disturbance or 
interaction. The density at any point would then be the probable or 
average number of systems in the neighbourhood of any state per unit 
volume of phase space, and expression (67) would give the average 
total value of § for all the systems. Such a set of dynamical systems, 
which is the ensemble introduced by Gibbs, is usually not realizable 
in practice, except as a rough approximation, but it forms all the 
same a useful theoretical abstraction. 

We shall now see that there exists a corresponding density p in 
quantum mechanics, having properties analogous to the above. It 
was first introduced by von Neumann. Its existence is rather sur- 
prising in view of the fact that phase space has no meaning in 
quantum mechanics, there being no possibility of assigning numerical 
values simultaneously to the q’s and p’s. 

We consider a dynamical system which is at a certain time in one 
or other of a number of possible states according to some given 
probability law. These states may be either a discrete set or a con- 
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tinuous range, or both together. We shall here take for definiteness 
the case of a discrete set and suppose them labelled by a parameter m. 
Let their normalized representatives in some representation be 
(é’|m) and let the probability of the system being in the m-th state 
be P,,. We then define the quantum density p through its repre- 


sentative: (€'lplé”) = & (€'|m)Pa(om |"). (69) 


Let p’ be any eigenvalue of p and (£’|) an eigen- belonging to this 
eigenvalue, so that 


JE €'mpP,n(onle") a8" (€"1) = 'E'D) 


if we assume the £”’s to take on continuous ranges of values, for 
definiteness. Multiplying this equation by (|£’), the conjugate com- 
plex of (£’|), and integrating over all €’, we get 


ff EWE) ae E ImyPy mle") ae" (El) = p! F (16) 48" ED), 
which may be written 
>| J (ie) de” (€'lom)]"*P,, = p' f Ue DIF ae’. 


Now P,,, being a probability, can never be negative. It follows that 
p’ cannot be negative. Thus p has no negative eigenvalues, in 
analogy with the fact that the classical density p is never negative. 

Let us now obtain the equation of motion for our quantum p. The 
(é’|m)’s and (m|é”)’s in (69) will vary with the time in accordance 
with Schrédinger’s wave equation (3) and its conjugate complex (4), 
while the P,,’s will remain constant, since the system, so long as it is 
left undisturbed, cannot change over from being represented by one 
wave function to being represented by another, so that the proba- 
bility of its being represented by any particular wave function must 
remain constant, We thus have from (69) 


in Fe ied = > (ne Im) Pim (mié")—(€'/m) P| =i a Es) 


=> f UME") ag" (E" Im), (omlg")— 
—(E'|m)P,,(m|é") de" (E"|H|E")} 
= fe 1H1g") ae" (€" ple") Ip le”) dé” (€" HIE} 
by using (69) again. This result may be written symbolically 
ih p = Hp—pH (70) 
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or p= —[p,H), 
and is thus the proper quantum analogue of the classical equation of 
motion (65). Our quantum p, like the classical one, is determined for 
all time if it is given initially. 

From the assumption of § 12, the average value of any observable 
8 when the system is in the state represented by (é’ |m) is 


ff (mg) ag’ (€ 1B 1g") de” (€" mn). 


Hence if the system is distributed over the various states represented 
by the (é’|m)’s according to the probability law P,,, the average 
value of 8 will be 


> Jf onig’y ae (€'1B1E") ae” ("my Py, = ff (E'IBIE") aE” (€"Iele’) a8" 
= f e'iBele’) de’ = f lel) ag". (72) 


This is the analogue of the expression (67) of the classical theory. 
Whereas in the classical theory we have to multiply 8 by p and take 
the integral of the product over all phase space, in the quantum theory 
we have to multiply 8 by p and ‘integrate along the diagonal’ in the 
representative of the product. We have further, using the condition 
that the (€’|m)’s are normalized, 


J Glog’) ae" = & f E’mpPalmie’) dé’ = FPy = 1, (72) 


since the total probability of the system being in any state is unity. 
This is the analogue of equation (66). One more result, which follows 
directly from expression (35) of Chapter IV for interpreting repre- 
sentatives of states, is that the probability of the €’s having values in 
the neighbourhood of €’ per unit range of the £’’s is 


p> I(E"|m) PP, = (E" lp le"). (73) 


This gives a physical meaning to the integrand on the left-hand side 
of (72). 

As in the classical theory, we may take a density equal to k times 
the above p and consider it as representing a Gibbs ensemble of k 
similar dynamical systems, between which there is no mutual dis- 
turbance or interaction. We shall then have & on the right-hand side 
of (72), and (71) will give the total average f for all the members of the 
semble, while (73) will give the total probability of a member of the 
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ensemble having values for its é’s in the neighbourhood of é’, per unit 
range of the é’’s. 

An important application of the foregoing theory is that it enables 
one to get a clearer understanding of the significance of the normaliza- 
tion of a ys labelled by parameters that take on continuous ranges of 
values, as defined by equation (23) of Chapter ITV. Let us take a 
system with n degrees of freedom deseribable in terms of canonical 
coordinates and momenta and suppose that it is in one or other of 
the simultaneous eigenstates of all the momenta, the probability of 
its being in an eigenstate belonging to eigenvalues for the p’s between 
p’ and p’-+-dp’ being P,, dp’. Then in a representation in which the 
q's are diagonal, the density p will be represented by 


(q'lpla") = | a’ \p')Py ap’ (P'\q"). (74) 


The (q'|p’)’s here are the qg-representatives of the eigenstates of the 
momenta and are given by equation (43) of Chapter V. Thus 


(q'\p\q") = hb f CHAD + Ad PIMP, ely! e-Hlai virgen yh 


and (‘lela’) = h- | Py dp’. (75) 


These (q’|p’)’s are normalized in accordance with the rule for #f’s 
labelled by parameters that take on continuous ranges of values, i.e. 


{ (w'la’) da’ (@' |p") = 3(p'—p"), 
and not to make the corresponding ’s of length unity, which would 
re uire ; tty , , 
: [ @'g) dd ip’) = 1. 


In consequence our p does not satisfy equation (72). In fact (75) 
shows at once that f (q’|p!q’) dq’ is infinite, since the integrand is 
independent of q’. Thus p should be considered as representing an 
ensemble of an infinite number of systems. The total probability of 
a member of the ensemble having its g’s in the neighbourhood of q’ 
per unit range of the q’’s is given by (75), where it is expressed as an 
integral over the momentum variables, The integrand here, namely 
h-P,,, may thus be interpreted, in a naive way, as the probable 
number of systems per unit of phase space. 

We can, however, get a different interpretation for P,, by going 
back to equation (74) and replacing in it the continuous ranges of 
values for the p’’s by discrete sets of points lying very close to one 
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another, in accordance with the method explained at the end of 
§ 24. Equation (74) goes over into 

(¥'|p |g") = > (VIP) Py (P' 19") p> 
by the same arguments as led to (43) of § 24. Here P,, appears as the 
probable number of systems in one of the eigenstates of momentum, 
these eigenstates now forming a discrete set. Comparing these two 


meanings for P,,, we see that they will agree if we put a volume h” of 
phase space equal to a discrete state. Thus the normalization rule for 


the case of continuous parameters is equivalent to counting a volume 
h” of phase space as having the same weight as a discrete state. 


VII 
MOTION IN A CENTRAL FIELD OF FORCE 


38. Introduction of the Angular Momentum 
Aw atom consists of a massive positively charged nucleus together 
with a number of electrons moving round, under the influence of 
the attractive force of the nucleus and their own mutual repulsions. 
An exact treatment of this dynamical system would be a very difficult 
mathematical problem. One can, however, gain some insight into 
the main features of the system by making the rough approximation 
of regarding each electron as moving independently in a certain 
central field of force, namely that of the nucleus, assumed fixed, 
together with some kind of average of the forces due to the other 
electrons. Thus our present problem of the motion of a particle in a 
central field of force forms a corner-stone in the theory of the atom. 
Let the Cartesian coordinates of the particle, referred to a system 
of axes with the centre of force as origin, be x, y, z and the corre- 
sponding components of momentum p,, p,, p,. They satisfy the 
quantum conditions 


[yy]=9 [%pJ=1 [ep,]=9, 
ete. The Hamiltonian, with neglect of relativistic mechanics, will be 
of the form H = 1/2m.(p2-+-p3-+p2)+V, (1) 
where \, the potential energy, is a function only of (2*+-y*+-2z*). 
We now introduce the components of angular momentum defined, 
as in the classical theory, by 
My = YPs—zPy Mm, = @Py—XP, mM, = LPy—YP2 (2) 
or by the vector equation 


m = xxpPp. 
From these equations we obtain at once the identity 
M,x-+-mM, Y+M,z = 0. (3) 


We must now evaluate the P.B.’s of the angular momentum com- 
ponents with the dynamical variables x, p,, etc., and with each other. 
This we can do most conveniently with the help of the laws (4) and 
(5) of § 25, thus 

[m,,2] = [2pPy—YPz> «]= —ylp,z]=y (4) 
[m,,y] = [@Py—YPas y\= a Py, y) = —x 

[m., z] i [=Py—YPzxs z] = 0, (5) 

U 
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and similarly, 
[m,, P| = Py [m., Py] rt) rea (6) 
[m,, P| = 0, (7) 
with corresponding relations for m, and m,. Again 
[m,,m,] = [zp,—xp,, m,] = 2[p,,m,|—[x, m.]p, 
= —2py+yp, = Mm, (8) 
[m,,m,] = m, [m,,,m,] = m,. 
These results are all the same as in the classical theory. The sign in 
the results (4), (6), and (8) may easily be remembered from the rule 
that the +- sign occurs when the three dynamical variables, consisting 
of the two in the P.B. on the left-hand side and the one forming the 
result on the right, are in the cyclic order (xyz) and the — sign occurs 
otherwise. 
From (4) and (5) we obtain 


[m,, oa +y'? +27] = x[m,, x]+[m,, xa +y[m,, y|+lm., yly 


= ry+ye—yx—zy = 0. * (9) 
Similarly from (6) and (7) we find 
[m,,pi+pi +p] = 9. (10) 


Thus m, commutes with (x?-+-y?+-z*) and with (p2+-p2-+-p2). It there- 
fore commutes with the Hamiltonian H which, according to (1), is 
a function of these two dynamical variables only. Similarly m, and 
m, commute with H. Thus the angular momentum is a constant of the 
motion, as in the classical theory. 
Equations (8) may be put in the vector form 

m xm = ihm. (11) 
If we have several particles with angular momenta mj, m,,..., each 
of them will satisfy (11), thus 


m, xm, = ihm,. 
Further, any one of these angular momenta will commute with any 
other, so that 


m,xXm,-+m, Xm, = 0 (r # 8). 
Hence if M = > m, is the total angular momentum, 
r 
MxM = 2 m,xXm, = ¥ m,xm,+ >, (m,x m,+m, x m,) 
= ih > m, = shM. 
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This result is of the same form as (11), so that the components of the 
total angular momentum M of any number of particles satisfy the 
same commutability relations as those of the angular momentum of a 
single particle. Thus (11) or (8) may be regarded as the general com- 
mutability relations satisfied by any angular momentum. They certainly 
hold when the angular momentum is that of a number of particles, 
and may be assumed to hold also for the angular momentum of a 
spinning body. 
39. Properties of Angular Momentum 
We shall here consider some general properties of any angular 
momentum m. We introduce a dynamical variable @ defined by 
0 = m2-+-m3-+-m:, 
having the meaning of the square of the magnitude of the vector m. 
With the help of (8) we obtain 
[m,, 4] = [m,, mj -+-miz] 

an [m,, my |my +m,[m,, my] +[m,, m,|m,-+-m,{m,, m,| 

= M,m,-+-m,mM,—M,mM,—M,M, 

= 0. 
Thus m, commutes with @. Similarly m, and m, commute with 0. We 
shall now assume @ is an observable and introduce a representation 
in which @ and m, are diagonal. Since any function f of the m’s 


commutes with @, i.e. of —f0 = 0 
its representative will satisfy 

8'(0’m,|f\0"m:;) —(6'm;|f|0’m2)8” = 0, 
or {6’—0"}(0’m;|f|0"m?) = 0, 


so that all its matrix elements (0’m{)|f|0"m?) will vanish except those 
for which @’ = 0", or those which are diagonal in @, as we may say. 
Thus if we express any equation between functions of the m’s in 
terms of representatives, the surviving matrix elements will all be 
diagonal in @ and will refer to the same eigenvalue @’ all through the 
equation. Hence in such equations we may count the dynamical 
variable @ simply as the number 6’. 
. Taking now the equation 

(m,-+-im,)m,—m,(m,+im,) = —thm,—hm, 

oa —h(m,-+-im,), 

or (m,+-im,)m, = (m,—h)(m,+-im,), 
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and expressing it in terms of representatives, we get 
(6’'m;|\m,+-im, |6’m2)m!, = fm, —h}(0'm:, |m, 4-im,|0’m?). 
Thus all the matrix elements (6’m/|m,,+-im,|9’m!) of the represen- 
tative of m,-+im, vanish except those for which m! = m{—h. If we 
now express the equation 
(m,+im,)(m,—im,) = m2+-m5—i(m,m,—m,m,) 
= mi-+mi-+-hm, 
= 0—m?-+-hm, 
in terms of representatives and equate the diagonal elements on each 
side referring to the eigenvalues 6’, m;, so as to get 
> (8’'m;|\m,+-im, |9’m?)(0'm?|m,—im, |8’'m:) = 0’ —m2+-hm!, 
Ms 


we shall have all the terms in the sum on the left-hand side vanishing 
except (at most) the one for which m? = m{—t. If m{—h is not an 
eigenvalue of m,, then all the terms in the sum will vanish without 
exception. In any case 6’—m‘?+-Am’, is positive or zero and, if 
m’,—h is not an eigenvalue of m,, it must be zero. Thus, considering 
0’—mi?+-hm!, as 6’+-}h?—(m,—4h)?, we can draw the conclusions 
that 
(i) 6’+-44* is positive or zero, 
(ii) for any @’ there is a minimum m, satisfying 
(m,— jh)? = 0+ He, 
(iii) any other m; for this @’ is greater than the minimum one by an 
integral multiple of h. 

The above conclusions provide us with an example of a mathematical 
phenomenon which we have not met with previously, namely, that 
with two commuting observables, the permissible eigenvalues of one 
depend on what eigenvalue we assign to the other. This phenomenon 
may be understood as the two observables being not altogether inde- 
pendent, but partially functions of one another. 

By a similar piece of work to the above, based on the equation 

(m,—im,)(m,-+im,) = 6—m?—hm,, 

we can draw two further conclusions, namely, 

(ii)’ for any 6’ there is a maximum mz, satisfying 

(mi+-4h)* = 0’+- jh, 
(iii)’ any other m; for this @& is less than the maximum one by an 
integral multiple of h. 


§ 39 PROPERTIES OF ANGULAR MOMENTUM 149 
From (ii) and (ii)’ it follows that the minimum value of m{ is 
—(0’+}#*)!+ 3h and the maximum value is (6’+-}%?)!—}%. The 
maximum value minus the minimum value, i.e. 2(0+-}4)!—#, must 
be an integral multiple of # not less than zero. Let us introduce the 
new dynamical variable k, defined by 

ki = (m2-+-m5+-m2+-Ye), (12) 
the positive square root being taken on the right-hand side, in accor- 
dance with the definition at the end of § 11. This equation, it may be 


noted, gives k(k--h) = m2-+-m2-+mi. 

We now have k = (0+4h?)'— 3M, 

so that the eigenvalues of & are integral or half odd integral multiples 
of 4 not less than zero. For each eigenvalue k’ of k the eigenvalues of 
m, are k’, k’—h, k’—2h, .... —k’+h, —k’. 

From symmetry, m, and m, have the same eigenvalues as m,, 

The dynamical variable & defined by (12) is the convenient one to 
use for describing the magnitude of an angular momentum vector m. 
It is preferable to the square root of @ on account of its simpler eigen- 
values. The eigenvalues of & and of the components m,,m,,m, are 
always integral or half odd integral numbers of quanta hk. Jf, however, 
m is the angular momentum of a particle moving in an orbit, then the 
eigenvalues of m,,m,,m, and k must all be integral numbers of quanta. 
To verify this we take m,, which is now of the form given by the third 
of equations (2), and put it in a representation in which the coordi- 
nates 2,y,z are diagonal. According to § 27 its representative will 
be the differential operator 


Oy Ox. 

when operating to the right. The easiest way of obtaining the eigen- 
values of this operator is to transform it to the cylindrical coordinates 
z,p,9, in which p and ¢ are defined by x = pcos¢, y = psing. It 
then becomes simply —ihé/@p. The eigenfunctions of this operator 
are obviously of the form ae”, where @ is a function of z and p only 
and n is an integer.t The corresponding eigenvalue for m, is ni, and 
is thus an integral multiple of %. The eigenvalues of & must then also 
be integral multiples of h. 


+ It is a general requirement of our theory of representations that representatives 
of x's and ¢’s shall always be single-valued. Thus our eigenfunctions must be single- 
valued. 
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Although the angular momentum of orbital motion of a particle 
must have integral eigenvalues, there is no reason why the spin 
angular momentum of a particle should not have half odd integral 
eigenvalues, since a spin angular momentum is not expressible in 
terms of coordinates and momenta in the form (2). In fact experi- 
mental evidence shows that electrons and many kinds of atomic 
nuclei have spin angular momenta with half odd integral eigenvalues. 
A further remark about spin is that a spin angular momentum may 
have a magnitude & with only one eigenvalue. This is possible since 
& commutes with the three components of the angular momentum, 
so that we do not get any inconsistency by putting & equal to a 
number. (This would not be possible for the & of an orbital angular 
momentum, since for such a & there would exist the variables 
x, p,, ete., with which it does not commute.) It is found that all the 
more elementary particles of atomic physics, such as electrons and 
atomic nuclei, do have spin angular momenta with magnitudes & with 
only one eigenvalue. For the spin of electrons, & has the one eigen- 
value 7. This results in the components m,, m,, m, of the spin angular 
momentum of an electron each having the eigenvalues }fi, —%. 
These components are thus of the form of }/ times the o’s of $19, 
since these o’s each have the eigenvalues 1, —1 and their commuta- 
bility relations, namely equations (53) of § 19, are the same as (8), 
apart from the factors 44. Theoretical reasons for this particular spin 
angular momentum for an electron will be obtained in Chapter XII. 
For the spins of the other elementary particles (except photons) there 
is at present no theoretical information, and one has to depend 
entirely on experimental evidence. 

The components m,,m,,m, of an angular momentum in different 
directions do not commute with each other, so that one cannot in 
general assign numerical values to them simultaneously. One can at 
most give a numerical value to the component in one particular 
direction. The state of the system is then said to be spacially quan- 
tized in that direction. There is, however, one special case in which 
one can assign numerical values to all the components simultaneously, 
namely, one can give them all the value zero, since this will not con- 
tradict the commutability relations (8). The resulting state of zero 
angular momentum, with & = 0, is one that is spacially quantized 
simultaneously in all directions and is, according to the work at the 
end of § 29, spherically symmetrical. 
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40. Transition to Polar Coordinates 
For further discussion of the problem of motion in a central field of 
force it is convenient to introduce polar dynamical variables. We 
introduce first the radius r, defined as the positive square root 
r= (+y+z2)t. 
If we evaluate its P.B.’s with p,, p,, and p,, we obtain, with the help 
of formula (38) of Chapter V, 
Pe ee ea 
Peles elas: els 
the same as in the classical theory. We introduce also the dynamical 
variable p, defined by 
Pr = r(ap,+-ypy+zp.—t). (13) 
Its P.B. with r is given by 
r[r, P| — [r, rp,| = [r, LP, +YPy+2Pz| 
= afr, Px| +y [r, Py| +<2[r, Pz) 
= &.a/r+y.y/r+z.z/r =r. 


Hence [r,p,] = 1 
or TPp—P,pt = th. 
We can now see that p, is real, since its conjugate complex #, is 
given by . “yyy 
Pr = (PeX+pyyt+p,2+ih)r 


= (ep, +YyPyt+ep,— 2th) 
= (rp,—th)r* = p,. 

The commutability relation between r and p, is just the one for a 
pair of canonically conjugate variables, namely equation (12) of 
Chapter V. Now the eigenvalues of r, from its definition as a positive 
square root, must be all positive or zero, so that we have obtained a 
contradiction to the result, proved at the end of § 26, that a dynamical 
variable can have a canonical conjugate only if its eigenvalues include 
all numbers from —oo tooo. This inconsistency arises from the fact 
that the dynamical variable p, defined by (13) does not strictly exist, 
since r has the eigenvalue zero so that r-! does not strictly exist. In 
spite of this defect the dynamical variable p, is a useful one for the 
study of motion in a central field of force. Our equations, which will 
often involve p, and will sometimes involve r— in other ways than 
through p,, will be liable to be inaccurate, but only in so far as they 
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apply to the one point r = 0. It will be necessary to make a special 
investigation of solutions of the wave equation obtained with the help 
of polar variables to see whether they are satisfactory at the point 
r = 0. We shall do this later in this section. It was mentioned at the 
end of § 26 that e°¢is inadmissible as an operator in quantum mechanics 
if c is real and the eigenvalues of g extend from —o to oo, but since 
the eigenvalues of r extend only from 0 to 00, e is admissible if ¢ is 
negative. 

We can easily verify that our two new dynamical variables r and p, 
commute with the angular momentum. Equation (9) shows us that 
m, commutes with r?. It must therefore commute also with r, since 
r is defined as a square-root function so that, from a theorem on 
page 56, everything that commutes with r? commutes also with r. 
Again, for p, we have 


Pps m,| = [rp,, m,| — [2p.+YPy» m,| 
= —YPr—tPytXpyt+YP2 = 9. 
Thus r and p, commute with m,, and hence also with m, and m, and 
with k. 

We can now express the Hamiltonian in terms of our radial 
dynamical variables r and p, and also k. We have, if } denotes a 
sum over cyclic permutations of the suffixes x, y, z, re 
k(k-+-h) = > m2 = > (xpy—yPz) 

rye aye 
= 2 (XPy XPy+YPzYP2—LPy YP2— YP x XPy) 


= 2 (app + Y°P2— XP re Py Y—YPy Px E+ LP, — LP z Pz X— 
—2ihep,) 
= (2 +y?+2*)(pi+pi+p2)— 
—(@Pz+-YPyt+2P-)(P2t+PyY +P22+ 2h) 
= 7 (pi+pi+p2)— (rp, +th)rp, 
= 2(pi+ Py t+P)—1° pe 
_ lf, , Me+h) 
Hence i= (| +V. (14) 
This form for H is such that k commutes not only with H, as is 
necessary since & is a constant of the motion, but also with every 
dynamical variable occurring in H, namely both 7 and p,. Thus in 
dealing with the Hamiltonian in this form we can treat k as a number. 
The permissible numbers we can take for & are its eigenvalues and are 
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thus positive integral multiples of % or zero. The equation for the 
representatives of the stationary states will now read} 


2 ( mt "+r en = H'(r\), (15) 


the single variable r in the wave function (r|) being sufficient when 
k is counted as a number. Any value of the parameter H’ for which 
this equation, with a permissible value for /, has a solution (satisfying 
the boundary conditions to be discussed later) is a possible energy- 
level of the system. The energy-levels (except those for which k = 0) 
each belong to several independent stationary states, corresponding 
to the various possible eigenvalues of a Cartesian component of the 
angular momentum, The number of these states, for any value of k, 
is the odd number (2k/h-+-1). 

If we write down the equation for the representatives of the 
stationary states in the original Cartesian coordinates x, y, z, we 
shall have 


# ws Pe Fee 
{se VP) evel) = Hoye), (16) 
where V? is the Laplacian operator 6*/é2?+-@*/éy*-+-0"/é22. This be- 
comes, on transforming to polar coordinates r, 6, ¢, 
VW(F 20 1 Ca. NO 1 a 
Sa +5 opt sind 26" 996 + Faint ag) t¥ | rea) 
= H'(r6p)). 
The solutions of this equation are of the form 
(r64|) = x(r)S,,(09), 
where S,, is a meee harmonic of order n, satisfying 
At. ayy 
(sca so" sp + sinzo age) Sa(O#) = —r(n+-1)8,(04), 
n being an integer, and x(r) is a function of r only, satisfying 
h2 (2 20 n(n+1) _ 7 
(-S (tig +e} =a. an 


This equation, like (15), is such that the values of H’ for which it has 
a solution are the energy-levels of the system. 
The equivalence of equations (15) and (17) may be seen from the 


} We are here omitting the primes from the variables in the wave functions. This 
is often convenient when one can do so without confusion, it being understood that 
the variables in the wave function, or in any representative, denote eigenvalues of 
observables and not the observables themselves. 
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fact that if in (15) we put (r|) = rx(r) we obtain just equation (17) 
with n =k/h. The fact that the two eigenfunctions (r|) and x(r) 
are not identical but differ by this factor r is due to their different 
physical interpretations. A solution (r|) of (15) represents a state for 
which the probability of the particle lying in the spherical shell 
between r and r-+- dr is proportional to |(r|)|? dr. On the other hand, 
a solution (xyz!) of (16) represents a state for which the probability 
of the particle lying in a small volume dadydz is |(xyz|)|* dadydz or 
Ix(r)S,,(0¢) |? dadydz, so that the probability of its lying in the spherical 
shell between r and r-+- dr is proportional to |x(r)|*r? dr. Thus the 
physical interpretations require (7|) to be proportional to rx(r). 

It should be noticed that not every solution of (17), when multiplied 
by the appropriate spherical harmonic, will give a solution of (16), 
as it may fail to satisfy (16) at the origin. One can see most clearly 
how this comes about by considering the special case for which the 
potential V vanishes, giving us the problem of the free particle. If 
we further take H’ = 0, equation (16) reduces to 


V2(xyz|) = 0 (18) 
and equation (17) to 
20 ser oy 
(+25 MO) xin) = 0. (19) 


Now a solution of (19) for n = 0 is x(r) = 1/r, but this solution 
multiplied by the appropriate spherical harmonic S, = 1 does not 
satisfy (18), since, although V*(1/r) vanishes for any finite value of 7, 
its integral through any volume about the origin is 47, and hence 
V2(1/r) = 475(x)5(y)8(z). 

Thus the solution x(7) = 1/r of (19) does not represent a stationary 
state of the system. Again the solution x(7) = 1/r? of (19) for x = 1, 
when multiplied by the spherical. harmonic S, = cos @, gives a wave 
function (ayz|), the integral of the square of whose modulus over any 
volume, however small, that contains the origin is infinite. This wave 
function must represent a state for which the particle is certainly at 
the origin and this cannot be a stationary state of zero energy for the 
problem of the free particle. Similarly for arbitrary m in equation (19), 
of the two solutions y(r) = r” and y(r) = r-*-", the second will not 
give the representative of a stationary state of the system. 

It thus appears that equation (17) is not adequate to replace equa- 
tion (16) as the necessary and sufficient condition for the representa- 
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tive of a stationary state. Equation (17) must be supplemented by 

a suitable boundary condition at the point r = 0. Any solution y(r) 

of (17) for which the integral f r?]x(r)|? dr is not convergent must 
0 


certainly be rejected, and also some for which this integral is con- 
vergent, namely those which, when operated on by V?, give an 
infinite result involving the 5 function at the origin. These conditions 
show that only those solutions are to be allowed which, if they tend 
to infinity as r-> 0, do so more slowly than 1/r. The corresponding 
boundary condition for the function (r|) of equation (15) is that it 
shall tend to zero as r > 0, 

There are also boundary conditions for the eigenfunction at r = oo. 
If we are interested only in ‘closed’ states, i.e. states for which the 
particle does not go off to infinity, we must restrict the integral 


hepe dr or fry x(r)|? dr to be convergent. These closed states, how- 
ever, are not the only ones that are physically permissible, as we can 
also have states in which the particle arrives from infinity, is scattered 
by the central field of force, and goes off to infinity again. For these 
states the wave function (xyz|) may remain finite as roo. Such 
states will be dealt with in Chapter [X under the heading of collision 
problems. In any case the eigenfunction (xyz|) must not tend to 
infinity as r-> oo, or it will represent a state that has no physical 
meaning. 


41. Energy-levels of the Hydrogen Atom 

The above analysis may be applied to the problem of the hydrogen 
atom with neglect of the relativistic variation of mass with velocity 
and the spin of the electron. The potential energy V is nowt —e?/r, so 
that equation (15) becomes 


d2? k(k+-1) , 2me? 1 2mH’ 
(a+ le = So, (20) 


when written in terms of a new dynamical variable k, equal to i- 
times the previous k. A thorough investigation of this equation has 
been given by Schriédinger.{ We shall here obtain its eigenvalues 
H’ from a consideration of its eigenfunctions expressed in the form of 
power series. 

+ The e here, denoting minus the charge on an electron, is, of course, to be distin- 


guished from the ¢ denoting the base of exponentials. 
¢ Schrédinger, Ann. d. Physik, 79 (1926), 361. 
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It is convenient to put 


(r|) = fires, (21) 
introducing the new function f(r), where a is one or other of the 
square roots a = 4,/(—22/2mH’). (22) 


Equation (20) now becomes 


d= 2d k(k+1) , 2mée1 
(5-22 -MePy, “ie =|fle) = 0. (23) 
We look for a solution of this equation in the form of a power series 


fi (r) ras > c,r*, (24) 


in which consecutive values for s differ by unity although these 
values themselves need not be integers. On substituting (24) in (23) 
we obtain 


> e4{8(8— 1)r*-2— (28/a)r*-1— k(k+- 1)r°-? +-(2me?/hi?)rs-1} = 0, 


which gives, on equating to zero the coefficient of r*-*, the following 
relation between successive coefficients c,, 
c,[3(s—1)—k(k+-1)] = c,_,[2(s—1)/a—2me?/h?}]. (25) 

We saw in the preceding section that only those eigenfunctions (r|) 
are allowed that tend to zero with r and hence, from (21), f(r) must 
tend to zero with r. The series (24) must therefore terminate on the 
side of small s and the minimum value of s must be greater than zero. 
Now the only possible minimum values of s are those that make the 
coefficient of c, in (25) vanish, i.e. k+-1 and —k, and the second 
of these is negative or zero. Thus the minimum value of s must be 
k+-1. Since k is always an integer, the values of s will all be integers. 
The series (24) will in general extend to infinity on the side of large s. 
For large values of s the ratio of successive terms is 

Oe ions oe 

C1 sa 
according to (25). Thus the series (24) will always converge, as the 
ratios of the higher terms to one another are the same as for the 


series b3 : ey. (26) 


which converges to e?"/4, 
We must now examine how our solution (r|) behaves for large 
values of r. We must distinguish between the two cases of H’ positive 
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and H’ negative. For H’ negative, a given by (22) will be real. Sup- 
pose we take the positive value for a. Then as r oo the sum of the 
series (24) will tend to infinity according to the same law as the sum 
of the series (26), i.e. the law e?”¢. Thus, from (21), (7!) will tend to 
infinity according to the law e/¢ and will not represent a physically 
possible state. There is therefore in general no permissible solution 
of (20) for negative values of H’. An exception arises, however, when- 
ever the series (24) terminates on the side of large s, in which case the 
boundary conditions are all satisfied. The condition for this termina- 
tion of the series is that the coefficient of c,_, in (25) shall vanish for 
some value of the suffix s—1 not less than its minimum value k+-1, 
which is the same as the condition that 


$__mét 
ee 
for some integer s not less than k+1. With the help of (22) this 
condition becomes 
BP ele Oe 27 
eae 2g2h2° ( ) 


and is thus a condition for the energy-level H’. Since s may be any 
positive integer, the formula (27) gives a discrete set of negative 
energy-levels for the hydrogen atom. These are in agreement with 
experiment, Each of them (except the lowest one s = 1) may occur 
with various possible values for k, namely, any positive or zero 
integer less than s. This multiplicity is in addition to that mentioned 
in the preceding section arising from the various possible values for 
a component of angular momentum, which multiplicity occurs with 
any central field of force. The & multiplicity occurs only with an 
inverse square law of force and even then is removed when one takes 
relativistic mechanics into account, as will be found in Chapter XIT. 
The solution of (20) when H’ satisfies (27) tends to zero exponentially 
as roo and thus represents a closed state (corresponding to an 
elliptic orbit in Bohr’s theory). 

For any positive values of H’, a given by (22) will be pure imaginary. 
The series (24), which is roughly the same as the series (26), will now 
have a sum that remains finite as r 00. Thus (r|) given by (21) will 
now remain finite as r—> oo and will therefore be a permissible solu- 
tion of (20), since it will correspond to an eigenfunction (xyz|) that 
tends to zero according to the law 1/r as r > oo. Hence in addition to 
the discrete set of negative energy-levels (27), all positive energy- 
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levels are allowed. The states of positive energy are not closed, since 


their representatives (r|) do not make the integral f |(r|)|? dr converge. 
(These states correspond to the hyperbolic orbits of Bohr’s theory.) 


42. Selection Rules 

If a dynamical system is set up in a certain stationary state, it will 
remain in that stationary state so long as it is not acted upon by 
outside forces. Any atomic system in practice, however, frequently 
gets acted upon by external electromagnetic fields, under whose 
influence it is liable to cease to be in one stationary state and to make 
a transition to another. The theory of such transitions will be de- 
veloped in § 47 and 48, A result of this theory is that, to a high degree 
of accurary, transitions between two states cannot occur under the 
influence of electromagnetic radiation if, in a Heisenberg representa- 
tion with these two stationary states as two of the basic states, the 
matrix element, referring to these two states, of the representative 
of the total electric displacement D of the system vanishes. Now it 
happens for many atomic systems that the great majority of the 
matrix elements of D in a Heisenberg representation do vanish, and 
hence there are severe limitations on the possibilities for transitions. 
The rules that express these limitations are called selection rules. 

The idea of selection rules can be refined by a more detailed 
application of the results of the theory of § 48, according to which 
the matrix elements of the different Cartesian components of the 
vector D are associated with different states of polarization of the 
electromagnetic radiation. The nature of this association is just what 
one would get if one considered the matrix elements, or rather their 
real parts, as the amplitudes of harmonic oscillators which interact 
with the field of radiation according to classical electrodynamics. 
We shall consider some examples to illustrate this. 

There is a general method for obtaining all selection rules, as 
follows. Let us call the constants of the motion which are diagonal in 
our Heisenberg representation a’s and let D be one of the Cartesian 
components of D. We must obtain an algebraic equation connecting 
D and the «’s which does not involve any dynamical variables other 
than D and the «’s and which is linear in D. Such an equation will 


be of the form YS, Dg, = 0, (28) 


where the f,’s and g,’s are functions of the «’s only. If this equa- 
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tion is expressed in terms of representatives, it gives us 


YSylo’)(a’|Da")g,(a0") = 0, ‘ 
or (a"|D |x") 2 Flo’ g-(a") = 0, 
which shows that («’|D|«”) = 0 unless 
Y fel’) g(a") = 0. 29) 


This last equation, giving the connexion which must exist between 
«’ and «” in order that (a’|D|«”) may not vanish, constitutes the selec- 
tion rule, so far as the component D of D is concerned. 

Our work on the harmonic oscillator in § 36, in connexion with 
equations (52) and (53) there, provides an example of a selection rule. 
If the harmonic oscillator carries an electric charge, its electric dis- 
placement D will be proportional to g. The selection rule is then given 
by equation (53) there, and is that only those transitions can take 
place in which the energy H changes by a single quantum iw. 

We shall now obtain the selection rules for m, and k for an electron 
moving in a central field of force. The components of electric dis- 
placement are here proportional to the Cartesian coordinates 2, ¥, 2- 
Taking first m,, we have that m, commutes with z, or that 


Mm,z2—zm, = 0. 


This is an equation of the required type (28), giving us the selection 


rule 
m,—m~, = 0 


for the z-component of the displacement. Again, from equations (4) 
janbsbig [m., [m., a] i [m., y| rete: 
or m2 x—2m,xm,+-2m2—i?x = 0, 
which is also of the type (28) and gives us the selection rule 
m,?—2m,m)+-m?—h? = 0 

or (m,—m,—h)(m,—m2+h) = 0 
for the x-component of the displacement. The selection rule for the 
y-component is the same. Thus our selection rules for m, are that 
in transitions associated with radiation with a polarization corresponding 
to an electric dipole in the z-direction, m’, cannot change, while in transi- 
tions associated with a polarization corresponding to an electric dipole 
in the x-direction or y-direction, m!, must change by --h. 

We can determine more accurately the state of polarization of the 
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radiation associated with a transition in which m/, changes by -L#, by 
considering the condition for the non-vanishing of matrix elements 
of x+-iy and x—iy. We have 
[m,,«-+-iy] = y—ix = —i(x+iy) 

or m,(a-+-ty)—(a-+-iy)(m,+h) = 0, 
which is again of the type (28). It gives 

mi—m—h = 0 
as the condition that (m/|x-+-iy|m2) shall not vanish. Similarly, 

m,—m:-+-h = 0 
is the condition that (m{|a—iy|m*) shall not vanish. Hence 


(m:|x—iy|m,—h) = 0 


or (im; aclm;—h) = i(mjy|m;—2) = (a-+ib)eto 
say, a, b, and w being real, and similarly 
(m,—h|x|m:) = —i(m,—hly|m;) = (a—ib)e™. 


Thus the vector }${(m;{D|m!—nh)+-(m{—h|D|m!)}, which determines 
the state of polarization of the radiation associated with transitions 
for which mz = m;—i, has the following three components 
3{(m; |e |mz—h) + (m,—hi|x|my} 
= U{(a+tb)e + (a—ib)e-, = a cos wt—b sin wt 
B{(mz|y |m,—h) + (m,—hily my} (30) 
= h{—(a+-ib)e-+ (a—ib)e-), = asin wt+b cos wt 
3{(m;|z|m—h) + (mi—h|z|m!)} = 0. 
From the form of these components we see that the associated radia- 
tion moving in the z-direction will be circularly polarized, that 
moving in any direction in the xy plane will be linearly polarized in 
this plane, and that moving in intermediate directions will be 
elliptically polarized. The direction of circular polarization for radia- 
tion moving in the z-direction will depend on whether w is positive or 
negative, and this will depend on which of the two states m; or 
m: = m,—ih has the greater energy. 
We shall now determine the selection rule for k. We have 
[k(k-+-h), z] = [m2,z]+[m2, z] 
= —Yym,—M, Yam, +m, x 
= 2(m,x—m, y+ thz) 
ra 2(m, x—ym,) av) 2(am,— ry). 
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Similarly, [A(k-+-h), x] = 2(ym,—m,,z) 
and [k(k+h), y] = 2(m,z—2m,). 
Hence 


[k(k-++h), [k(k-+2),2]] 

= 2k(k-+-h),m,x—m, y+thz] 

== 2m,[k(k-+-h), x] —2m,[k(k-+-A), y]+ 2ih[k(k-+-h), z] 

= 4m,(ym,—m,, z)—4m,(m,,z—xm,) + 2fk(k-+-h)z—zk(k-+h)} 

= 4(m,2-+-m, y-+-m,2z)m,— 4(m2 +m? +m2)z+- 

+2{k(k-+-h)z—zk(k+h)}. 
The first term here vanishes, from (3), leaving us with 
[k(k-+-h), [e(k-+-A), z]] = —2fk(k-+-h)z+-zk(k--h)}, 

which gives 

k*(k-+-h)P?2z— 2k(k-+-h)zk(k-+-h) +27 (k+hy— 

— W{k(k-+-h)z+2k(k-+h)} = 0. (31) 
Similar equations hold for x and y. These equations are of the re- 
quired type (28), and give us the selection rule 

k’*(k' +-h)? — 2k’ (k’ + A)k"(h" +h) +-k"2(k’ +h — 

— Pk’ (k’ +-h)— hk" (k"-+-h) = 0, 
which reduces to 
(k’ +-k" +-2h)(k’ 4-k")(k’ —k" +-h)(k’ —k” —h) = 0. 
A transition can take place between two states k’ and k” only if one 
of these four factors vanishes. 

Now the first of the factors, (&’-+-k"+-2h), can never vanish, since the 
eigenvalues of £ are all positive or zero. The second, (k’+-4"), can vanish 
only if k’ = 0 and k” = 0. But transitions between two states with 
these values for k cannot occur on account of the selection rule for m,, 
as may be seen from the following argument. If two states (labelled 
respectively with a single prime and a double prime) are such that 
k’ = 0 and k” = 0, then, according to the discussion at the end of 
§ 39, each Cartesian component of the angular momentum must vanish 
for each of them, i.e. m, = m) = m, = 0 and mi, = mj, = m) = 0. 
The selection rule for m, now shows that the matrix elements of 
x and y referring to the two states must vanish, as the value of m, 
does not change during the transition, and the similar selection rule 


for m, or m, shows that the matrix element of z also vanishes. Thus 
3595.14 Y 
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transitions between the two states cannot occur. Our selection rule 
for k now reduces to 
(k'—k" +hi)(k'—k"”—h) = 0, 

showing that k must change by +-/i. This selection rule may be written 

k?—2h’k’ +k" —f?* 
and since this is the condition that a matrix element (k’|z\k”) shall 
not vanish, we get the equation 

h-z—2Qkzek-+-2k?—h*z = 0 
or (k, [k,z]] = —z, (32) 
a result which could not easily be obtained in a more direct way. 


43. The Zeeman Effect for the Hydrogen Atom 
We shall now consider the system of a hydrogen atom in a uniform 
magnetic field. The Hamiltonian (1) with V = —e?/r, which describes 
the hydrogen atom in no external field, gets modified by the magnetic 
field, the modification, according to classical mechanics, consisting 
in the replacement of the components of momentum, p,, p,, p,, by 
+e/c.A,, pyte/c.A,, p,+e/c.A,, where A,, A,, A, are the com- 
ponents of the vector potential describing the field. For a uniform 
field of magnitude *# in the direction of the z-axis we may take 
A, = —}4y, A, = 442, A, = 0. The classical Hamiltonian will 
then be 
1 5 e 
H=5{( a, 5.) 4 +(py+ 55742) +p3| —©. 


This classical Hamiltonian may be taken over into the quantum theory 
if we add on to it a term giving the effect of the spin of the electron. 
According to experimental evidence and according to the theory of 
Chapter XIT, the electron has a magnetic moment —ef/2mc.o, where 
o is a vector with the properties given in §19. The energy of this 
magnetic moment in the magnetic field will be ehA/2mc.c,. Thus 
the total quantum Hamiltonian will be 


4 = 5-|( 235%) +(p yt ime) + pi £4. = o,. (33) 


There ought strictly to be other terms in this Hamiltonian giving the 
interaction of the magnetic moment of the electron with the electric 
field of the nucleus of the atom, but this effect is small, of the same 
order of magnitude as that of the relativistic variation of the mass 
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of the electron with its velocity, and will be neglected here. It will be 
taken into account in the relativistic theory of the electron given in 
Chapter XII. 

If the magnetic field is not too large, we can neglect terms involving 
J#*, so that the Hamiltonian (33) reduces to 


(wit p}+p2)— = + & (ap yup.) +2, 


2me 
= SL witeite——+ oF om, -+-he,). (34) 


The extra terms due to the magnetic field are now e/#/2me . (m,+-ho,). 
But these extra terms commute with the total Hamiltonian and are 
thus constants of the motion. This makes the problem very easy. 
The stationary states of the system, i.e. the eigenstates of the Hamil- 
tonian (34), will be those eigenstates of the Hamiltonian for no field 
that are simultaneously eigenstates of the observables m, and ¢,, or 
at least of the one observable m,-+-/o,, and the energy-levels of the 
system will be those for the system with no field, given by (27) if 
one considers only closed states, increased by an eigenvalue of 
eF#/2mc.(m,+-lic,). Thus stationary states of the system with no 
field which are spacially quantized in the z-direction (i.e. for which m, 
has the numerical value mj, an integral multiple of i) and for which 
also o, has the numerical value of = +1, will still be stationary 
states when the field is applied. Their energy will be increased by an 
amount consisting of the sum of two parts, a part e/#/2me.m; arising 
from the orbital motion, which part may be considered as due to an 
orbital magnetic moment —em{/2mc, and a part e4/2mc. ho, arising 
from the spin. The ratio of the orbital magnetic moment to the 
orbital angular momentum mj is —e/2mc, which is half the ratio of 
the spin magnetic moment to the spin angular momentum. This 
fact is sometimes referred to as the magnetic anomaly of the spin. 
Since the energy-levels now involve m,, the selection rule for m, 
obtained in the preceding section becomes capable of direct: com- 
parison with experiment. We take a Heisenberg representation in 
which, among other constants of the motion, m, and o, are diagonal. 
The selection rule for m, now requires m, to change by i, 0, or —i, 
while o,, since it commutes with the electric displacement, will not 
change at all. Thus the energy difference between the two states 
taking part in the transition process will differ by an amount 
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ehF#/2mc, 0, or —eh##/2mc from its value for no magnetic field. 
Hence, from Bohr’s frequency condition, the frequency of the 
associated electromagnetic radiation will differ by eA4/4mme, 0, or 
—e/?/47mc from that for no magnetic field. This means that each spec- 
tral line for no magnetic field gets split up by the field into three com- 
ponents. If one considers radiation moving in the z-direction, then 
from (30) the two outer components will be circularly polarized, while 
the central undisplaced one will be of zero intensity. These results 
are in agreement with experiment and also with the classical theory 
of the Zeeman effect. The agreement with the classical theory ceases, 
however, when one takes into account relativistic mechanics and 
the interaction of the spin with the electric field of the nucleus. 


44. Combination of Angular Momenta 


Suppose we have two particles moving in the central field of force, 
having as angular momenta the vectors m and pw. We can introduce 
the dynamical variables k and x, defined by (12) and * 


ehh = (ute tee t+ ie), 
respectively, to describe the magnitudes of these vectors. The total 


angular momentum will then be the vector M = m-+p, whose 
magnitude XK is defined by 
K+¥i = (M24+Mi+ M+ pe) 

Each of the dynamical variables k and x commutes with all the com- 
ponents of m,p, and M. Thus k, «, K will commute with each other 
and can be given numerical values simultaneously. Our problem now 
is to determine the possible numerical values for K when k and « have 
given numerical values. 

The easiest way of solving this problem is to suppose k and x are 
equal to two given numbers, as we can do since they commute with all 
the dynamical variables mentioned in the problem, and then to use 
a matrix representation in which m, and yp, are diagonal. We can 
ignore all dynamical variables describing the dynamical system that 
are not functions of the components of m and p. Our matrix repre- 
sentation will then have only a finite number of rows and columns, 
each labelled by a number m; having one of the values k, k—A, 
k—2h,...,—k and a number yu! having one of the values x, x—h, 
x—2h,...,—«x. The possible values of M! = mi+-; will then be 
k+«, k+-«—h, k+-«—2h,..., —k—x«. The number of times each of 
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them occurs is given by the following scheme (if we assume for 
definiteness that k > x), 


k+K, k+«—h, k+x—2h,...,k—n, k—K—hi,... 


1 2 SAPP: PS Oe Bie PSE 
(35) 
—k+x«, —k+n—h,..., —k—k 
2«-+1 2k ae 1 


If we now make a transformation to a representation in which K and 
M, are diagonal, the number of rows and columns of the matrices 
for which M, has a given value M, must remain unaltered. If 
K’', K",... are the possible values for K, there will be a set of rows and 
columns having the M,-values K’, K’—h,..., —K’, another set having 
the M,-values K”, K”—h,...,—K", ete. Comparing this distribution 
of M,-values with (35), we see that the possible values for K must be 


k-+n, k+n—h, k+-Kn—2h,...,k—k. (36) 


This result is a quite general one applying to the combination 
of any two angular momenta, not necessarily the orbital angular 
momenta of two particles. For example, it could be applied to the 
orbital angular momentum and spin of an electron. In this case, 
since the spin angular momentum has the magnitude « = }A, it 
shows that when the orbital angular momentum has the magnitude 
k, the combined angular momentum can have only one or other of the 
two magnitudes k-+- $h. 

We now have a general method for dealing with complicated atomic 
systems. For an isolated system the total angular momentum M is 
always a constant of the motion, and its magnitude K together with 
one of its components J, will be two commuting constants of the 
motion. We try to express M as the sum of two angular momenta 
m and p whose magnitudes / and « are constants of the motion. If 
we can do this, then we try to express either of the parts, m say, 
itself as a sum of two angular momenta, m, and m, say, whose magni- 
tudes k, and /, are constants of the motion, and so on. We obtain in 
this way a series of constants of the motion M,, K, k, «, ky, ka,..., which 
all commute with each other and may, if there are enough of them, 
be taken as defining a Heisenberg representation. The possible 
numerical values for the K, &, «,... specifying a row and column are 
restricted by the general rule (36). The energy will be some function 
of K,k,«,k,,kg).... but independent of ,. In general one cannot 
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secure that k,«,k,,k, are exactly constants of the motion, but one 
may be able to choose them so that they are approximately so and 
then apply a perturbation method, as discussed in the next chapter. 
We shall now obtain the selection rule for the magnitude K of the 
total angular momentum M of a general atomic system. Let m be 
the orbital angular momentum of one of the electrons, whose coordi- 
nates are 2, y, z say, and let M—m =u. It is not necessary for 
the present discussion that the magnitudes k and « of the two angular 
momenta m and p into which M has been split up should be constants 
of the motion. We must obtain the condition that the (K’, K”) 
matrix element of x, y, or z shall not vanish. This is evidently the 
same as the condition that the (K’, K”) matrix element of A, Az, or A; 
shall not vanish, where ),, A, and A, are any three independent linear 
functions of x, y and z with numerical coefficients, or more generally 
with any coefficients that commute with K and are thus represented 
by matrices which are diagonal with respect to K. Let 
Ay = M,x+M,y+M,z 
A, = M,z—M,y—tiz 
A, = M,x—M,2—thy 
A, = M,y—M, x—ihz. 
We have 
M,,»,+-M, dr, +M,A, = (M1, M,z—M,, M,y—ihM,, x) 
= > (M, M,—HM, M,—thM,)z = 0 (37) 
“ye 
from the general condition (11) for angular momentum. Thus ,, d, 
and A, are not linearly independent functions of x, y and z. Any two 
of them, however, together with A, are three linearly independent 
functions of x, y and z and may be taken as the above A,, A, and Q,, 
since the coefficients M,, M,, M, all commute with K. Our problem 
thus reduces to finding the condition that the (K’, K") matrix 
elements of Ag, A,, A, and A, shall not vanish. The physical meanings 
of these A’s are that A, is proportional to the component of the vector 
(x, y, z) in the direction of the vector M, and X,,A,, A, are proportional 
to the Cartesian components of the component of (x,y,z) perpen- 
dicular to M. 
From (4) together with the condition that x, y and z commute with 


stabs reno fRarny fat [ne ror, prea 


[My] =—x [M,,z]=0. (38) 
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Hence 
[M., Ao] = [M,, M,je+ MM, x|+[M., M,\y+ UJ, y] 
= M,x+M,y—M,y—N,x = 0. 

Thus Ay commutes with M,, and from symmetry it must commute 
also with M, and M,, so that it must commute with K. It follows 
that only the diagonal elements (K’|A,|K’) of A, can differ from zero, 
so the selection rule is that K cannot change so far as this component 
of the electric displacement is concerned. 

With further applications of (38) we obtain 

[M,,A,] = [4,, M,e—-MIM,, y|—ih[ ML), x} 
= —M,z+M,x2—thy =r, 
[M.,A,] = I M,,x]—[M,, M,2—ih[ M,, y] 
= M,y—M,z+ihx = —d, 
[™,, A,] ica [ 41, M,|\y+™M,{ M,, y|—|AL.). M,\x—M,[ M., x| 
= M,y—M,x+M,x—M,y = 0. 
These relations between M, and A,,A,,A, are of exactly the same form 
as the relations (4), (5) between m, and x, y,z, and also (37) is of the 
same form as (3). The dynamical variables A,, A,, A, thus have the 
same properties relative to the angular momentum M as 2, y, z have 
relative tom. The deduction in § 42 of the selection rule for k when 
the electric displacement is proportional to (x,y,z) can therefore be 
taken over and applied to the selection rule for K when the electric 
displacement is proportional to (A,,A,,A,). We find in this way that, 
so far as A,, A,, A, are concerned, the selection rule for K is that it 
must change by -+-. 

Collecting results, we have as the selection rule for K that it must 
change by 0 or --4. We have considered the electric displacement 
produced by only one of the electrons, but the same selection rule 
must hold for each electron and thus also for the total electric dis- 
placement. 


Vill 
PERTURBATION THEORY 


45. General Remarks 

In the preceding two chapters exact treatments were given of some 
simple dynamical systems in the quantum theory. Most quantum 
problems, however, cannot be solved exactly with the present re- 
sources of mathematics, as they lead to equations whose solutions 
cannot be expressed in finite terms with the help of the ordinary 
functions of analysis. For such problems one can often use a per- 
turbation method. This consists in splitting up the Hamiltonian into 
two parts, one of which must be simple and the other small. The first 
part may then be considered as the Hamiltonian of a simplified or 
unperturbed system, which can be dealt with exactly, and the addi- 
tion of the second will then require small corrections, of the nature 
of a perturbation, in the solution for the unperturbed system. The 
requirement that the first part shall be simple requires in practice 
that it shall not involve the time explicitly. If the second part con- 
tains a small numerical factor «, we can obtain the solution of our 
equations for the perturbed system in the form of a power series in e, 
which, provided it converges, will give the answer to our problem 
with any desired accuracy. Even when the series does not converge, 
the first approximation obtained by means of it is usually fairly 
accurate. 

There are two distinct methods in perturbation theory. In one of 
these the perturbation is considered as causing a modification of the 
states of the unperturbed system (with the space-time meaning of 
‘states’). In the other we do not consider any modification to be made 
in the states of the unperturbed system, but we suppose that the 
perturbed system, instead of remaining permanently in one of these 
states, is continually changing from one to another, or making transi- 
tions, under the influence of the perturbation. Which method is to be 
used in any particular case depends on the nature of the problem to 
be solved. The first method is useful usually only when the perturbing 
energy (the correction in the Hamiltonian for the undisturbed system) 
does not involve the time explicitly, and is then applied to the 
stationary states. It can be used for calculating things that do not 
refer to any definite time, such as the energy-levels of the stationary 
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states of the perturbed system, or, in the case of collision problems, 
the probability of scattering through a given angle. The second 
method must, on the other hand, be used for solving all problems 
involving a consideration of time, such as those about the transient 
phenomena that occur when the perturbation is suddenly applied, 
or more generally problems in which the perturbation varies with 
the time in any way (i.e. in which the perturbing energy involves 
the time explicitly in an arbitrary way). Again, this second method 
must be used in collision problems, even though the perturbing energy 
does not here involve the time explicitly, if one wishes to calculate 
absorption and emission probabilities, since these probabilities, unlike 
a seattering probability, cannot be defined without reference to a 
state of affairs that varies with the time. 


46. The Change in the Energy-levels caused by a Perturba- 
tion 


The first of the above-mentioned methods will now be applied to 
the calculation of the changes in the energy-levels of a system caused 
by a perturbation. We assume the perturbing energy, like the 
Hamiltonian for the unperturbed system, not to involve the time 
explicitly. Our problem has a meaning, of course, only provided the 
energy-levels of the unperturbed system are discrete and the differ- 
ences between them are large compared with the changes in them 
caused by the perturbation. This fact results in the treatment of 
perturbation problems by the first method having some different 
features according to whether the energy-levels of the unperturbed 
system are discrete or continuous. 
Let the Hamiltonian of the perturbed system be 


H = H,+V, (1) 


H, being the Hamiltonian of the unperturbed system and V the small 
perturbing energy. By hypothesis each eigenvalue H’ of H lies very 
close to one and only one eigenvalue Hj of Hy. We shall use the 
same number of primes to specify any eigenvalue of H and the 
eigenvalue of H, to which it lies very close. Thus we shall have H” 
differing from Hj by a small quantity of order V and differing from 
Hj, by a quantity that is not small unless Hj, = Hj. We must now 
take care always to use different numbers of primes to specify eigen- 


values of H and H, which we do not want to lie very close together. 
3595 14 Zz 
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We have to solve the equation 
Hb = {Hy +V} = Hp 
or {H'—H,} = Vy. (2) 
Let yi be an eigen- of H, belonging to the eigenvalue Hj, and suppose 
the y% and H’ that satisfy (2) to differ from #, and Hj, only by small 
quantities and to be expressed as 


yp = Pot +yYe+... (3) 
H' = Hy+a,+4,+-..., 

where ys, and a, are of the first order of smallness (i.e. the same order 
as V), ws and a, are of the second order, and so on. Substituting these 
expressions in (2), we obtain 

{H,—Hy+4,+4,+...}otyatyet...} = Vihotyat..}: 
If we now separate the terms of zero order, of the first order, of the 
second order, and so on, we get the following set of equations, 


{H,—Ayjo = 0 
{Ho —Aphy +4 ho = Vito (4) 
{H)— Ahoy hy +42 ho = Voy 


The first of these equations tells us, what we have already assumed, 
that xf, is an eigen- of H, belonging to the eigenvalue Hj. The others 
enable us to calculate the various corrections y,, yo,..., 1, Ags-++ « 

For the further discussion of these equations it is convenient to 
introduce a representation in which H, is diagonal, i.e. a Heisenberg 
representation for the unperturbed system, and to take H, itself as 
one of the observables whose eigenvalues label the representatives. 
Let the others, in the event of others being necessary, as is the case 
when there is more than one eigenstate of H) belonging to any 
eigenvalue, be called f’s. The representatives of y, ho, 1, #2 are then 
(H8"|), (H5B"|0), (H5B"|1), (HiB"|2) respectively. Since yy is an 
eigen-y of H, belonging to the eigenvalue Hj, we have 

(Ho B"|0) = 8x7; 7; (8"!9), (5) 
where (f”|0) is some function of the variables 8”. With the help of 
this result the second of equations (4), written in terms of representa- 
tives, becomes 


{H— Ho}(Ho B"|1) +44 8x7; 7; (8"|0) = ° (Ho B"|V\HoB’)(B'\0). (8) 
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Putting Hj = H; here, we get 
a@,(B"|0) = ~ (H, 8" |V |, B’)(B’ 0). (7) 


Equation (7) is of the form of the standard equation in the theory 
of eigenvalues, so far as the variables f’ are concerned. It shows that 
the various possible values for a, are the eigenvalues of the matrix 
(H,B"|V |, f’). This matrix is a part of the representative of the 
perturbing energy in the Heisenberg representation for the unper- 
turbed system, namely, the part consisting of those elements that 
refer to the same unperturbed energy-level Hj, for their row and 
column. Each of these values for a, gives, to the first order, an energy- 
level of the perturbed system lying close to the energy-level H; of the 
unperturbed system. There may thus be several energy-levels of the 
perturbed system lying close to the one energy-level Hj of the unper- 
turbed system, their number being anything not exceeding the 
number of independent states of the unperturbed system belonging 
to the energy-level Hj. In this way the perturbation may cause a 
Separation or partial separation of the energy-levels that coincide 
at H) for the unperturbed system. 

Equation (7) also determines, to the zero order, the representatives 
(1, 8"|0) of the stationary states of the perturbed system belonging 
to energy-levels lying close to H’, any solution (f’|0) of (7) sub- 
stituted in (5) giving one such representative. Each of these stationary 
states of the perturbed system approximates to one of the stationary 
states of the unperturbed system, but the converse, that each 
stationary state of the unperturbed system approximates to one of 
the stationary states of the perturbed system, is not true, since the 
general stationary state of the unperturbed system belonging to the 
energy-level H, is represented by the right-hand side of (5) with an 
arbitrary function (8”|0). The problem of finding which stationary 
states of the unperturbed system approximate to stationary states 
of the perturbed system, i.e. the problem of finding the solutions 
(8’|0) of (7), corresponds to the problem of secular perturbations 
in classical mechanics. It should be noted that the above results 
are independent of the values of all those matrix elements of the 

+ To distinguish these energy-levels one from another we should require some 
more elaborate notation, since according to the present notation they must all be 
specified by the same number of primes, namely, by the number of primes specifying 


the energy-level of the unperturbed system from which they arise. For our present 
purposes, however, this more elaborate notation is not required, 
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perturbing energy which refer to two different energy-levels Hj and 
H{, of the unperturbed system. 

Let us see what the above results become in the specially simple 
case when there is only one stationary state of the unperturbed 
system belonging to each energy-level.+ In this case H, alone fixes 
the representation, no f’s being required. The sum in (7) now reduces 
to a single term and we get 

a, = (Hy|V\H). (8) 
There is only one energy-level of the perturbed system lying close to 
any energy-level of the unperturbed system and the change in energy 
is equal, in the first order, to the corresponding diagonal element of the 
perturbing energy in the Heisenberg representation for the unperturbed 
system, or to the average value of the perturbing energy for the correspond- 
ing unperturbed state. The latter formulation of the result is the same 
as in classical mechanics when the unperturbed system is multiply 
periodic. 

We shall proceed to calculate the second-order correction a, in 
the energy-level for the case when the unperturbed system is non- 
degenerate. Equation (5) for this case reads 

(1. 09) or By: Hp 
with neglect of an unimportant numerical factor, and equation (6) 


{Ho — Ao} Ao| 1) +44 87; x, = (H5|V | A5)- 
This gives us a value for (Hj[1) when Hj ~ Hj, namely 
oy) _ (HIV IER) 
(Hg) = Se (9) 


The third of equations (4), written in terms of representatives, 
becomes 
{H)— Ho} Ho \2) +441) +42 81; a; =P, (Hel He Ho). 
Putting Hj = H, here, we get 
@,(Ho|1)+-a, => (Hg|V |Hy)(Ho |), 


which reduces, with the help of (8), to 
a@,=  (H5|V|Ho)(AGI1). 
HiFi, 


+ Asystern with only one stationary state belonging to each energy-level is often 
called non-degenerate and one with two or more stationary states belonging to an 
energy-level is called degenerate, although these words are not very appropriate from 
the modern point of view. 
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Substituting for (1}|1) from (9), we obtain finally 
(Ho |V \Ho)(Ho|V Ho) 
nin, Hi —H, 7 
giving for the total energy change to the second order 
AG\V Ao) AolV Ao 
@,+a, = (H5|V|A5)+ ps ( ol | od o| | 0). 
HF; Hyj—Hy 
The method may be developed for the calculation of the higher 
approximations if required. General recurrence formulas giving the 


n-th order corrections in terms of those of lower order have been 
obtained by Born, Heisenberg, and Jordan.+ 


a, = 


(10) 


47. The Perturbation considered as causing Transitions 
We shall now consider the second of the two perturbation methods 
mentioned in § 45. We suppose again that we have an unperturbed 
system governed by a Hamiltonian H, which does not involve the 
time explicitly, and a perturbing energy V which can now be an 
arbitrary function of the time. The Hamiltonian for the perturbed 
system is again H = H,+-V. For the present method it does not 
make any essential difference whether the energy-levels of the un- 
perturbed system, i.e. the eigenvalues of Hj, form a discrete or con- 
tinuous set. We shall, however, take the discrete case, for definiteness. 
We shall again work with a Heisenberg representation for the 
unperturbed system, but as there will now be no advantage in taking 
H, itself as one of the observables whose eigenvalues label the repre- 
sentatives, we shall suppose we have a general set of «’s to label the 
representatives. The representative of H, will be diagonal, of the 


a (a! |Hola”) = Hi 8qan (11) 


like (14) of § 32. We shall have to make use of both the representations 
considered at the end of § 32, differing one from the other with regard 
to the phase factors and fixed in the Heisenberg and Schrédinger 
pictures respectively. Equation (11) holds for both. As in § 32, we 
shall use stars to distinguish representatives in the representation 
which is fixed in the Schrédinger picture. The two representatives 
of a are connected by 


(x’[)* = ef («'|), (12) 
like equation (17) of § 32. The Schrédinger wave equation, which 
+ Z.f. Physik, 35 (1925), 565. 
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holds with the starred representatives, reads 


iE (a))* = & (a! [Ho +V ia" )*(a"|)* 
= Hylo'|)*+ ¥ (a! Via )*(a"|)* (13) 


The representative (a’|) of a state will not satisfy the Schrédinger 
equation, but will satisfy instead the following equation, obtained by 
substituting (12) in (13), 


in| — aH hYe*Hh(a|) 4-H S (a) 


= Hy eH (a! |)-+ 5 (a! |V a") e224"). 
This reduces to 7 


iS (all) = ee HOHMa!(V ja) *(a"|) 
=F (eV a"V0")) (14) 


The representative («’|V\«")* of the perturbing energy V does not 
depend on ¢, except in so far as V itself involves ¢ explicitly, but 
the representative (a’|V|«”) appearing in our equation (14) varies 
rapidly with t, according to the Heisenberg law e#/:-#4" when one 
neglects the explicit dependence of V on ?. 

Equation (14) is the fundamental equation of the present method 
in perturbation theory. It is an exact equation, no use having yet 
been made of the fact that the perturbation is small. It shows how 
the representative of a state of a perturbed system varies with the 
time when the representation is chosen so that the whole of this 
variation is caused by the perturbation, and thus expresses most 
clearly the way in which the perturbation may be considered as 
causing a continual change in the state of the system. At any instant 
the probability of the «’s having specified values «’ is 

PY = |(o'|)*P = Mo’) (15) 
provided P’ is normalized. 

We shall now obtain an approximate solution to equation (14) for 
a given initial value of the representative (a’|) of the state. Since 
V is small, the rate of change of («’|) is small and (a’|) remains 
approximately equal to its initial value, at any rate for times 
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that do not differ too much from the initial time. We can thus 
obtain a first approximation by substituting for («”|) in the right- 
hand side of (14) its initial value and then performing a simple 
integration. We may then obtain a second approximation by sub- 
stituting the first approximation in the right-hand side of (14), and 
so on indefinitely. 

Let the initial value of (a’|), ie. the value at time ¢ = 0, be @(a’), 
or a, say, for brevity. We shall then have in the first approximation 
for the value of («’|) at an arbitrary time r, 


(2! |)p = a—ih4 S | (a’|V a"), a8 dt 
0 
= a;+4;, 
say, a being the first-order correction, whose value at time 7 is 
a, = —ifi- S a* | (a’|V ja”), dt. (16) 
< 
0 
The second approximation at an arbitrary time 7’ will now be 
T 
(2) = ath? ¥ | (a’|V\a"),[ag-+a%,] a 
0 
= 444i p+asr, 
where ay, the second-order correction, has the value at time 7 
r 
Qip = — i815 ! («’|V |x”), a, dr 
bg 7 
= —h* & af f(a’ |Vla"), ar | (a"|V a"), dt (17) 
i 0 0 


The probability (15) of the «’s having the values a’ at any time is 
now, to the second order of accuracy, 


P= (aj-+a;+a)(@+4,-+4; 
= a, G+ (a; G5+a5 a1) + (apa, +a;a,+a,ay)+... (18) 
= Pi+Pi+ Pit..., 
P;, being the initial value of this probability and P{ and P; being the 
first- and second-order corrections. 
Suppose now that we are given, not the initial value aj, of («’|), but 
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only the initial probability P(, of the «’s having any specified values 
«’, and want to calculate the probability at any subsequent time of 
the a’s having specified values. We now know only the modulus of 
ay and not its phase, so that we must average over all phases. This 
averaging results in a considerable simplification in the expression 
(18) for P’, since this expression is bilinear in a) and d [both a, and a, 
being linear functions of a) according to (16) and (17)], and thus 
consists of a sum of terms of the form My a - The average of aja,” 
OF G(x") g(x”) will vanish except when a” = «", so that the only 
surviving terms will be those of the form aja}. In this way P; 
at time 7 reduces to 


Pip = A, A+ 4), 
= [i i (x'|V |a’), at |ae-+-a, Kamas { (a’|V |x’), ar| 
= 0. 
Similarly, P; at time 7' reduces to 
Pop = Ayp Ay +A Ap + Ayr 
she —h-2a, a5 5 f (a’|V |a") dr f («”|V ja’), dt + 


0 
2 Y 


ic v IV a"), atl— 


0 


—h-a\a 4% [ OI! ar fe! [V ja”), de 


+h-2 > 4% “i” 


use being made, in dealing with the third term, of the fact that the 
matrix («’|V|«”) is Hermitian. If we interchange ¢ and r in this third 
term, we can combine it with the first term to give 


T 


haze > S| fae fa fae far] (a”|V ja”) (a"|V la’), 


T ng 

= —h*\aq\* & | dr { dt ('|V\a"),(0"|V a’) 
0 0 

i (a’|V ja”) unl’ 


0 


ae 


a 
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Thus our expression for P;, becomes 


Pip = b-* Y {a5 ?— la 9} 


¥ 2 
f (x’|V ja”), ar 
0 


2 


? 


= WS {P5—P)} 


T 
| (a"|V |x”), de 


and the probability P’ of the «’s having the values a’ is, to the second 
order of accuracy, 


Py = Pi+h-* > (P3—P)} 


f (a’|V |x"), ail (19) 
0 


This result is capable of a simple interpretation. If we yh. se 
that initially the «’s certainly have the values «” ~ a’, so that Po wit 
Py = 0 for «” ~ «" (in which special case the averaging OVEr se 
phases of the ay’s is not necessary), then the right-hand side of (19) 
reduces to the single term 


z 2 
fi-*} [ (a! |V ja”) a = Pla"! (20) 
0 


say. This may be interpreted as the probability of the system making 
a transition from the state «” to the state a’ under the influe ee 
the perturbation V during the interval of time 0 to 7’. It is sym- 
metrical between aw’ and «”. Returning now to the general bie veh 
see that (19) may be regarded as expressing that the change in : i 
probability of the a’s having the values «’ during the time interval iy 
1, namely P;,— P%, is made up of the total probability » Po P(x’) 


” 
of the system jumping into the state «’ from some other Aig a us 
minus the total probability P% > P(a'x") of its jumping out o 


state a’, during this time interval. Thus the ordinary laws of apie 
bility apply, showing that there is no interference between vi 
different transition processes. If we had not averaged over the 
initial phases, there would have been such interference. 

The integrand in (20) is the representative in a certain representa- 
tion of the perturbing energy at time ¢. This representation is one 
that is approximately fixed in the Heisenberg picture, since hi 
put V=0 it would then be completely fixed in the Heisenberg 


pr f 
picture. Hence we can, without spoiling the order of accuracy 0 
3595.14 Ag 
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our result, replace the integral in (20) by (“ 


i 
{ V,dt x’) and obtain 
0 


an alternative expression for the transition probability 


(| fa) 
This provides a simple physical meaning for the non-diagonal ele- 
ments of the matrix representing a dynamical variable if this 


dynamical variable can be regarded as the time integral of a 
perturbing energy. 


Pea) =n ; (21) 


T 
Vy di 
J 


48. Application to Radiation 

In the preceding section a general theory of the perturbation of an 
atomic system was developed, in which the perturbing energy could 
vary with the time in an arbitrary way. A perturbation of this kind 
can be realized in practice by allowing incident electromagnetic radia- 
tion to fall on the system. Let us see what our result (19) or (20) 
reduces to in this case. 

If we neglect the effects of the magnetic field of the incident radia- 
tion, and if we further assume that the wave-lengths of the harmonic 
components of this radiation are all large compared with the dimen- 
sions of the atomic system, then the perturbing energy is simply the 


scalar product V = 0,6), ne 


where D is the total electric displacement of the system and & is 
the electric force of the incident radiation. We suppose € to be a 
given function of the time. If we take for simplicity the case when 
the incident radiation is plane polarized with its electric vector in 
a certain direction and let D denote the Cartesian component of D 
in this direction, the expression (22) for V reduces to the ordinary 


product V a Dé, 
where € is the magnitude of the vector €&. The matrix elements of 
re (a"|V |x") = («’|D|a")é, 


since € is a number. Now (a’|D|«") varies with the time ¢ according 
tothe Heisenberg law 


(a! |DJa”) = (a’ |D|a"), et4s—Hamn, 
(a’D\x")o being constant, and hence our expression (20) for the 
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transition probability becomes 
7 2 
P(a'x") = h-*|(a’|D|x”)|? f Eee al 4 (23) 
0 


If the incident radiation during the time interval 0 to T is resolved 
into its Fourier components, the energy crossing unit area per unit 
frequency range about the frequency v will be, according to classical 


electrodynamics, r 
y= << | E,e2nivt af. (24) 
Comparing this with (23), we bats 
P(o'x”) = 2mre—hi-2| (a |D |x") |2E,, (25) 
where v= |Hj—AG)/h. (26) 


From this result we see in the first place that the transition proba- 
bility depends only on that Fourier component of the incident radia-~ 
tion whose frequency v is connected with the change of energy by (26). 
This gives us Bohr’s Frequency Condition and shows how the ideas 
of Bohr’s atomic theory, which was the forerunner of quantum 
mechanics, can be fitted in with quantum mechanics. 

The present elementary theory does not tell us anything about the 
energy of the field of radiation. It would be reasonable to assume, 
though, that the energy absorbed or liberated by the atomic system 
in the transition process comes from or goes into the component of 
the radiation with frequency v given by (26). This assumption will 
be justified by the more complete theory of radiation given in 
Chapter XI. The result (25) is then to be interpreted as the proba- 
bility of the system, if initially in the state of lower energy, absorb- 
ing radiation and being carried to the upper state, and if initially in 
the upper state, being stimulated by the incident radiation to emit 
and fall to the lower state. The present theory does not account for 
the experimental fact that the system, if in the upper state with no 
incident radiation, can emit spontaneously and fall to the lower state, 
but this also will be accounted for by the more complete theory of 
Chapter XI. 

The existence of the phenomenon of stimulated emission was in- 
ferred by Einstein,+ long before the discovery of quantum mechanics, 
from a consideration of thermodynamic equilibrium between atoms 

} Einstein, Phys. Zeits., 18 (1917), 121, 
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and a field of black-body radiation satisfying Planck’s law. Einstein 
showed that the transition probability for stimulated emission must 
equal that for absorption between the same pair of states and deduced 
a relation connecting this transition probability with that for spon- 
taneous emission, which relation is in agreement with the theory of 
Chapter XI. 

The matrix element («’|D}«”) in (25) plays the part of the amplitude 
of one of the Fourier components of D in the classical theory of a 
multiply-periodic system interacting with radiation. In fact it was 
the idea of replacing classical Fourier components by matrix elements 
which led Heisenberg to the discovery of quantum mechanics in 1925. 
Heisenberg assumed that the formulas describing the interaction with 
radiation of a system in the quantum theory can be obtained from 
the classical formulas by substituting for the Fourier components of 
the total electric displacement of the system the corresponding matrix 
elements. According to this assumption applied to spontaneous emis- 
sion, a system having an electric moment D will, when in the state 
a’, spontaneously emit radiation of frequency v = (H’—H")/h, where 
H” is an energy-level, less than H’, of some state «", at the rate 

4 
5 oe (a! Dla"). (27) 

The distribution of this radiation over the different directions of 
emission and its state of polarization for each direction will be the 
same as that for a classical electric dipole of moment equal to the 
real part of («’|D|«”). To interpret this rate of emission of radiant 
energy as a transition probability, we must divide it by the quantum 
of energy of this frequency, namely hv, and call it the probability per 
unit time of this quantum being spontaneously emitted, with the 
atomic system simultaneously dropping to the state a” of lower 
energy. These assumptions of Heisenberg are justified by the present 
radiation theory, supplemented by the spontaneous transition theory 
of Chapter XT. 


49. Transitions caused by a Perturbation Independent of the 
Time 

The perturbation method of § 47 is still valid when the perturbing 

energy V does not involve the time ¢ explicitly. Since the total 

Hamiltonian H in this case does not involve ¢ explicitly, we could 

now, if desired, deal with the system by the perturbation method of 
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§ 46 and find its stationary states. Whether this method would be 
convenient or not would depend on what we want to find out about 
the system. If what we have to calculate makes an explicit reference 
to the time, e.g. if we have to calculate the wave function at one time 
when we are given its value at another time, the method of § 47 would 
be the more convenient one. 

Let us see what the result (20) for the transition probability 
becomes when V does not involve ¢ explicitly. The matrix element 
(«’|V |x") now varies with ¢ according to the Heisenberg law and thus 
its time integral is 

T T 
J @'IV 0") dt = (a'|V |a"), | e(T,-HMh dt 
0 0 
var, Cle HOT IA} 
= (a'|V [a yh’ 
provided H; ~ Hj. Thus the transition probability (20) becomes 
Pa’ax”) = |(a’|V x") [*[e8@ts-HO7 1 ett, 1) Hg — HG)? 
= 2|(a’|V |a”)|?[1— cos {(H,—H5)7'/h}|/(Hj>—H)*- (28) 

If 1; differs appreciably from Hj this transition probability is small 
and remains so for all values of 7’. This result is required by the law 
of the conservation of energy. The total energy H is constant and 
hence the proper-energy H, (i.e. the energy with neglect of the part 
V due to the perturbation), being approximately equal to H, must be 
approximately constant. This means that if H, initially has the 
numerical value Hj, at any later time there must be only a small 
probability of its having a numerical value differing considerably 
from H;. 

On the other hand, when the initial state a’ is such that there exists 
another state «” having the same or very nearly the same proper- 
energy H,, the probability of a transition to the final state «” may be 
quite large. The case of physical interest now is that in which there 
is a continuous range of final states «” having a continuous range of 
proper-energy levels Hj passing through the value Hj of the proper- 
energy of the initial state. The initial state must not be one of the 
continuous range of final states, but may be either a separate discrete 
state or one of another continuous range of states. We shall now have, 
remembering the rules of § 22 for the interpretation of probability 
amplitudes with continuous ranges of states, that, with P(a’a 
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having the value (28), the probability of a transition to a final state 
within the small range «” to a”+-d«" will be P(a’«”) dx” when the 
initial state «' is discrete and will be proportional to this quantity 
when a’ is one of a continuous range. 

We may suppose that the a’s describing the final state consist of 
H, itself together with a number of other dynamical variables 8, so 
that we have a representation like that of § 46 for the degenerate case. 
(The f’s, however, need have no meaning for the initial state a’.) We 
shall suppose for definiteness that the f’s have only discrete eigen- 
values. The total probability of a transition to a final state «” for 
which the f’s have the values 8” and H, has any value (there will be 
a strong probability of its having a value near the initial value 14) 
will now be (or be proportional to) 


J P(a'x") dH’ 


= 2 f Mo [VHB [1 — cos{(H,— Hy) T/A} \(Hy—H aH, (29) 


= 2Th-2 { [(o’ |V |, +-ha/ 7. B’)|2[1— cos x] /2? dx 


if one makes the substitution (H}—Hj)7/h = x. For large values of 
T this reduces to 


2 


2Th|(«' |V|Hi B")|* i} [1— cos x) /2? da 
ia = Qe Th\(a'|V|HiB")|2. (30) 


Thus the total probability up to time 7' of a transition to a final state 
for which the f’s have the values 8" is proportional to 7'. There is 
therefore a definite probability coefficient, or probability per unit 
time, for the transition process under consideration, having the value 

ah *| (a |V | 6B") /?. (31) 
Tt is proportional to the square of the modulus of the matrix element, 
associated with this transition, of the perturbing energy. 

In order that the approximations used in deriving (30) may be 
valid, the time 7 must be not too small and not too large. It must 
be large compared with the periods of the atomic system in order that 
the evaluation of the integral (29) leading to the result (30) may be 
correct, while it must not be excessively large or else the general 
formula (20) will break down. In fact one could make the probability 
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(30) greater than unity by taking 7 large enough. The upper limit 
to 7' is fixed by the condition that the probability (20) or (30) must 
be small compared with unity. There is no difficulty in 7’ satisfying 
both these conditions simultaneously provided the perturbing energy 
V is sufficiently small. 


50. The Anomalous Zeeman Effect 


One of the simplest examples of the perturbation method of § 46 is 
the calculation of the first-order change in the energy-levels of a 
general atom caused by a uniform magnetic field. The problem of a 
hydrogen atom in a uniform magnetic field has already been dealt 
with in § 43 and was so simple that perturbation theory was un- 
necessary. The case of a general atom is not much more complicated 
when we make a few approximations such. that we can set up a simple 
model for the atom. 

We first of all consider the atom in the absence of the magnetic 
field along the lines indicated in § 44 and look for angular momenta 
that are constants of the motion, The total angular momentum of 
the atom, the vector j say, is certainly a constant of the motion. This 
angular momentum may be regarded as the sum of two parts, the 
total orbital angular momentum of all the electrons, 1 say, and the 
total spin angular momentum, s say. Thus we have j = 14-s. Now 
the effect of the spin magnetic moments on the motion of the electrons 
is small compared with the effect of the Coulomb forces and may be 
neglected as a first approximation. With this approximation the spin 
angular momentum of each electron is a constant of the motion, there 
being no forces tending to change its orientation. Thus s, and hence 
also 1, will be constants of the motion. We now have the three con- 
stant angular momenta I, s, and j, related in the same way as the 
m, vw, and M of §44. The magnitudes, J, s, and j say, of these angular 
momenta will be given by 


LM = (E+E +E+He)! 
8-+Hi = (92-+83-4+82-+ He)! 
j+M = (F455 +92+H"), 
corresponding to equation (12) of Chapter VII, and from (36) of 


that chapter we see that with given numerical values for / and s the 
possible numerical values for j are 


l+s, l+s—h, .., |l—s|. 
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Let us consider a stationary state for which 1, s, and j have definite 
numerical values in agreement with the above scheme. The energy of 
this state will depend on /, but one might think that with neglect 
of the spin magnetic moments it would be independent of s, and also 
of the direction of the vector s relative to 1, and thus of j. It will 
be found in Chapter X, however, that the energy depends very much 
on the magnitude s of the vector s, although independent of its 
direction when one neglects the spin magnetic moments, on account 
of certain phenomena arising from the fact that the electrons are 
indistinguishable one from another. There are thus different energy- 
levels of the system for each different value of J and s. This means 
that J and s are functions of the energy, according to the general 
definition of a function given in § 11, since the J and s of a stationary 
state are fixed when the energy of that state is fixed. 

We can now take into account the effect of the spin magnetic 
moments, treating it as a small perturbation according to the method 
of §46. The energy of the unperturbed system will still be approxi- 
mately a constant of the motion and hence / and s, being functions 
of this energy, will still be approximately constants of the motion. 
The directions of the vectors 1 and s, however, not being functions 
of the unperturbed energy, need not now be approximately constants 
of the motion and may undergo large secular variations. Since the 
vector j is constant, the only possible variation of 1 and s is a pre- 
cession about the vector j. We thus have an approximate model of 
the atom consisting of the two vectors 1 and s of constant lengths 
precessing about their sum j, which is a fixed vector. The energy is 
determined mainly by the magnitudes of 1 and s and depends only 
slightly on their relative directions, specified by j. Thus states with 
the same / and s and different j will have only slightly different 
energy-levels, forming what is called a multiplet term. 

Let us now take this atomic model as our unperturbed system and 
suppose it to be subjected to a uniform magnetic field of magnitude # 
in the direction of the z-axis. The extra energy due to this magnetic 
field will consist of a term 


eF#/2me .(m,--he,), (32) 


like the last term in equation (34) of Chapter VII, contributed by 
each electron, and will thus be altogether 


e##/2me. > (m,+-he,) = eF#/2mce. (l,4-28,) = eF#/2mce.(j,+-8,). (33) 
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This is our perturbing energy V. We shall now use the method of 
§ 46 to determine the changes in the energy-levels caused by this V. 
The method will be legitimate only provided the field is so weak that 
V is small compared with the energy differences within a multiplet. 

Our unperturbed system is degenerate, on account of the direction 
of the vector j being undetermined. We must therefore take, from 
the representative of V in a Heisenberg representation for the un- 
perturbed system, those matrix elements that refer to one particular 
energy-level for their row and column, and obtain the eigenvalues of 
the matrix thus formed. We can do this best by first splitting up V 
into two parts, one of which is a constant of the unperturbed motion, 
so that its representative contains only matrix elements referring to 
the same unperturbed energy-level for their row and column, while 
the representative of the other contains only matrix elements referring 
to two different unperturbed energy-levels for their row and column, 
so that this second part does not affect the first-order perturbation. 
The term involving j, in (33) is a constant of the unperturbed motion 
and thus belongs entirely to the first part. For the term involving 
8, we have 


8,(92 +52 +-92) = Jx(SeJet+SyJytScI2)+ (8eIa—Je8x)j2t (SJ y—Je8y)dy 
or 


geil jG4%* 


where 


A j(G+h)— Kl-+-h)-+-8(s-+-h)]— [Yyj2— Vedul (34) 


IG Fh) 
Yn = SeJy—Is Sy = 85ly—l, 8y = 1, 8,—l, 8, (35) 
Yu = IJs82—Sedu = 1,8,—8,1, = 1,8,—l,8,. 
The first term in this expression for s, is a constant of the unperturbed 
motion and thus belongs entirely to the first part, while the second 
term, as we shall now see, belongs entirely to the second part. 

Corresponding to (35) we can introduce 

Y= 1, 8,—ly 8 
It can now easily be verified that 
IeVatle Vet inVe =0 

(52 %2] = Yy (5. Yu] Fa ee [Ses yz] = 0. 
These relations are of the same form as the relations (3), (4), and (5) 
of Chapter VII, so that our y,, y,, y, are connected with the angular 
momentum j in the same way in which the 2, y, z of Chapter VII 


were connected with the angular momentum m. We can thus take 
3595 14 Bb 


and that 
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over the analysis of § 42, in which the condition was obtained for the 
non-vanishing of a matrix element of x, y, or z in a representation 
in which & is diagonal. We find in this way that the only non- 
vanishing matrix elements of y,, y, and y, in a representation in 
which 7 is diagonal are those referring to transitions in which j 
changes by +4. The coefficients of y, and y, in the second term on 
the right-hand side of (34) commute with j, so that the representative 
of the whole of this term will contain only matrix elements referring 
to transitions in which j changes by -+-#, and thus referring to two 
different energy-levels of the unperturbed system. 

Hence the perturbing energy V becomes, when we neglect that 
part of it whose representative consists of matrix elements referring 
to two different unperturbed energy-levels, 

cH fy jG-+h)—UL+h)-+0(8-+h) 

a a C2) ~ 
The eigenvalues of this give the first-order changes in the energy- 
levels. We can make the representative of this expression diagonal 
by choosing our representation such that j, is diagonal, i.e. by taking 
the basic states to be spacially quantized in the z-direction. The 
expression (36) then gives us directly the first-order changes in the 
energy-levels caused by the magnetic field. This expression is known 
as Landé’s formula. 

The result (36) holds only provided the perturbing energy V is small 
compared with the energy differences within a multiplet. For larger 
values of V a more complicated theory is required. For very strong 
fields, however, for which V is large compared with the energy differ- 
ences within a multiplet, the theory is again very simple. We may 
now neglect altogether the energy of the spin magnetic moments for 
the atom with no external field, so that for our unperturbed system 
the vectors 1 and s themselves are constants of the motion, and not 
merely their magnitudes / and s. Our perturbing energy V, which is 
still e//2mc.(j,+-s,), is now a constant of the motion for the unper- 
turbed system, so that its eigenvalues give directly the changes in the 
energy-levels. These eigenvalues are integral or half-odd integral 
multiples of e#h/2me according to whether the number of electrons 
in the atom is even or odd. 


Ix 


COLLISION PROBLEMS 
51. General Remarks 


In this chapter we shall investigate problems connected with a 
particle which, coming from infinity, encounters or ‘collides with’ 
some atomic system and, after being scattered through a certain 
angle, goes off to infinity again. The atomic system which does the 
scattering we shall call, for brevity, the scatterer. We thus have a 
dynamical system composed of an incident particle and a scatterer 
interacting with each other, which we must deal with according to 
the laws of quantum mechanics, and for which we must, in particular, | 
calculate the probability of scattering through any given angle. This 
problem was first solved by Born by a method substantially equiva- 
lent to that of the next section. We must take into account the 
possibility that the scatterer, considered as a system by itself, may 
have a number of different stationary states and that if it is initially 
in one of these states when the particle arrives from infinity, it may be 
left in a different one when the particle goes off to infinity again. The 
colliding particle may thus induce transitions in the scatterer. 

The Hamiltonian for the whole system of scatterer plus particle 
will not involve the time explicitly, so that this whole system will 
have stationary states represented by simply-periodic solutions of 
Schrédinger’s wave equation. The meaning of these stationary states 
requires a little care to be properly understood. It is evident that 
for any state of motion of the system the particle will spend nearly all 
its time at infinity, so that the time average of the probability of the 
particle being in any finite volume will be zero. Now for a stationary 
state the probability of the particle being in a given finite volume, 
like any other result of observation, must be independent of the time, 
and hence this probability will equal its time average, which we have 
seen is zero. We shall thus be interested only in the relative proba- 
bilities of the particle being in different finite volumes, their absolute 
values being all zero. Mathematically we have that if the % repre- 
senting a stationary state is normalized correctly for physical inter- 
pretation, i.e. such that dy = 1, and if we let Q denote that observable 
(which is a certain function of the position of the particle) that is 
equal to unity if the particle is in a given finite volume and zero 
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otherwise, then dG = 0, meaning that the average value of Q, i.e. the 
probability of the particle being in the given volume, is zero. It would 
therefore be more convenient for us to denote the stationary state 
by a % normalized to infinity, ie. for which ¢y = 0, the infinity 
being such as to make /Q¢ finite. This finite 4Qy% would then give the 
relative probability of the particle being in the given volume. 

In picturing a state of a system represented by a % which is not 
normalized correctly for physical interpretation, but for which ¢y = n 
say, it may be convenient to suppose that we have m similar systems 
all occupying the same space but with no interaction between them, 
so that each one follows out its own motion independently of the 
others, as we had in the theory of the Gibbs ensemble in § 37. We can 
then interpret ¢ays, where « is any observable, directly as the total 
« for all the m systems. In applying these ideas to the above-men- 
tioned % normalized to infinity, representing a stationary state of the 
system of scatterer plus colliding particle, we should picture an in- 
finite number of such systems with the scatterers all located at the 
same point and the particles distributed continuously throughout 
space. The number of particles in a given finite volume would be 
pictured as Quy, Q being the observable defined above, which has the 
value unity when the particle is in the given volume and zero other- 
wise. If the ys is represented by a Schrédinger wave function involving 
the Cartesian coordinates of the particle, then the square of the modu- 
lus of the wave function could be interpreted directly as the density 
of particles in the picture. One must remember, however, that each 
of these particles has its own individual scatterer. Different particles 
may belong to scatterers in different states. There will thus be one 
particle density for each state of the scatterer, namely, the density 
of those particles belonging to scatterers in that state. This is taken 
account of by the wave function involving variables describing the 
state of the scatterer in addition to those describing the position of 
the particle. 

For determining scattering coefficients we have to investigate 
stationary states of the whole system of scatterer plus particle. For 
instance, if we want to determine the probability of scattering in 
various directions when the scatterer is initially in a given stationary 
state and the incident particle has initially a given velocity in a given 
direction, we must investigate that stationary state of the whole 
system whose picture, according to the above method, contains at 
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great distances from the point of location of the scatterers only 
particles moving with the given initial velocity and direction and 
belonging each to a scatterer in the given initial stationary state, 
together with particles moving outward from the point of location 
of the scatterers and belonging possibly to scatterers in various 
stationary states. This picture corresponds closely to the actual state 
of affairs in an experimental determination of scattering coefficients, 
with the difference that the picture really describes only one actual 
system of scatterer plus particle. The distribution of outward moving 
particles at infinity in the picture gives us immediately all the infor- 
mation about scattering coefficients that could be obtained by experi- 
ment. For practical calculations about the stationary state described 
by this picture one may use the perturbation method of § 46, taking 
as unperturbed system, for example, that for which there is no inter- 
action between the scatterer and particle. 

In dealing with collision problems, a further possibility to be taken 
into consideration is that the scatterer may perhaps be capable of 
absorbing and re-emitting the particle. This possibility arises when 
there exists one or more states of absorption of the whole system, a 
state of absorption being an approximately stationary state which 
is closed in the sense of § 40 (ie. for which the probability of 
the particle being at a greater distance than r from the scatterer 
tends to zero as r-> 0). Since a state of absorption is only approxi- 
mately stationary, its property of being closed will be only a transient 
one, and after a suflicient lapse of time there will be a finite probability 
of the particle being on its way to infinity. Physically this means 
there is a finite probability of spontaneous emission of the particle. 
The fact that we had to use the word ‘approximately’ in stating the 
conditions required for the phenomena of emission and absorption to 
be able to occur shows that these conditions are not expressible in 
exact mathematical language. One can give a meaning to these 
phenomena only with reference to a perturbation method. They 
oceur when the unperturbed system (of scatterer plus particle) has 
stationary states that are closed. The introduction of the perturbation 
now spoils the stationary property of these states and gives rise to 
spontaneous emission and its converse absorption. 

For calculating absorption and emission probabilities it is necessary 
to deal with non-stationary states of the system, in contradistinction 
to the case for scattering coefficients, so that the perturbation method 
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of §47 must be used. Thus for calculating an emission coefficient 
we must consider the non-stationary states of absorption described 
above. Again, since an absorption is always followed by a re-emission, 
it cannot be distinguished from a scattering in any experiment in- 
volving a steady state of affairs, corresponding to a stationary state 
of the system. The distinction can be made only by reference to a 
non-steady state of affairs, e.g. by use of a stream of incident particles 
that has a sharp begining, so that the scattered particles will appear 
immediately after the incident particles meet the scatterers, while 
those that have been absorbed and re-emitted will begin to appear 
only some time later. This stream of particles would then be the 
picture of a certain non-stationary ¥, normalized to infinity, which 
could be used for calculating the absorption coefficient. 


52. The Scattering Coefficient 
We shall now consider the calculation of scattering coefficients, taking 
first the case when there is no absorption and emission, which means 
that our unperturbed system has no closed stationary states. We 
may conveniently take this unperturbed system to be that for which 
there is no interaction between the scatterer and particle. Its 
Hamiltonian will thus be of the form 

Ay — H,+- W, (1) 
where H, is that for the scatterer alone and W that for the particle 
alone, namely, with neglect of relativistic variation of mass with 
rik W = 1/2m. (p2+-p3+9?). (2) 
The perturbing energy V, assumed small, will now be a function of 
the Cartesian coordinates of the particle a, y, z, and also, perhaps, 
of its momenta p,, p,, p,, together with dynamical variables describ- 
ing the scatterer. 

Since we are now interested only in stationary states of the whole 
system, we can use the perturbation method of §46. Our unper- 
turbed system now necessarily has a continuous range of energy- 
levels, since it contains a free particle, and this gives rise to certain 
modifications in the perturbation method. The question of the change 
in the energy-levels caused by the perturbation, which was the main 
question of § 46, no longer has a meaning, and the convention in § 46 
of using the same number of primes to denote nearly equal eigen- 
values of H, and H now drops out. Again, the splitting of energy- 
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levels which we had in § 46 when the unperturbed system is degenerate 
cannot now arise, since if the unperturbed system is degenerate the 
perturbed one, which must also have a continuous range of energy- 
levels, will also be degenerate to exactly the same extent. 

We again use the general scheme of equations developed at the 
beginning of § 46, equations (1) to (4) there, but we now take our 
unperturbed stationary state forming the zero-order approximation 
to belong to an energy-level H; just equal to the energy-level H’ of 
our perturbed stationary state. We put Hj = H’ = # say. Thus 
the a’s introduced in the second of equations (3) § 46 are now all zero 
and the second of equations (4) there now reads 


{E —Hy}Yf, = Vito. (3) 
Similarly, the third of equations (4) §46 now reads 
{B— Hobo = Vy. (4) 


We shall proceed to solve equation (3) and to obtain the scattering 
coefficient to the first order. We shall need equation (4) later. 

Let « denote a complete set of commuting observables describing 
the scatterer, which are constants of the motion when the scatterer is 
alone and may thus be used for labelling the stationary states of the 
scatterer, This requires that H, shall commute with the a’s and be 
a function of them. We can now take a representation of the whole 
system in which the «’s and x, y, z, the coordinates of the particle, 
are diagonal. This will make H, diagonal. Let 4 be represented by 
(xa|0) and ys, by (xa]1), the single variable x being written in the 
wave function to denote x, y, z. In the same way the single differ- 
ential dx will be written to denote the product dadydz. Equation (3), 
written in terms of representatives, becomes, with the help of (1) 
and (2), 

{H—H,(a!) +-H?/2m.V?}(xa!|1) =  f (Ka |V|x"a") Ax” (x"a"|0). (5) 

a 
Suppose that the incident particle has the momentum p® and that 
the initial stationary state of the scatterer is «°. The stationary state 


yo of our unperturbed system is now the one for which p = p® and 
a == «, and hence its representative is of the form 


(Xa|0) Sos 8.90 CP mA, (6) 
This makes equation (5) reduce to 
{2—H,(«’) +h? /2m. V?}(Xa" {Lie J (xa’|V |x%Q) dx? eilP’ xh 
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or {k?+4-V?}(xa’|1) = F, (7) 
where Kk? = 2mi-*{ H—H,(«’)} (8) 


and F = 2mi~* i} (Xa’ |V |x) dx? efx" (9) 


a definite function of x, y, z, and «’. We must also have 
E = Hy, = Hyo°)+-p%/2m. (10) 
Our problem now is to obtain a solution (x«’|1) of (7) which, for 
values of 2, y, 2 denoting points far from the scatterer, represents 
only outward moving particles. The square of its modulus, |(X«’|1)|?, 
will then give the density of scattered particles belonging to scatterers 
in the state a’ when the density of the incident particles is |(xa®{0)|?, 
which is unity. If we transform to polar coordinates r, 0, 4, equation 


(7) gi 
a. C2) L id 
2 SUM ar Ue ene oe 

ae +5 {+2 tesa 9 20" in 05+ teint 3) 1) ea 
Now Ff must tend to zero as r->0o, on account of the physical re- 
quirement that the interaction energy between the scatterer and 
particle must tend to zero as the distance between them tends to 
infinity. If we neglect F in (11) altogether, an approximate solution 


for large r is (rOqbx’|1) = w(Ogpor’ rere, (12) 


where w is an arbitrary function of @, 4 and a’, since this expression 
substituted in the left-hand side of (11) gives a result of order r-*. 
When we do not neglect F, the solution of (11) will still be of the 
form (12) for large r, provided F' tends to zero sufficiently rapidly as 
r -> co, but the function w will now be definite and determined by the 
solution for smaller values of r. 

For values «’ of the «’s such that £*, defined by (8), is positive, the 
k in (12) must be chosen to be the positive square root of k*, in order 
that (12) may represent only outward moving particles, i.e. particles 
for which the radial component of momentum p,, represented by 
—ihé/ér when it operates to the right, has a positive value. We now 
have that the density of scattered particles belonging to scatterers in 
state «’, equal to the square of the modulus of (12), falls off with 
increasing 7 according to the inverse square law, as is physically 
necessary, and their angular distribution is given by |w(0¢q’)|?. 
Further, the magnitude, P’ say, of the momentum of these scattered 
particles must equal kh, to make the exponential in (12) of the 
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form et, so that their energy is equal to 

PP? RR * PR ci 

a— = ~—— = E-H,(0’) = O,(o°)— H,(«') + 5 


2m 2m 
with the help of (8) and (10). This is just the energy of an incident 
particle, namely p%/2m, reduced by the increase in energy of the 
scatterer, namely H,(«')—H,(o°), in agreement with the law of con- 
servation of energy. For values «’ of the «’s such that i is negative 
there are no scattered particles, the total initial energy being insuffi- 
cient for the scatterer to be left in the state a’. 

We must now evaluate u(0¢a’) for a set of values a’ for the «’s such 
that k* is positive, and obtain the angular distribution of the scattered 
particles belonging to scatterers in state «’. It is sufficient to evaluate 
u for the direction @ = 0 of the pole of the polar coordinates, since 
this direction is arbitrary. We make use of Green’s theorem, which 
states that for any two functions of position A and B the volume 
integral { (AV?B—BV?2A)dx taken over any volume equals the 
surface integral | (A@B/én— BaA/én) dS taken over the boundary of 
the volume, @/2n denoting differentiation along the normal to the 
surface, We take 

A = e~troos B = (rO¢a'|1) 
and apply the theorem to a large sphere with the origin as centre. 
The volume integrand is thus 


e- thr eos O72 (rdhex’ |1) — (rOqhax’ |1)V2e- ter e089 
= e-throos6(72_4 2)(rOga' |1) = e~ hres F 
from (7) or ri while the surface iets is, with the help of (12), 


e-throonp © Bp (7 Ob" |1)— (rhax’ |1) — 2 ¢-ikroosd 
= e-ttrenndy = at 3 aa — eri; cos 0 e— thr 0088 


= ikur—(1-+-cos A)ettrt1—c08 6) 
with neglect of r-*. Hence we get 


27 7 
f eros dx = [ dg J r2sin 6 dO. iker-1(1-+-008 Bete 
1) 0° 


= thr [ag i} dy .u(Odx’)(2—y)e*"”, 
0 0 


3595 14 ce 
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where y = 1—cos@, the volume integral on the left being taken over 
the whole of space. The right-hand side becomes, on being integrated 
by parts with respect to y, 


f dg {Lee(oa’)(2—)er-5 — | dy cry 3 [w(2a2—y)]}. 


The second term in the { } brackets is of the order of magnitude of 
r-1, as would be revealed by further partial integrations, and may 
therefore be neglected. We are thus left with 


[ etiromop dx = —2 [ ap-u(Opa’) = —dmru( fa’), 
o 


giving the value of u(84a’) for the direction 0 = 0. 
This result may be written 


u(Opa’) = —(47)— e-iPrcos ih P dx, (13) 


since P’ = kh. If the vector p’ denotes the momentum of the scattered 
electrons coming off in a certain direction (and is thus of magnitude 
P’), the value of u for this direction will be 


u(6'$'a’) = —(47)1 f e~ iP ~Ih F dx, 


as follows from (13) if one takes this direction to be the pole of the 
polar coordinates. This becomes, with the help of (9), 


1u(6'$'a") = —(2n)-tmii-* ff eth Ax (xa"|V fxn?) Ax? efx 


= —2rmh(p'a’|V |p"), (14) 
when one makes a transformation from the coordinates x to the 
momenta p of the particle, using the transformation function (43) 
of Chapter V. The single letter p is here used to denote the three 
components of momentum. 

The density of scattered particles belonging to scatterers in state 
a’ is now given by |u(0’¢’a’)|*/r?. Since their velocity is P’/m, the 
rate at which these particles appear per unit solid angle about the 
direction of the vector p’ will be P’/m.|u(6’¢’a’)|*. The density of 
the incident particles is, as we have seen, unity, so that the number 
of incident particles crossing unit area per unit time is equal to their 
velocity P°/m, where P° is the magnitude of p®. Hence the effective 
area that must be hit by an incident particle in order to be scattered 
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in a unit solid angle about the direction p’ and then belong to a 
scatterer in state a’ will be 

P’/P®,\u(0'd'a’) |? = 40°m*h? P’/P°.|(p’a’ | V [p°a°)|*. (15) 
This is the scattering coefficient for transitions «° > a’ of the scatterer. 
It depends on that matrix element (p‘a’|V|p%«°) of the perturbing 
energy V whose column pa? and whose row p’a’ refer respectively to 
the initial and final states of the unperturbed system, between which 
the scattering transition process takes place. The result (15) is thus 
in some ways analogous to the result (20) or (21) of Chapter VIII, 
although the numerical coefficients are different in the two cases, 
corresponding to the different natures of the two transition processes. 


53. Solution with the p-Representation 


The result (15) for the scattering coefficient makes a reference only 
to that representation in which the momentum p is diagonal. One 
would thus expect to be able to get a more direct proof of the result 
by working all the time in the p-representation, instead of working 
in the x-representation and transforming at the end to the p-repre- 
sentation, as was done in § 52. This would not at first sight appear 
to be a great improvement, as the lack of directness of the x-repre- 
sentation method is offset by its greater ‘Anschaulichkeit’, it being 
possible to picture the square of the modulus of the x-representative 
of a state as the density of a stream of particles in process of being 
scattered. The x-representation method has, however, other more 
serious disadvantages. One of the main applications of the theory 
of collisions is to the case of photons as incident particles. Now a 
photon is not a simple particle but has a polarization. It is evident 
from classical electromagnetic theory that a photon with a definite 
momentum, i.e. one moving in a definite direction with a definite 
frequency, may have a definite state of polarization (linear, circular, 
ete.), while a photon with a definite position, which is to be pictured 
as an electromagnetic disturbance confined to a very small volume, 
cannot have any definite polarization. These facts mean that the 
polarization observable of a photon commutes with its momentum 
but not with its position. This results in the p-representation method 
being immediately applicable to the case of photons, it being only 
necessary to introduce the polarizing variable into the representatives 
and treat it along with the «’s describing the scatterer, while the 
x-representation method is not applicable. Further, in dealing with 
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photons, it is necessary to take the relativistic variation of mass with 
velocity into account. This can easily be done in the p-representation 
method, but not so easily in the x-representation method, 
Equation (3) still holds when the relativistic variation of mass with 
velocity is taken into account for the particle, but W is now given by 
W2/ct = mec? P? = mec?-+-pi+-pi+p3 (16) 
instead of by (2). Written in terms of p-representatives, equation (3) 
becomes 
{B—H,{x')—W}(px'|1) = ¥ | (Pa’|V p’a") dp" (p"a"|0), 


W being here understood as a definite function of p,, p,, p, given by 
(16). This may be written 
{W’—W}(po'|1) = ¥ [ (pa’|V|p"a") dp" (p’a"|0), (17) 
where W' = E—H,(a’) (18) 
and is the energy required by the law of conservation of energy for 
a scattered particle belonging to a scatterer in state a’. The p-repre- 
sentative of 4, obtained by transforming (6) with the transformation 
function (43) of Chapter V, is 
(pa}0) ar WB. 5(p—p"), (19) 
as may be verified most easily by transforming this back to the 
x-representation. The 5(p—p°) means the product 
8(p,—P2)5(py—P9)3(p.— Pp). 
Equation (17) now becomes 
{W’—W}(pa' |1) = 2*(pa’ |V |p%a). (20) 
We now make a canonical transformation from the Cartesian co- 
ordinates p,, p,, p, of p to its polar coordinates P, w, x, given by 
Pp, = Pcosw Py = Psinwcos x p, = Psinwsin x. 
If in the new representation we take the weight function P?sinw, 
then the weight attached to any volume of p-space will be the same 
as in the previous p-representation, so that the canonical transforma- 
tion will mean simply a relabelling of the rows and columns of the 
matrices without any alteration of the matrix elements or of the 
coordinates representing a state. Thus (20) will become in the new 
representation 
{W’—W}(Pwxea'|1) = hi(Pwya’|V | Pwx°a"), (21) 
W being now a function of the single variable P. 
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The coefficient of (Pwya'|1), namely {W’—W}, is now simply a 
multiplying factor and not a differential operator as it was with the 
x-representation method. We can therefore divide out by this factor 
and obtain an explicit expression for (Pwy-x’|1). When, however, «’ 
is such that W’, defined by (18), is greater than mc?, this factor will 
have the value zero for a certain point in the domain of the variable 
P, namely the point P = P’, given in terms of W’ by (16). The 
function (Pwy«’|1) will then have a singularity at this point. This 
singularity shows that (Pwya’|) represents an infinite number of 
particles moving about at great distances from the scatterers with 
energies indefinitely close to W’ and it is therefore this singularity 
that we have to study to get the angular distribution of the particles 
at infinity. 

The result of dividing out (21) by the factor {W’— W} is 
(Pwyxa’|1) = h8( Pwxe’ |V | Pwxx)/{W’ — W}-+-A(wyxea’)d(W’— W), 

oe (22) 

where A is an arbitrary function of w, y and «’, since when an arbi- 
trary multiple of 6(W’—W) is multiplied by W’—W the product will 
vanish. To give a meaning to the first term on the right-hand side 
of (22), we make the convention that its integral with respect to P 
over a range that includes the value P’ is the limit when « > 0 of 
the integral when the small domain P’—e to P’+-e is excluded from 
the range of integration. This is sufficient to make the meaning of (22) 
precise, since we are interested effectively only in the integrals of the 
representatives of states when the representation has continuous 
ranges of rows and columns. We see that equation (21) is inadequate 
to determine the representative (Pwya’|1) completely, on account 
of the arbitrary function A occurring in (22). We must choose this » 
such that (Pwya’|1) represents only outward moving particles, since 
we want the only inward moving particles to be those represented 
by (19). 

Let us take first the general case when the representative (Pwy|) 
of a state of the particle satisfies an equation of the type 


{(W’—W}(Pax}|) = f(Pxx), (23) 
where f(Pwyx) is any function of P, w and x, and W’ is a number 
greater than mc*, so that (Pw |) is of the form 

(Pwx|) = f(Pwx)/{W’—W}+X(wx)(W’—W), (24) 
and let us determine now what A must be in order that (Pwx|) may 
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represent only outward moving particles. We can do this by trans- 
forming (Pwx|) to the x-representation, or rather the (r@¢)-repre- 
sentation, and comparing it with (12) for large values of r. The 
transformation function is 


(r04|Pwx) = h-te*? 0h — },-IeiPricoswcos 9 +sinwsin 9 cos(y—d)yh 
For the direction @ = 0 we find 


(r0d|) = h-8 [Pp dP Fae fined ef Pros wh Payy|) 


nes frer fal (agree 


s ows eae Zo (Paxl)}. 


The second term in the { } brackets is of iuaik r~*, as may be verified 
by further partial integrations with respect to w, and can therefore 
be neglected. We are left with 


(r0$)) = thar) f PAP [dy {e-"(Pax|)—e*"(Pox))} 


= th- | P dP {e-*P( Parry |)—e! Pr" (POX |)}. (25) 
0 


When we substitute for (Pwy|) its value given by (24), the first 
term in the integrand in (25) gives 


th-tr [pe dP e~*Pritf f( Pary)/(W' — W)+-A(zx)5(W'— W)}. (26) 


The term involving 5(W’—W) here may be integrated immediately 
and gives, when one uses the relation PdP = WdW/c?, which 
follows from (16), 


ih-te-27 1 i} W dW e-‘Prit(7y)8(W'— W) 
mec 
= ther W'X(ary)eP®, (27) 


To integrate the other term in (26) we use the formula that 


form cp aP = GP’) [ez 


—iPrih 
= 3 aP, (28) 


§ 53 SOLUTION WITH THE p-REPRESENTATION 199 
with neglect of terms involving r—, for any continuous function g(P), 


which formula holds since fK (P)e-Prit dP is of order r-* for any 
0 


continuous function K(P) and since the difference 

9(P)/(P'—P)—g( P’)|(P’—P) 
is continuous. The right-hand side of (28), when evaluated with 
neglect of terms involving r-!, and also with neglect of the small 
domain P’—¢ to P’+-¢ in the domain of integration, gives 


i) 


- —~iPrih 
g(P’) f pe peP =9(P'ePmm { 


ei’—Pwrih 


P 
P’—P 


—-o 
ao 


ae ig( P’)e-tPrit | sin( P’— P)r/h 


= ing(P’)eP'™, (29) 
ap dP = ing(P’) ( 


In our present example g(P) is 
YP) = ihr P f( Pryx)(P’— P)|(W'—W), 
which has the limiting value when P = P’, 
g(P') = thr Pf P’ryx)W' | P’c? = th-tc27r Wf P' 7x). 
Substituting this in (29) and adding on the expression (27), we obtain 
the following value for the integral (26) 


h-te*r-1W"{ —ar f(P’orx)-+iX(ax)jetP (30) 
Similarly the second term in the integrand in (25) gives 
h-te*r-1 W'{ —a f( P’0x)—ir(Ox)je™. (31) 


The sum of these two expressions is the value of (r0¢|) when r is large. 
We require that (r0¢|) shall represent only outward moving 

particles, and hence it must be of the form of a multiple of e'””"". 
Thus (30) must vanish, so that 

A(x) = —inf(P'rx). (32) 
We see in this way that the condition that (r0¢|) shall represent only 
outward moving particles in the direction @ = 0 fixes the value of 
A for the opposite direction 6 = 7. Since the direction § = 0 or 
« = 0 of the pole of our polar coordinates is not in any way singular, 
we can generalize (32) to 

wx) = —inf(P’wx), (33) 
which gives the value of X for an arbitrary direction. This value 
substituted in (24) gives a result that may be written 


(Pwx|) = f(Pwx){1/(W’ —W)—ind8(W’—W)}, (34) 
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since one can substitute P’ for P in the coefficient of a term involving 
8(W’— W) as a factor without changing the value of the term. The 
condition that (Pw x|) shall represent only outward moving particles is 
thus that it shall contain the factor 
{1/(W’— W)—iw8(W’— W)}. (35) 
It is interesting to note that this factor is of the form of the right- 
hand side of equation (17) of Chapter IV. 
With A given by (33), expression (30) vanishes and the value of 
(r0¢|) for large r is given by expression (31) alone, thus 
(r0¢|) = —2ah-tc*r1 W'f(P’0x et, 
This may be generalized to 
(r0p|) = —2rh-tc*r W'f(P’wx)eP™, 
giving the value of (r#¢|) for any direction 0, ¢ in terms of f(P’w ) 
for the same direction labelled by w, x. This is of the form (12) with 
u(Od) = —2rh-tc W'f( P’wy) 
and thus represents a distribution of outward moving particles of 
momentum P’ whose number is 


or 4 aa e ; : 
per unit solid angle per unit time. This distribution is the one repre- 
sented by the (Pw |) of (34). 

From this general result we can infer that, whenever we have a 
representative (Pw x|) representing only outward moving particles 
and satisfying an equation of the type (23), the number per unit solid 
angle per unit time of these particles is given by (36). If this (Pw |) 
occurs in a problem in which the number of incident particles is one 
per unit volume, it will correspond to a scattering coefficient of 
amount + pr 

4° WW’ P htc 

apo — \f(P’ex)?. (37) 
It is only the value of the function f( Pw x) for the point P = P’ that 
is of importance. 

If we now apply this general theory to our equations (21) and (22), 


wekaxe f(Pwx) = h(Parxal [V| Pow xd). 
Hence from (37) the scattering coefficient is 
47h? WW’ P’/c4 P®. |(P’ wa’ |V | P8w xa) |?. (38) 
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If one neglects relativity and puts W°W’/ct = m*, this result reduces 
to the result (15) obtained in the preceding section by means of 
Green’s theorem. 


54. Dispersive Scattering 


We shall now determine the scattering when the incident particle is 
capable of being absorbed, that is, when our unperturbed system of 
scatterer plus particle has closed stationary states with the particle 
absorbed. The existence of these closed states for the unperturbed 
system will be found to have a considerable effect on the scattering 
for the perturbed system, and indeed an effect that depends very 
much on the energy of the incident particle, giving rise to the pheno- 
menon of dispersion in optics when the incident particle is taken to 
be a photon. 

We use a representation for which the basic states are the station- 
ary states of the unperturbed system, as was the case for the p-repre- 
sentation of the preceding section. We take these stationary states 
to be the states ¥s(p’a’) for which the particle has a definite momentum 
p’ and the scatterer is in a definite state «’, together with the closed 
states, yi, say, which form a separate discrete set, and assume that 
these states are all independent and orthogonal. This assumption is 
probably not justifiable when the particle is an electron or atomic 
nucleus, since in this case for an absorbed state y, the particle will 
still certainly be somewhere, so that one would expect to be able to 
expand y), in terms of the eigen-y’s i(x’a’) of x, y, z, and the a’s, and 
hence also in terms of the (p‘«’). On the other hand, when the 
particle is a photon it will no longer exist for the absorbed states, 
which are then certainly independent of and orthogonal to the states 
Y(p’«’) for which the particle does exist. Thus the assumption is 
justified in this case, which is the important practical one. 

The representative of a state will now consist of a discrete set of 
numbers (/|) referring to the basic states ys, together with the three- 
dimensional continuous ranges of numbers (p’a’|) referring to the 
Y(p'«’), there being one such range for each set of values a’ for the 
«’s. Similarly, the matrices representing dynamical variables will now 
contain discrete rows and columns labelled by & together with con- 
tinuous ranges labelled by (p,a). Thus, for example, the matrix 
representing V, the perturbing energy, will have elements (k’|V |k”), 
(K’|V \p"x"), (p’a’|V|k"), and (p’a’|V |p"x"). 


3595.14 pd 
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Since we are concerned with scattering, we must still deal with 

stationary states of the whole system. We shall now, however, have 
to work to the second order of accuracy, so that we cannot use merely 
the first-order equation (3), but must use also (4), Equation (3) 
becomes, when written in terms of representatives in our present 
representation, 
(W’— W}(pa"|1) 

= J x'iV|p’a") dp’ (p’a"|0)+ ¥ (pa |V |k")(k"|0) 
{H—E,}(k\1) 

= f GV p’~") dp” (p"a"|0)+ ¥ (k|Vk")(k"|0), 
where W’ is the function of # and the «’’s given by (18) and £, is the 


energy of the stationary state ¥, of the unperturbed system. Similarly, 
equation (4) becomes 


{W’— W}(p-" |2) 
= J @x'IV p’a") dp’ (p"«"|1) + ¥ (pa’|V[k"(k"|) 


(39) 


40) 
(BB, \c2) 
= J f IV p’x") dp" (p’a"|1)-+ ¥ (LIV (kh). 
a 
The unperturbed stationary state yf, will now be represented by 
(Px|0) = A'5,.5(P—p®) — (K|0) = 9, (41) 
instead of merely by (19), so (39) reduces to 
{W’—W}(pa"|1) = h(pa’|V |p°a”) (42) 
{#— B,}(k|1) = i(k |V[p%?). (43) 


We may assume that the matrix elements (k’|V|k") of V vanish, 
since these matrix elements are not essential to the phenomena under 
investigation, and if they did not vanish it would mean simply that 
the absorbed states y,, had not been suitably chosen. We shall further 
assume that the matrix elements (p’a’|V |p’«”) are of the second order 
of smallness when the matrix elements (k’|V|p"«”), (p’a’|V|k”) are 
taken to be of the first order of smallness. This assumption will be 
justified for the case of photons in Chapter XI. We now have from 
(43) and (42) that (4{1) is of the first order of smallness, provided 
E does not lie near one of the discrete set of energy-levels £,, and 
(pa|1) is of the second order. The value of (pa|2) to the second order 
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will thus be given, from the first of equations (40), by 


{W’—W}(pa!'|2) = BF Y (pa'|Vk")(k"|V poo) KE —E,;}. 


The total correction to the second order, arising partly from (p«|1) 
and partly from (pa|2), therefore satisfies 


{W’— W}{(pa' |1)-+ (Pa |2)} 
= h{(pa’|V [p°a®) + p> (pa" |V |k)(&|V |p°a)/(Z— F;,)}. 


This equation is of the type (23), provided a’ is such that W’ > mc*, 
which means that «’ as a final state for the scatterer is not incon- 
sistent with the law of conservation of energy. We can therefore infer 
from the general result (37) that the scattering coefficient is 
2Woy’ Pp’ oy! 0,0) 42 
are eer > 
The scattering may now be considered as composed of two parts, 
a part that arises from the matrix element (p’«’|V |p°«°) of the per- 
turbing energy and a part that arises from the matrix elements 
(p’a’|V|k) and (&|V|p®.°). The first part, which is the same as our 
previously obtained result (38), may be called the true scattering. 
The second part may be considered as arising from an absorption of 
the incident particle into some state k, followed immediately by a 
re-emission in a different direction. The fact that we have to add 
the two terms before taking the square of the modulus denotes inter- 
ference between the two kinds of scattering. There is no experi- 
mental way of separating the two kinds, the distinction between 
them being only mathematical. 


55. Resonance Scattering 

Suppose the energy of the incident particle to be varied continuously 
while the initial state «° of the scatterer is kept fixed, so that the total 
energy H varies continuously. The formula (44) now shows that as 
E approaches one of the discrete set of energy-levels Z,,, the scattering 
becomes very large. In fact, according to formula (44) the scatter- 
ing should be infinite when Z is exactly equal to an #,. An infinite 
scattering coefficient is, of course, physically impossible, so that we 
can infer that the approximations used in deriving (44) are no longer 
legitimate when Z is close to an H,. To investigate the scattering in 
this case we must therefore go back to the exact equation 


{E— Hj ai Vp, 
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which is the same as (2) of Chapter VIII, and use a different method 
' of approximating to its solution. This exact equation, written in 
terms of representatives, becomes 
{W’—W}(pa"|) 
= | x’ p’x") dp" (p"a"|)-++ ¥ (pa’|V |k")(k"|) 


{E—-E,}(k|) = Py (|V p"a") dp” (p’a"|)+ > (RIV [k")(k" |). 


Let us take one particular #, and consider the case when Z£ is close 
to it. The large term in the scattering coefficient (44) now arises from 
those elements of the matrix representing V that lie in row k or in 
column k, i.e. those of the type (k|V|pa) or (pa|V|k). The scattering 
arising from the other matrix elements of V is of a smaller order of 
magnitude. This suggests that in our exact equations (45) we should 
make the approximation of neglecting all the matrix elements of V 
except the important ones, which are those of the type (pa’|V|k) or 
(k|V |pa’), where «’ is a state of the scatterer that has not too much 
energy to be disallowed as a final state by the law of conservation of 
energy. These equations then reduce to 


{W’—W}pe'|) = (pa’|V|k)(c!) 
{H—E,}(k\) = ¥ | (&|V po’) dp (pa |), 


the a’ summation being over those values of a’ for which W’ given 
by (18) is > mc*, These equations are now sufficiently simple for us 
to be able to solve exactly without further approximation. 
From the first of equations (46) we obtain by division 
(Pa’|) = (pa |V |k)(k|)/{W’— W}+-A8(W’— W). (47) 
We must choose A, which may be any function of the momentum 
p and a’, such that (47) represents the incident particles (19) together 
with only outward moving particles. [The right-hand side of (19), 
with «’ substituted for a, is actually of the form A5(W’— W), since the 
conditions «’ = «® and p = p® for this right-hand side not to vanish 
lead to W’ = E—H,(«') = E—H,(x°) = W® and W = W®, which 
together give W’ = W.] Thus (47) must be 
(Pa’|) = h85,-.°5(P—P°) + (pa' |V |k)(k|){1/(W’ — W)—ixd(W’— W)}, 
.-. (48) 
and from the general formula (37) the scattering coefficient will be 
4? WW’ P’/he* P®. |(p'a’ |V |k)|?| (|) *- (49) 


(45) 


(46) 
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It remains for us to determine the value of (k|). We can do this by 
substituting for (p«’|) in the second of equations (46) its value given 
by (48). This gives 


{H—E,}(k|) 
= MEV pa) +(e!) & f \e|V (po) 2(1/(W"—W)—in 5 W’— W)} dp 
= Ai(k|V |p%°)-+ (k|){a—id}, 
where a=> | \(k|V jpa’)|2 dp/(W’— W) (50) 
and b= n>] \(&|V [pa’)|?3(W’— W) dp 
=> fff \(k|V | Pwxa’)|?8(W2— W)P? dP sinw dwdy 
= 71> PW’ [ | 117 | P’oya’)/? sin w dad. (51) 


Thus (k|) = ANk|V |p%)/{H— E,—a-+ ib}. (52) 
Note that a and 6 are real and that 6 is positive. 

This value for (&|) substituted in (49) gives for the scattering 
coefficient 


deh? WOW’ P’ |(p’o’ |V |k)|2| (eV pa?) |? (53) 
ci Po (E—H,—aP+0 


One can obtain the total effective area that the incident particle 
must hit in order to be scattered anywhere by integrating (53) over 
all directions of scattering, i.e. by integrating over all directions of 
the vector p’ with its magnitude kept fixed at P’, and then summing 
over all «’ that are to be taken into consideration, i.e. for which 
W’ > me*. This gives, with the help of (51), the result 

4h? W° _b\(k|V |p%x)|? : (54) 

cP (H—E,—a)?+6? 

If we suppose Z to vary continuously through the value £,, the 
main variation of (53) or (54) will be due to the small denominator 
(2—H,,—a)?+-b*. If we neglect the dependence of the other factors 
in (53) and (54) on #, then the maximum scattering will occur when 
# has the value #,-+-a@ and the scattering will be half its maximum 
when £ differs from this value by an amount 6. The large amount of 
scattering that occurs for values of the energy of the incident particle 
that make # nearly equal to Z, give rise to the phenomenon of an 
absorption line. The centre of the line is displaced by an amount 
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a from the resonance energy of the incident particle, i.e. the energy 
which would make the total energy just Z,, while the quantity 6 is 
what is sometimes called the half-width of the line. 


56. Emission and Absorption 
For studying emission and absorption we must consider non- 
stationary states of the system and must use the perturbation method 
of §47. To determine the coefficient of spontaneous emission we must 
take an initial state for which the particle is absorbed, so that the 
representative of the state is 

(k|)}=1 (pal) = 0, 
and determine the probability that at some later time the particle _ 
shall be on its way to infinity with a definite momentum. The method 
of § 49 can now be applied. From the result (31) of that section we see 
that the probability per unit time per unit range of w and yx of the 
particle being emitted in any direction w’, x’ with the scatterer being 


left in state a’ is Qh" (k|V | W'ws' xa’) |, (55) 


provided, of course, that «’ is such that the energy W’, given by (18), 
of the particle is greater than mc*. For values of «’ that do not 
satisfy this condition there is no emission possible. The matrix ele- 
ment (k|V|W’w'y’«’) here must refer to a representation in which 
W, w, x and a are diagonal with the weight function unity. The 
matrix elements of V appearing in the three preceding sections refer 
to a representation in which p,, p,, p, are diagonal with the weight 
function unity, or P, w, x are diagonal with the weight function 
P*sinw. They would thus refer to a representation in which W,w, x 
are diagonal with the weight functiondP/dW . P?sinw = W P/c?.sin w. 
Thus the matrix element (&|V|W’w’y’a’) in (55) is equal to 
(W’ P’/c* .sin w’)' times our previous matrix element (k|V |P’w'y’a’) 
or (k|V |p’a’), so that (55) is equal to 


oe BP sino [(k|V [p'o)P. 


i ¢ 
The probability of emission per unit solid angle per unit time, with 
the scatterer simultaneously dropping to state «’, is thus 
2a W'P’ AS 
Fe WIV ip’) P. (56) 
To obtain the total probability per unit time of the particle being 
emitted in any direction, with any final state for the scatterer, we 
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must integrate (56) over all angles w’, y’ and sum over all states a’ 
whose energy H,(«’) is such that H,(a’)+-mc? < E,. The result is 
just 26/i, where b is defined by (51). There is thus this simple rela- 
tion between the total emission coefficient and the half-breadth b of the 
absorption line. 

Let us now consider absorption. This requires that we shall take 
an initial state for which the particle is certainly not absorbed but is 
incident with a definite momentum. Thus the representative of the 
initial state must be of the form (41). We must now determine the 
probability of the particle being absorbed after time 7’. Since our 
final state ¥, is not one of a continuous range, we cannot use directly 
the result (31) of §49. If, however, we take 


(Pa|)o = 5,.°5(p—P®) (Ky = (57) 
as the representative of the initial state, the analysis of §§ 47 and 49 


is still applicable as far as equation (28) and shows us that the proba- 
bility of the particle being absorbed into state ys, after time 7’ is 
2|(4|V |p°«°)|?[1— cos{(Z,— FE) T'/W}]/(L,— EY. 
This corresponds to a distribution of incident particles of density 
h-*, owing to the omission of the factor kh? from (57), as compared 
with (41). The probability of there being an absorption after time 
7’ when there is one incident particle crossing unit area per unit time 
is therefore 
2h W°/c? P°. |(k|V |p°a°)|?[1— cos{(E,—E)T'/h}|/(EZ,— EY. (58) 
To obtain the absorption coefficient we must consider the incident 
particles not all to have exactly the same energy W® = L—H,(o°), 
but to have a distribution of energy values about the correct value 
E,,—H,{«°) required for absorption. If we take a beam of incident 
particles consisting of one crossing unit area per unit time per unit 
energy range, the probability of there being an absorption after time 
T' will be given by the integral of (58) with respect to H. This integral 
may be evaluated in the same way as (29) of § 49 and is equal to 
4r°h? WT Jc? P®. |(k|V |p") |?. 
The probability per unit time of an absorption taking place with an 
incident beam of one particle per unit area per unit time per unit 
energy range is therefore : 
47h? W/c? P?. \(k|V |p) |?, (59) 
which is the absorption coefficient. 
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The connexion between the absorption and emission coefficients 
(59) and (56) and the resonance scattering coefficients calculated in 
the preceding section should be noted. When the incident beam does 
not consist of particles all with the same energy, but consists of a unit 
distribution of particles per unit energy range crossing unit area per 
unit time, the total number of incident particles with energies near 
an absorption line that get scattered will be given by the integral 
of (54) with respect to #. If one neglects the dependence of the 
numerator of (54) on #, this integral will, since 


- b 
[Bris ery ee 


have just the value (59). Thus the total number of scattered particles 
in the neighbourhood of an absorption line is equal to the total number 
absorbed. We can therefore regard all these scattered particles as 
absorbed particles that are subsequently re-emitted in a different 
direction. Further, the number of particles in the neighbourhood of 
the absorption line that get scattered per unit solid angle about a 
given direction specified by p’ and then belong to scatterers in state 
a’ will be given by the integral with respect to # of (53), which integral 
has in the same way the value 
2 0 , - 
ST Fp’ VIEL EIV ipa) 

This is just equal to the absorption coefficient (59) multiplied by the 
_ emission coefficient (56) divided by 2b/h, the total emission coefficient. 
This is in agreement with the point of view of regarding the resonance 
scattered particles as those that are absorbed and then re-emitted, 
with the absorption and emission processes governed independently 
each by its own probability law, since this point of view would 
make the fraction of the total number of absorbed particles that are 
re-emitted in a unit solid angle about a given direction just the 
emission coefficient for this direction divided by the total emission 
coefficient. 


dE = 7, 
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57. Symmetrical and Antisymmetrical States 

Ir a system in atomic physies contains a number of particles of the 
same kind, e.g. a number of electrons, the particles are absolutely 
indistinguishable one from another. No observable change is made 
when two of them are interchanged. This circumstance gives rise to 
some curious phenomena in quantum mechanics having no analogue 
in the classical theory, which arise from the fact that in quantum 
mechanics a transition may occur resulting in merely the interchange 
of two similar particles, which transition then could not be detected 
by any observational means. A satisfactory theory ought, of course, 
to count two observationally indistinguishable states as the same 
state and to deny that any transition does occur when two similar 
particles exchange places. We shall find that such a theory can be 
developed in agreement with the principles of quantum mechanics. 

Suppose we have a system containing n similar particles. We may 
take as our dynamical variables a set of variables €, describing the 
first particle, the corresponding set £, describing the second particle, 
and so on up to the set €, describing the nth particle. We shall then 
have the é,’s commuting with the é,’s for r 4 s. (We may require 
certain extra variables, describing what the system consists of in 
addition to the n similar particles, but it is not necessary to mention 
these explicitly in the present chapter.) The Hamiltonian describing 
the motion of the system will now be expressible as a function of the 
&,, &,...,€,. The fact that the particles are similar requires that the 
Hamiltonian shall be a symmetrical function of the &1, &,..-5€, i.e. it 
shall remain unchanged when the sets of variables £, are interchanged 
or permuted in any way. This condition must hold, no matter what 
perturbations are applied to the system. 

We may take a representation with observables q,, qa,.--, J, diagonal, 
which are such that the q,’s are a complete set of commuting observ- 
ables describing the first particle, the q,’s are the corresponding 
observables describing the second particle, and so on. We may 
further choose the phases of the representation in the same way for 
each of the particles. (This means, for example, that if a certain 
momentum p, describing the first particle is represented by —ih@/0q,, 
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the corresponding momentum p, describing the r-th particle must be 
represented by —ifé/éq,.) The representation will then treat all the 
particles on the same footing. The condition that the Hamiltonian 
H is symmetrical between all the particles may now be expressed 
by the condition that its representative (9; q)...¢,|H|q{q%---Gn)» OF 
(q'|H|q") for brevity, is symmetrical between all the q’s, i.e. that it 
remains unchanged if any permutation is applied to the q’’s and the 
same permutation to the g’’s. This condition may be expressed 
analytically thus, (@|Hig’) = (P¢'H|Pa’), (a) 
where P denotes any permutation of the numbers 1, 2,...,n and Pq’ 
denotes the set of numbers obtained by applying the permutation 
P to the suffixes of 9, qj,....q}- 

Let (9; 75--- dn|) or (q’|) be the wave function representing any state. 
It will satisfy the wave equation 


. d , , ” ” a” 
MTC |) = | (a ia") aq" (@"\)- (2) 
If we apply any permutation P to the variables q’ in (q’|) we shall 
obtain a function (Pq’|) satisfying 
-» @ Ray), 23 , ” " fy" 
ih (Pq!) = f (Pa Hq") dg" (a!) 
= | (Pq'\H\Pq") dq" (Pq'!), 


since we can apply any permutation to the variables of integration 
q’ in the integrand without changing the value of the integral. With 
the help of (1) this becomes 


. d , , ” ” ” 

ih (Pa'|) = J (q' H\g") dq" (Pq"|), (3) 
which shows that (Pq’|) is a solution of the wave equation (2). Hence 
if we apply any permutation to the variables in a solution of the wave 
equation we obtain another solution. 


Suppose we take a wave function (g’|) which, at some particular 
time ¢, is a symmetrical function of all the q’’s, so that 


(9'|) = (P7')) (4) 
for any P. The right-hand sides of (2) and (3) are now equal, so that 


Ook ee 
50) = 5 (Pa). 
This equation is the time derivative of (4) and shows that if (4) holds 
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at one particular time it holds also at a slightly later time, and thus 
by induction it holds at all times. Thus if a wave function is initially 
symmetrical it always remains symmetrical. 

Similarly, we may take a wave function (q’|) which, at some 
particular time, is antisymmetrical, i.e. (qj q3...¢,|) changes sign with 
interchange of any pair of q’’s. We shall then have 

(q'|) = £(P7')), (5) 
the + or — sign being taken according to whether the permutation 
P is even or odd (i.e. according to whether P can be built up from 
an even or an odd number of simple interchanges). The same argu- 
ment as before now shows that if a wave function is initially anti- 
symmetrical it always remains antisymmetrical. 

Let us make a canonical transformation to a Q-representation 
which, like the original g-representation, treats all the particles on the 
same footing. This means that the Q’s consist of corresponding sets of 
observables Q,, Qs, ..., Q, describing the first, second, ..., n-th particle 
respectively and that the phases are chosen in the same way for 
each of the particles. The transformation function will now, from (11) 
of Chapter V, be of the form 

(Qi Qa «+» QnlQi G2 + In) = (Qi! Oz 192) --- (Qn lIn)» (6) 
in which each factor (Q;|q/) is the same function of its variables 
Q.,¢,. This condition gives, if we denote (Qj Q3 ... Qn1d1 Y2 --- Gn) by 
(Q lq ) for brevity, (Q'\q’) ee (PQ'|P7), (7) 
for an arbitrary permutation P. The new wave function representing 
any state is given by 

(Ql) = f (Q'\a’) dd’ (a’\). (8) 
From this equation we can deduce that 
(PQ!) = [ (PQ Iq’) dy (@'!) 

= | (PQ |Pq’) dy (Pq'!) 

= | (@'\q’) da’ (Pd'\) (9) 
with the help of (7). Now if (q’|) is symmetrical, so that equation (4) 
holds, the right-hand sides of (8) and (9) are equal. We then have 
(Q’|) = (PQ@’|), so that (Q’|) is also symmetrical. Similarly, if (¢’|) is 
antisymmetrical, (Q’|) is also antisymmetrical. Thus the property of 
the representative of a state of being symmetrical or antisymmetrical 
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remains invariant under a transformation of the coordinate system. This 
invariance shows that the property of being symmetrical or anti- 
symmetrical is a property of the states themselves and not merely a 
property of their representatives. Thus we can talk about sym- 
metrical and antisymmetrical states. Our preceding result shows 
that if a state is initially symmetrical or antisymmetrical, it always 
remains so. 

The invariance and permanence of the symmetry properties of the 
states means that for some particular kind of particle it is quite 
possible for only symmetrical or only antisymmetrical states to occur 
in nature. Whether this is the case cannot be decided by any general 
theoretical considerations, but can be settled only by reference to 
special experimentally determined facts about the particles in ques- 
tion. For photons one can settle the question by making use of 
Planck’s radiation law. Only when one assumes the symmetrical states 
for photons does one get a statistical mechanics leading to Planck’s law 
for radiation in statistical equilibrium. This statistical mechanics is 
known as the Linstein- Bose statistics, as it was first introduced by Bose 
and Einstein before the arrival of the modern quantum mechanics, 

For electrons we use the fact that, if we make the approximation of 
regarding the electrons in an atom as each moving in its own ‘orbit’ 
(i.e. as being each describable by its own wave function involving only 
its own variables), then no two electrons will ever be in the same 
orbit. This fact, which is known as Pauli’s exclusion principle, may 
be inferred from general experimental evidence on atomic structure. 
Let us see how to fit it in with the theory. If the wave functions repre- 
senting the different electronic orbits are 


(q' |x), (q'|x2),-++5 (q' |x), 
a wave function representing the whole atom will be given by the 


pert (7; l4)(q5\%2).--(dn lam) = (la) (10) 
say, for brevity. Other wave functions representing the same dis- 
tribution of electrons over the various orbits may be obtained by 
applying any permutation to the «’s in (10). There will be altogether 
n! such wave functions, the general one being (q'|Pa). Any linear 
combination of these wave functions will also represent the same 
electron distribution. One such linear combination is the sum 


p> (q'|Pa), (11) 
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which is symmetrical between all the q’’s. Another is 


> +(q'|Pa), (12) 


the ++ or — sign being taken according to whether P is an even 
or odd permutation, and this one is antisymmetrical. The anti- 
symmetrical wave function (12) has the property that it vanishes 
identically if two of the «’s are equal. Hence if we assume that for 
electrons only antisymmetrical states occur, we shall get the result that 
there are no states with two electrons in the same orbit, which is 
just Pauli’s exclusion principle. This assumption is the only one we 
can make which will lead to Pauli’s exclusion principle. 

In this way we can see that for photons we must take the sym- 
metrical states and for electrons the antisymmetrical states. When 
only the symmetrical or only the antisymmetrical states are allowed 
for a particular kind of particle, the theory can no longer make a dis- 
tinction between two states which differ only through a permutation 
of the particles, so that the difficulties mentioned at the beginning of 
this section disappear. 


58. Permutations as Dynamical Variables 


Let us now build up a general theory for a system containing x 
similar particles when states with any kind of symmetry properties 
are allowed, i.e. when there is no restriction to only symmetrical or 
only antisymmetrical states. The general state now will not be sym- 
metrical or antisymmetrical, nor will it be expressible linearly in 
terms of symmetrical and antisymmetrical states when n > 2. 

If P denotes any permutation and 4 any y-vector, we can give 
a meaning to Py, the y-vector obtained by operating on % with P. 
We define Py to be the y-vector whose representative is (Pq'|), 
obtained by applying the permutation P to the representative (q'|) 
of #. This Py is independent of the representation used for defining 
it, as follows from equation (9). Further, the operation by which 
Py is obtained from ¢ is a linear one. Hence we can regard Py as 
the product of a dynamical variable P with y, ie. we can regard the 
permutation P as a dynamical variable. 

There are n! permutations, each of which can be regarded as a 
dynamical variable. One of them, P, say, is the identical permutation, 
which is equal to unity. If 4 denotes a symmetrical state, we have 


Pp=y% (13) 
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for any P, and hence a symmetrical ¢ is an eigen- of every permuta- 
tion belonging to the eigenvalue unity. Similarly, an antisymmetrical 
~ is an eigen- of every permutation belonging to the eigenvalue +1 
according to whether the permutation is even or odd. The product 
of any two permutations is a third permutation and hence any 
function of the permutations is reducible to a linear function of them. 
Any permutation P has a reciprocal P-! satisfying 
PPA = PAP = fF = 1. 

A permutation P, like any other dynamical variable, can be repre- 

sented by a matrix. Its g-representative (q'|P|q") will satisfy 


J @iPia’) aa" (@"\) = (Pq!) 
and hence (7 |P 19") ES 8(Pq’—q") (14) 
= 5(q'—P-1q’). (15) 
The 6 function in (14) or (15) denotes the product of n factors of the 
type 5({Pq'},—¢/) or 8(¢,—{P—q'},) vetacsakitged The conjugate com- 
plex of P is given by 
(q'|P a”) = (@"|Pig’) = 8@"—P-7’) 
= (q'|PI¢’) 
P= pP-. (16) 


Thus a permutation is not in general a real dynamical variable, its 
conjugate complex being equal to its reciprocal. 
Any permutation of the numbers 1, 2, 3, ..., 2 may be expressed in 

the cyclic notation, e.g. with n = 8 

P,, = (143)(27)(58)(6), (17) 
in which each number is to be replaced by the succeeding number in 
a bracket, unless it is the last in a bracket, when it is to be replaced 
by the first in that bracket. Thus P, changes the numbers 12345678 
into 47138625. The type of any permutation is specified by the 
partition of the number n which is provided by the number of num- 
bers in each of the brackets. Thus the type of P, is specified by the 
partition 8 = 3+2+2-+1. Permutations of the same type, i.e. corre- 
sponding to the same partition, we shall call similar. Thus, for 
example, P, in (17) is similar to 

P, = (871)(35)(46)(2). (18) 


from (15) and (14), so that 
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The whole of the »! possible permutations may be divided into sets 
of similar permutations, each such set being called a class. The per- 
mutation P, = 1 forms a class by itself. Any permutation is similar 
to its reciprocal. 

When two permutations P, and P, are similar, either of them P, 
may be obtained by making a certain permutation P in the other 
P,,. Thus, in our example (17), (18) we can take P to be the permuta- 
tion that changes 14327586 into 87135462, i.e. the permutation 

P = (18623)(475). 

We then have the algebraic relation between P, and P, 

Rm PrP. (19) 
To verify this, we observe that the product P, of P, with any ¢ is 
changed into P,s if one applies the permutation P to the P, in the 
product but not to the %. If we multiply the product by P on the 
left, we are applying this permutation to the whole %-symbol P,% 
and thus to both the P, and the ¥%, so that we must insert another 
factor P-' between the P, and the ¥, giving us PP, P-' to equate to 
P, i. An alternative proof consists in noting that when the permuta- 
tion P is applied to the representative 5(P,q'—q") of P,, it gives 
5(PP,q —Pq') or (PP, P-q'—q’), which is just the representative 
on FPP. 

Equation (19) is the general formula showing when two permuta- 
tions P, and P, are similar. Of course P is not uniquely determined 
when P, and P, are given, but the existence of any P satisfying (19) 
is sufficient to show that P, and P, are similar. 


59. Permutations as Constants of the Motion 


Let us see how one of our permutation dynamical variables P varies 
with the time. The fact that the Hamiltonian is symmetrical leads 
at once to the equation PH = HP, (20) 


as may be verified by a similar argument to that used for equation 
(19), or alternatively by a direct application of the matrix repre- 
sentatives. Thus from (14) 


(7 |PH\q") = | 8(Pa’—q") dq” (q” Hq") = (Pa'\H iq") 
and from (15) 
(y |HP\q") = | (q'\H\q") dq” 3(q"— P-4") = (q' |H | Pq", 
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and the two right-hand sides are now equal from (1). Equation (20) 
shows that each permutation is a constant of the motion. The P’s are 
still constants when arbitrary perturbations are applied to the system, 
provided the perturbing energy to be added to the Hamiltonian is 
symmetrical. Thus the constancy of the P’s is perfect. 

In dealing with any system in quantum mechanics, when we have 
found a constant of the motion «, we know that if for any state of 
motion, « initially has the numerical value «’, then it always has this 
value, so that we can assign different numbers a’ to the different states 
and so obtain a useful classification of the states. The procedure is not 
so straightforward, however, when we have several constants of the 
motion « which do not commute (as is the case with our permutations 
P), since we cannot assign numerical values for all the a’s simul- 
taneously to any state. Let us first take the case of a system whose 
Hamiltonian does not involve the time explicitly. The existence of 
constants of the motion « which do not commute is then a sign that 
the system is degenerate. This is because, for a non-degenerate system, 
the Hamiltonian H by itself forms a complete set of commuting 
observables and hence, from the theorem at the top of page 60, each of 
of the «’s is a function of H and therefore commutes with any other a. 

We must now look for a function f of the «’s which has one and 
the same numerical value f’ for all those states belonging to one 
energy-level H’, so that we can use f for classifying the energy-levels 
of the system. We can express the condition for 8 by saying that it 
must be a function of H and must therefore commute with every 
dynamical variable that commutes with //, i.e. with every constant 
of the motion. If the «’s are the only constants of the motion, or if 
they are a set that commute with all other independent constants of 
the motion, our problem reduces to finding a function 8 of the «’s 
which commutes with all the «’s. We can then assign a numerical 
value f’ for 8 to each energy-level of the system. If we can find 
several such functions £, they must all commute with each other, so 

that we can give them all numerical values simultaneously and obtain 
a complete classification of the energy-levels. When the Hamiltonian 
involves the time explicitly one cannot talk about energy-levels, but 
the f’s will still give a useful classification for the states. 

We follow this method in dealing with our permutations P. We 
must find a function y of the P’s such that PyP-! = x for every P. 
It is evident that a possible x is } P., the sum of all the permutations 
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in a certain class c, i.e. the sum of a set of similar permutations, since 
> PP, P+ must consist of the same permutations summed in a differ- 
ent order. There will be one such y for each class. Further, there can 
be no other independent x, since an arbitrary function of the P’s can 
be expressed as a linear function of them with numerical coefficients, 
and it will not then commute with every P unless the coefficients of 
similar P’s are always the same. We thus obtain all the y’s that can 
be used for classifying the states. It is convenient to define each x as 
an average instead of a sum, thus 


Xe = 0,1 > PK, 
where 7, is the number of P’s in the class ¢. An alternative expression 
fOr Xo 18 Xe = nl S PP, PA, (21) 


the sum being extended over all the ! permutations P, it being easy 
to verify that this sum contains each member of the class c the same 
number of times. For each permutation P there is one y, x(P) say, 
equal to the average of all permutations similar to P. One of the 
x’s is x(Fj) = 1. 

The constants of the motion x,, x2,---, X,, Obtained in this way will 
each have a definite numerical value for every stationary state of the 
system, in the case when the Hamiltonian does not involve the time 
explicitly, and also in the general case can be used for classifying 
the states, there being one set of states for every permissible set of 
numerical values yj, xz,.--, xX, for the x’s. Since the x’s are perfect 
constants of the motion, these sets of states will be exclusive, i.e. 
transitions will never take place from a state in one set to a state in 
another. 

The permissible sets of values x’ that one can give to the x’s are 
limited by the fact that there exist algebraic relations between the 
x’s. The product of any two x’s, x,x,, is of course expressible as 
a linear function of the P’s, and since it commutes with every P it 
must be expressible as a linear function of the y’s, thus 


Xp Xq = UX +42 Xo ++ Xm (22) 
where the a’s are numbers. Any numerical values x’ that one gives 
to the x’s must be eigenvalues of the y’s and must satisfy these same 
algebraic equations. For every solution x’ of these equations there 
is one exclusive set of states. One solution is evidently x, = 1 for 


every x,, giving the set of symmetrical states satisfying (13). A second 
3595.14 rf 
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obvious solution, giving the set of antisymmetrical states, is 
Xp = +1, the + or — sign being taken according to whether the 
permutations in the class p are even or odd. The other solutions 
may be worked out in any special case by ordinary algebraic methods, 
as the coefficients a in (22) may be obtained directly by a considera- 
tion of the types of permutation to which the x’s concerned refer. 
Any solution is, apart from a certain factor, what is called in group 
theory a character of the group of permutations. The y’s are all real 
dynamical variables, since each P and its conjugate complex P-! are 
similar and will occur added together in the definition of any x, so 
that the x’’s must be all real numbers. 

The number of possible solutions of the equations (22) may easily 
be determined, since it must equal the number of different eigen- 
values of an arbitrary function B of the x’s. We can express B as 
a linear function of the y’s with the help of equations (22); thus 

B= By Xr t+ Xe+--- + Om Xm: (23) 
Similarly, we can express each of the quantities B?, B%,..., B™ as a 
linear function of the x’s. From the m equations thus obtained, 
together with the equation x(,)= 1, we can eliminate the m 
unknowns xj, X2; ---> X»» Obtaining as result an algebraic equation of 
degree m for B, 

B"+-c, B™-1+¢, B™?+...+¢,, = 0. 

The m solutions of this equation give the m possible eigenvalues 
for B, each of which will, according to (23), be a linear function of 5,, 
bg, ..-, 6, whose coefficients are a permissible set of values yj, x3, .--s Xm- 
These sets of values x’ thus obtained must be all different, since if 
there were fewer than m different permissible sets of values x’ for the 
x’s, there would exist a linear function of the y’s every one of whose 
eigenvalues vanishes, which would mean that the linear function itself 
vanishes and the x’s are not linearly independent. Thus the number of 
permissible sets of numerical values for the y’s is just equal to m, which 
is the number of classes of permutations or the number of partitions 
of n. This number is therefore the number of exclusive sets of states. 

The properties of the P’s which are not properties of the y’s will 
only describe the degeneracy of the states, in the case of a system 
whose Hamiltonian does not involve the time explicitly. If % repre- 
sents any stationary state, /(P), where f(P) is any function of the 
permutations, will represent another stationary state belonging to 
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the same energy-level, except when it vanishes identically. By ex- 
panding f(P)% in terms of a complete set of independent stationary 
states belonging to this energy-level, we get a representation of f(P) 
and thus of each P. In this way we see that, if we obtain a matrix 
representation of all the P’s consistent with each of the x’s being 
a certain number x’, then the number of rows and columns of the 
matrices will be the degree of degeneracy of the states in the exclusive 
set x’, i.e. the number of independent states belonging to each energy- 
level. This degeneracy is an essential one and cannot be removed by 
any perturbation that is symmetrical between all the similar particles. 
The states y and f(P), are observationally indistinguishable, since 
any observation that can actually be made must consist in measuring 
an observable that is symmetrical between the similar particles and 
therefore commutes with f{(P). This remark applies also when the 
Hamiltonian involves the time explicitly. 


60. Determination of the Energy-levels 


Let us apply the perturbation method of § 46 and make a first-order 
calculation of the energy-levels in the case when the Hamiltonian 
does not involve the time explicitly. We suppose that for our unper- 
turbed states each of the similar particles has its own ‘orbit’, repre- 
sented by a wave function (q’|«) involving only the coordinates q’ of 
this one particle. We shall have altogether n orbits, one for each 
particle, which we assume for the present to be all different, and label 
4) %, «5 %- The wave function representing an unperturbed state 
of the whole system will then be the product (10). If we apply an 
arbitrary permutation P, to the «’s, we shall obtain another wave 


anna (0; lo,)(qate)---(Qn lou) = (4' Pa), (4) 


representing another unperturbed state with the same energy. There 
are thus altogether n! unperturbed states with this energy, if we 
assume there are no other causes of degeneracy. According to the 
method of § 46 when the unperturbed system is degenerate, we must 
consider those elements of the matrix representing the perturbing 
energy V that refer to two states with the same energy, i.e. those 
of the type (P,«|V|P,«) where P, and P, are two permutations 
of the «’s. These will form a matrix with »! rows and columns, 
whose eigenvalues are the first-order corrections in the energy- 
levels. 
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It is necessary in the present discussion to distinguish between the 
two kinds of permutations, those of the q’s and those of the «’s. The 
essential difference between them can perhaps be seen most clearly 
in the following way. Let us consider a permutation in the general 
sense, say that consisting of the interchange of 2 and 3. This may be 
interpreted either as the interchange of the objects 2 and 3 or as the 
interchange of the objects in the places 2 and 3, these two operations 
producing in general quite different results. The first of these inter- 
pretations is the one we have been using up to the present, the objects 
concerned being the q’s in the representative of a state. A permuta- 
tion with this interpretation can be applied to an arbitrary function 
of the q’s. A permutation with the second interpretation has a mean- 
ing, however, when applied to a function of the q’s only if each of the 
q's has a definite specifiable place in the function. This is not the case 
for a general function of the q’s, but it is the case for any of the n! 
functions of the type (24), the place of each qg being specified by the « 
with which it is bracketed, Any permutation applied to the q’s in given 
places now produces the same result as the reciprocal permutation 
applied to the a’s. A permutation of the q’s (i.e. one with the first 
interpretation), since it can be applied to any function of the q’s, i.e. 
to the representative of any state, may be regarded as an ordinary 
dynamical variable. On the other hand, a permutation of places or 
of the «’s can be considered as a dynamical variable only in a very 
restricted sense, since it has a meaning only when multiplied into 
a state whose representative is one of the ! wave functions (24) 
or some linear combination of them. We denote such a permutation 
of the «’s, considered as a dynamical variable in this restricted sense, 
by the symbol P*, 

We can form algebraic functions of the dynamical variables P* 
which will be other dynamical variables in the same restricted sense. 
In particular we can form x(P%), the average of all P®’s similar to P*. 
This must equal x(P,), the average of the similar permutations of the 
q's, since the total set of all permutations of a given type must 
evidently be the same whether the permutations are applied to the 
objects q or to the places a. 

If we set up arbitrarily a one-one correspondence between the q’s 
and the «’s, as is done automatically when we label both the q’s and 
the «’s by the numbers 1, 2, 3,..., n, as in (10), then, if we have any 
permutation of the q’s, we can give a meaning to this same permuta- 
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tion of the a’s. This meaning is such that 
(q\x) = (Pq| Pa). 
In this equation we can apply a permutation P, to the «’s on both 
sides, which will give us 
(q\Fax) = (Pq\F, Px), (25) 
an equation which shows us the connexion between permutations of 
the q’s and those of the a’s when applied to the wave function (24). 
The matrix (P,«|V|P,«) which we must now study, may be ob- 
tained from the matrix (q'|V |g”) representing V by a coordinate trans- 
formation, in which the transformation functions are just (q'|P, «), 
the wave function (24), and its conjugate complex (P,,«{q’), provided 
these functions are properly normalized. Thus 


(P,oV|P,0) = ff (Paala’) da’ (a'\V |g") dq" (q"\Px). (28) 
Again, for arbitrary P, 


(P,, Pal|V|P, Pa) = [{ (Py Peviq’) dg’ (a |V |g") dq” (@"|P, Pa) 


= | f (B PalPq’) dq’ (Pq’|V|Pq") dq’ (Pq"|P, Px), 


when we apply the permutation P to the variables of integration 
q and q". With the help of (25), this reduces to 


(P, PalV|P, Pa) = [{ (Paclq’) da’ (Pq’|V\Pq") dq” (q"\P,o). (27) 
Now since V is symmetrical between all the particles, we must have 
(q7'\V\q") = (Pq'|V |Pq"), 

like (1), and hence, comparing (26) and (27), we obtain 
(Py «|V|P, x) = (PF, PalV|P, Pa). (28) 
Let (Pa|V |x) = Vp for brevity. Then, taking P = P;! in (28), 
weobtain = (P,a|V |B,a) = (P, Py ta|V |) = Vp, pp. 
Thus the general matrix element (P,,«|V|P,«) depends only on the 
ratio P, P;*, and of the total of (n!)? matrix elements there are only 
n! different ones. The coefficient of any V, in the matrix will be a 
matrix, each of whose elements is 0 or 1, the 1 occurring when 
(P,.«|V |B, «) = Vp, 
ie. when P, Py! = P. But the latter matrix, multiplied into any wave 
function (q|P, x), gives the result (q|P, x) with P, P; = P, i.e. it gives 
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the result (q| PP, x), so that itis precisely the matrix representing the 
dynamical variable P* or the permutation P applied to the «’s. Thus 
the whole matrix (P,«|V|P,«) is equal to the matrix representing 
p V, P*, where the summation is over all the n! permutations P, and 


we can put ae ») Vp PX, (29) 


This formula shows that the perturbing energy V is equal toa linear 
function of the permutation dynamical variables P* with numerical 
coefficients Vp. It is, of course, only an approximate formula, as it 
holds only with neglect of those matrix elements of V that refer to 
two different energy-levels of the unperturbed system. It can, how- 
ever, be used for the calculation of the energy-levels in the first 
approximation, and is very convenient for this purpose as the expres- 
sion D> Vp P* is easily handled. This expression, it should be remem- 


bered, is a dynamical variable only in the restricted sense mentioned 
above, but this sense is sufficiently general for equation (29) to be 
valid with neglect of those matrix elements of V referring to two 
different energy-levels of the unperturbed system. 

As an example of an application of (29) we shall determine the 
average energy of all those states, arising from a given state of the 
unperturbed system, that belong to one exclusive set. This requires 
us to calculate the average eigenvalue of V when the y’s have specified 
numerical values x’. Now the average eigenvalue of P* equals that of 
P°Px(P%)— for arbitrary P* and thus equals that of n!- 2 PePAPey, 


which is y’(P%) or x'(P,). Hence the average eigenvalue of V is 
+e x’(P). A similar method could be used for calculating the 


average eigenvalue of any function of V, it being necessary only to 
replace each P“ by x(P) to perform the averaging. 

The number of energy-levels in an exclusive set y = x’ that arise 
from a given state of the unperturbed system is equal to the number 
of eigenvalues of (29) that are consistent with the equations x = x’. 
This number is the number of rows and columns in a representation 
of the P’s in which each x = x’, which number, from the result at 
the end of the preceding section, is just the degree of degeneracy of 
the states in this set. 

The modifications required in the theory when the orbits a, a,..., %, 
of the undisturbed system are not all different may easily be made. 


§ 60 DETERMINATION OF THE ENERGY-LEVELS 223 
Suppose, for example, that «, and a, are the same. Then the permuta- 
tion P}, that causes an interchange of a, and a, must equal unity. 
Only functions of the P*’s that commute with P¥, now have a mean- 
ing. This, however, is sufficient for us to be able to follow out the same 
sort of argument as before and obtain a result of the same form (29). 
The term in the summation in (29) that involves the permutation 
P¥ now does not occur, since it could be added on to the term in- 
volving the identical permutation P¥. For the remaining terms, any 
two terms P* and P¥ must have the same coefficient if the permu- 
tations P* and P* can be obtained from one another by the inter- 
change of a, and a,. This results in p32 Vp, P* commuting with Pf, 


and thus having a meaning. The condition P{, = 1 imposes restric- 
tions on the possible numerical values y’ that the x’s can have and 
reduces the number of characters. 


61. Application to Electrons 
Let us now consider the case when the similar particles are electrons. 
This requires, according to Pauli’s exclusion principle discussed in 
§ 57, that we take into account only the antisymmetrical states. It 
is now necessary to make explicit reference to the fact that electrons 
have spins, which show themselves through an angular momentum 
and a magnetic moment. The effect of the spin on the motion of 
an electron in an electromagnetic field is not very great. There 
are additional forces on the electron due to its magnetic moment, 
requiring additional terms in the Hamiltonian. The spin angular 
momentum does not have any direct action on the motion, but it comes 
into play when there are forces tending to rotate the magnetic moment, 
since the magnetic moment and angular momentum are constrained 
to be always in the same direction. These effects are all small, however, 
of the same order of magnitude as that of the relativistic variation 
of mass with velocity, so there would be no point in taking them into 
account in a non-relativistic theory. The importance of the spin lies 
not in these small effects on the motion of the electron, but in the fact 
that it gives two internal states to the electron, corresponding to the 
two possible values of the spin component in any assigned direction, 
which causes a doubling in the number of independent states of an 
electron moving in a given field. This fact has far-reaching conse- 
quences when combined with Pauli’s exclusion principle. 

For the complete description of an electron we require the spin 
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dynamical variables ¢, which were introduced in § 19 and whose con- 
nexion with the spin angular momentum was given in § 39, together 
with the Cartesian coordinates x, y, z and momenta p,, p,, P,- The 
spin dynamical variables are assumed to commute with these coordi- 
nates and momenta. Thus a complete set of commuting observables 
for a system consisting of a single electron will be x, y, z, ¢,. In a 
representation in which these are diagonal, the representative of any 
state will be a function of four variables x’, y’, 2’, oj. Since o, has a 
domain consisting of only two points, namely 1 and —1, this function 
of four variables is the same as two functions of three variables, 
namely the two functions 
(x'y’2'|)4 = (2, y',2, 411) — (a’y’2" |) = (@’, y’, 2, —-1)). 

Thus the presence of the spin may be considered either as introducing a 
new variable into the representative of a state or as giving this representa- 
tive two components. 

In our present work on the theory of several electrons, we shall 
consider the spins as giving extra variables in the representatives of 
states. For brevity, we shall write the single variable x, instead of 
Xp, Y,, %, for the coordinates of the r-th electron and shall omit the 
suffix z from ¢,,. when it occurs in representatives. Thus the repre- 
sentative of a state when there are n electrons will be written 


(X, Xq... X, 04 Op... %|) = (X, o}), (30) 


for brevity. The exclusion principle requires that (30) shall be anti- 
symmetrical in the x’s and o’s together, i.e. if any permutation is 
applied to the x’s and also to the o’s, (30) must remain unchanged or 
change sign according to whether the permutation is even or odd. In 


aynboee (x, |) = +(Px, Pol) (31) 


for any permutation P. Thus even if we neglect the spin forces in the 
Hamiltonian, we must take the spin variables into account in order to 
determine what states are allowed by the exclusion principle. 

If the theory of the three preceding sections is applied directly to 
the case of electrons, it will not give anything of interest, since all the 
allowed states are eigenstates of any permutation belonging to the 
eigenvalue --1. We may, however, consider permutations P which 
operate on the x-variables alone in the representative of a state, and 
apply our theory to these. Such permutations may also be considered 
as dynamical variables. Further, they are also constants of the motion 
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when we neglect the terms in the Hamiltonian that arise from the 
spin forces, since this neglect results in the Hamiltonian not involving 
the spin dynamical variables o at all. Hence with these permutations P 
we can again introduce the y’s, equal to the average of all of the P’s 
in each class, and assert that for any permissible set of numerical 
values x’ for the x’s there will be one exclusive set of states. Thus 
there exist these exclusive sets of states for systems containing many 
electrons even when we restrict ourselves to a consideration of only 
those states that satisfy Pauli’s principle. The exclusiveness of the 
sets of states is now, of course, only approximate, since the x’s are 
constants only so long as we neglect the spin forces. There will 
actually be a small probability for a transition from a state in one set 
to a state in another. 

From (31) we obtain PPo = +1, (32) 


where P denotes any permutation which operates on the x-variables 
and P? the same permutation operating on the o-variables in the 
representative of a state. There is thus a simple connexion between 
the P’s and P?’s, which means that instead of studying the dynamical 
variables P we can get all the results we want, e.g. the characters 
x’, by studying the dynamical variables P’. The P?’s are much easier 
to study on account of the fact that the o variables in the wave 
function have domains consisting each of only the two points 1 and 
—1, which are the two eigenvalues of each o,. This fact results in 
there being fewer characters x’ for the group of permutations of 
the o-variables than for the group of general permutations, since it 
prevents a function of the variables o,,09,...,¢, from being anti- 
symmetrical in more‘than two of them. 

The study of the dynamical variables P? is made specially easy by 
the fact that we can express them as algebraic functions of the 
dynamical variables o. Consider the quantity 

Oy. = H{1+ ,,%)}. 
With the help of equations (54) and (55) of § 19 we find readily that 
(04,62)? = (021 O9+Fy1 Fy2t+-Oz1 F,2)” = 3—2(6,,93), (33) 
and hence that 
O19 = H{1+2(6;, 02) +(61, 6)*} = 1. (34) 
Again, we find 
Oy O91 = YO +O 29— 1 yy Fy +10 y F22} 


Oz2 Oya = Hogg Ox +40 y1 F2—10,4 Tyo} 
3595.14 Gg 
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and hence Or. Cx ed Cro Or. 
Similar relations hold for ¢,, and ¢,, so that we have 
0120, = 8, Oj. 

or Ow.o, O07 = Gy. 
From this we can obtain with the help of (34) 

O42 6, Oj3' = 4}. 
These commutability relations for O,. with o, and 6, are precisely the 


same as those for P%,, the permutation consisting of the interchange 
of the spin variables of electrons 1 and 2. Thus we can put 
O1, = cP Ye, 
where ¢ is a number. Equation (34) shows that c = --1. To deter- 
mine which of these values for c is the correct one, we observe that 
the eigenvalues of PY, are 1, 1, 1, —1, corresponding to the fact that 
there exist three independent symmetrical and one antisymmetrical 
function of the two variables o,,, o,,, namely, with the notation 
of § 19, the three symmetrical functions f,(¢,)f.(¢2), fp(o1)Sp(o2), 
Soko) fplo2) Salo fa(e2), and the one antisymmetrical function 
Salo) fp(o2)—Sp(or)f(22). Thus the mean of the eigenvalues of P%, 
is 4. Now the mean of the eigenvalues of (¢,,¢,) is evidently zero and 
hence the mean of the eigenvalues of O,, is 4. Thus we must have 
¢ = +1, and so we can put 
PY. = 1+ (6;,64)}- 

In this way any permutation P? consisting simply of an interchange 
can be expressed as an algebraic function of the o’s. Any other per- 
mutation P’ can be expressed as a product of interchanges and can 
therefore also be expressed as a function of the o’s. With the help of 
(32) we can now express the P’s as algebraic functions of the o’s 
and eliminate the P*’s from the discussion. We have, since the — 
sign must be taken in (32) when the permutations are interchanges 
and since the square of an interchange is unity, 


Py. = —i1+(,,¢,)}. (35) 
The formula (35) may conveniently be used for the evaluation of 
the characters x’ which define the exclusive sets of states. We have, 
for example, for the permutations consisting of interchanges 
1 2 
Xz = x(Pp) = 3 {I+ ae @,,0)}. 


n(n—1) Ke 
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If we introduce the dynamical variable s to describe the magnitude of 
the total spin angular momentum, 12¢, in units of #, through the 


formula 
8(s+1) = (4 do,,4 ya); 
analogous to equation (12) of Chapter VII, we have 


2¥ 6,0) = (Eo, ¥e)— ¥ ,,2,) 


= 4s(s+1)—3n. 
Hence Bae 
Wn 48(s+-1)—3n) ss n(n — 4) + 48(8 
ta ST lt eee 


Thus yj» is expressible as a function of the dynamical variable s and 
of » the number of electrons. Any of the other y’s could be evaluated 
on similar lines and would have to be a function of s and n onl y, since 
there are no other symmetrical functions of all the ¢ dynamical 
variables which could be involved. There is therefore one set of 
numerical values y’ for the x’s, and thus one exclusive set of states, 
for each eigenvalue s’ of s. The eigenvalues of s are 

4n, In—1, in—2..... 
the series terminating with 0 or 4. 

We see in this way that each of the stationary states of a system 
with several electrons is an eigenstate of s, the magnitude in units of 
i of the total spin angular momentum } > a,, belonging to a definite 

Ld 


eigenvalue s’. For any given s’ there will be 2s’+-1 possible values 
for a component of the total spin vector in any direction and these 
will correspond to 2s’-++-1 independent stationary states with the same 
energy. When we do not neglect the forces due to the spin magnetic 
moments these 2s’+-1 states will in general be split up into 2s’+-1 
states with slightly different energies, and will thus form a multiplet 
of multiplicity 2s’4-1. Transitions in which s’ changes, i.e. transitions 
from one multiplicity to another, cannot occur when the spin forces 
are neglected and will have only a small probability of occurrence 
when the spin forces are not neglected. 

We can determine the energy-levels of a system with several 
electrons to the first approximation by using formula (29). If we 
consider only the Coulomb forces between the electrons, then the 
interaction energy V will consist of a sum of parts each referring to 
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only two electrons, which will result in all the matrix elements V, 
vanishing except those for which P is the identical permutation or is 
simply an interchange of two electrons. Thus (29) will reduce to 


V=Vit TP (37) 


V,, being the matrix element referring to the interchange of orbits 
r and s. Since the P*’s have the same properties as the P’s, any 
function of the P*’s will have the same eigenvalues as the corre- 
sponding function of the P’s, so that the right-hand side of (37) will 
have the same eigenvalues as 


Kt D> Nate 
r<8 
or ees +> ¥,{1 +(,; o,)} (38) 


from (35). The eigenvalues of (38) will give the first-order corrections 
in the energy-levels. The form of (38) shows that a model which 
assumes a coupling energy between the spins of the various electrons, 
of magnitude —4V,, (6,,¢,) for the electrons in the r and s orbits, 
would meet with a fair amount of success. This coupling energy is 
much greater than that of the spin magnetic moments. Such models 
of the atom were in use before the justification by quantum mechanics 
was obtained. 

If two of the orbits of our unperturbed system are the same, say 
the orbits «, and a, are the same, we must take only those eigenvalues 
of (37) that are consistent with PY, = 1, or those eigenvalues of (38) 
consistent with P,, = 1 or Pf, = —1. This means we must take 
only those eigenvalues of (38) belonging to eigenfunctions that are 
simultaneously eigenfunctions of P{, belonging to the eigenvalue —1, 
i.e. eigenfunctions that are antisymmetrical in o, and o,. Thus we 
may say that the two electrons in the orbits «, and «, have their spins 
antiparallel. The case of more than two orbits the same cannot occur 
with electrons. 


XI 
THEORY OF RADIATION 


62. Second Quantization 

WE shall begin this chapter by considering some general properties 
of an assembly of 2 similar systems of any kind that satisfy the 
Kinstein-Bose statistics. If we take a representation in which sets of 
observables 4), ,-..., Gescribing the first, second,..., last system 
respectively, are diagonal, the representative (¢/q5 ... g,|) of any state 
must be symmetrical in the variables q{,qj,...,¢,. Suppose the eigen- 
values of any of the q’s, qg, say, are g™,q®,q®,..., which we assume 
for definiteness to be discrete. These eigenvalues must be the same for 
each of the n systems, i.e. they must be independent of r. (They will 
each be in general a set of numbers, consisting of an eigenvalue of each 
of the set of commuting observables q,.) If we now have any sym- 
metrical function of the variables 9/, 73,...,%n» each point in the domain 
of this function can be specified by n{,j,7j,..., the numbers of q’’s 
equal to g™,q™, q™,... respectively. The variables nj, 73,5, ... will do 
just as well as the variables q{, ,...,g;,, 80 long as we are dealing only 
with symmetrical functions. Thus the representatives of states of 
our assembly satisfying the Einstein-Bose statistics may be expressed 
as functions of the variables n{,nj,nj,... instead of the variables 
%:Js.»9n- This change is effectively a transformation to a new 
representation in which the rows and columns of the matrices are 
labelled by the observables 7, %,73,..., Which observables are the 
numbers of systems with q’s equal to g™, g®, g,... respectively, or, as 
we may say, the numbers of systems in the states ¢, 7, 7... . 

Since the new observables n,, %, %3,... are functions of the ¢;, 7a,..-5 Jn 
(non-analytie functions, it is true) the transformation is of the trivial 
kind consisting essentially of a relabelling of the rows and columns, 
and the only change to be made in the representative of a state will 
he that arising from the change in the weights of the different points 
ofits domain. To determine this change we use the condition 


me , Mmm. )PF= YS MQ e-Mail 


1Za---In 
from which we can infer that 
|(m 1%... [) [> = p (1 Zoe MPs (1) 
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the summation in (1) being over all values of the g’s such that n, of 
them are equal to g, n, equal to g®, and so on. The number of 
terms in the summation in (1) is !/(n,! ng! 3! ...) and they are all 
equal, on account of (q, gz ... g,,|) being symmetrical. It is thus clear 
that we must take 
(my My...) = [m!/ny! mg! M3! ...|MG1 Io+-- nl) (2) 
We must now obtain the transformation law for the representatives 
of dynamical variables from the g-representation to the n-representa- 
tion. As this problem is rather complicated for a general dynamical 
variable, we shall here deal only with the special case} when the 
dynamical variable is of the form 


U=y>U,, (3) 


U, being a function only of the variables describing the 7-th system 
and the form of U, in terms of these variables being the same for 
all r, so as to make U symmetrical between all the systems, as it must 
be if it is to have any physical significance. The representative of U, 
in the qg,-representation will be (q)!U,\q¢;), which will be a matrix 
independent of r, i.e. the same for each of the x systems. Its elements 
may also be written (¢@|U\¢) or U,, for brevity. The representa- 
tive of U in the complete g-representation will thus be 


(91 Go + In| U [Gi Wo -- In) 
= 2 (97 \U 19) 8a; @; Baz, a5 ** 9a 195—-1 ae +, a7-41°** Oagaze (4) 
A convenient way of transforming this representative to the n-repre- 
sentation is to take the equation 


ps = Udy (5) 
and transform the representative of this equation. From (4), this 
equation will be represented in the g-representation by 


(V1 Ta + Yn|2) a x CALC RICH 2 ay UE Te os 
+ 2 2 CALUAU AIC q2 las Gr-1 Gr Ur41 “se Qn!1), (6) 
° GFar 


the terms arising from the diagonal matrix elements of U being 
separated from the non-diagonal ones for convenience later. If we 
now make the transformation to the n-representation, using equation 
__| The general case has been dealt with by Jordan, Z. f. Physik, 45 (1927), 


774 
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(2), equation (6) becomes 


(1 My ...|2) — p> (4, \U;!q-)(4 Rg». T+ 
+ 2 ~, [(%.+ 1)/n,,}! (9r\U; a7 )(my Re =9e nT eee Ng: + I eae) | 9 (7) 


after removal of the factor [n,!n,!m,!.../n!]! throughout. The sum 
> (¢,\U,|q,) in (7) means a sum of terms each of the type (¢|U |¢™) or 
r 


U,,,, the number of times this typical term occurs being the number of 

q's that equal ¢@, which is just n,. Thus this sum is equal to > 4 U aq 
a 

Again, the double sum ¥ > in (7) consists of terms each of the 


v UFO 
type [(mp)+1)/ng]! Gayl Ng... Mg—1...m+1...|) with b Aa. The 
number of times this typical term occurs is equal to the number of ways 
of choosing r and q;. such that g, = ¢ and qj = q. This is just n,, 
the number of ways of choosing r such that g, = ¢@, since there | 
is always just one way of choosing q) = q”. Equation (7) thus 
reduces to 


(ny Mq...|2) = 2 Ma VaglM Me --.|1)+ 
+2 3 NA (My+1)!U a (ny Ng... Ng—1...m+1...[1), (8) 
a Fa 
which may be written 
(4 %q-..[2) = S MUM + 1— Sap Uap tha Moo Ma— Vo My .-{1), (9) 


if by (ny Ng...%,—1...%m+1...|) when 6 = a we understand simply 
(My Mg... M%q---|). 

The eigenvalues of each of our new dynamical variables 7,, 7, ... 
are the integers 0, 1, 2, 3,.... They are thus the same, apart from the 
factor h, as those of the action variable J in the problem of the simple 
harmonic oscillator, when the arbitrary additive constant in this 
action variable is chosen as in equation (57) of § 36. Hence each n, is 
a dynamical variable of the same nature as the action variable of 
a simple harmonic oscillator and we can introduce an angle variable 
w, canonically conjugate to it, or rather we can introduce e"”« and 
e~'"«, Corresponding to equations (59) of § 36 we shall have 

aide aire as sh al (10) 
e-ton, = (n,+lem, 
Also we have that e!”, e~'« and n, commute with e', e-® and 
nm for b ~ a. 
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The new dynamical variables e'"«, e~‘”’s are defined by their-matrix 
representatives in a representation in which n, is diagonal, like the 
e'’, e~” of §36. From the form of these matrix representatives it 
follows that when e-'”s is multiplied into a y-symbol whose repre- 
sentative is (n,7,...,4...|), the representative of the product is 


(Ny Mq...%q+1...|), 


and when e's is multiplied into this 4-symbol, the representative of 


the product is (n,Mq...Nq—1...|)  forn, >1 


0 for n, = 0. 
This means that when e-‘« and e'« are multiplied into y-symbols, 
they are equivalent to the operations of substitution of n,-++-1 and 
n,—1 for n, respectively, the second substitution being understood 
to give the result zero for n, = 0. We can now see that equation (9) 
is just the representative of 


the = ¥ Wi(y-+1—By)!yy etre. (11) 
Equation (11) must hold whenever (5) holds and hence 
T= Z ni (my +1—8,y)!U gy href 


= ¥ nko Veal + 1)he-™, (12) 


with the help of (10). This gives us U in terms of the new variables 
nand their conjugates, and provides us immediately with the repre- 
sentative of U in the new representation. The U,,, here are, of course, 
just numerical coefficients. 

We can put the result (12) into a simpler form by introducing the 
dynamical variables 


Ey = (Mgt Ilentte = e-Han} 
and their conjugate complexes (13) 
E, = ef(n,-+1)t = nb em, 
These dynamical variables are of the form of (61) of Chapter VI and 
correspond, apart from numerical coefficients, to p—ig and p+-igq in 
the problem of the simple harmonic oscillator. We have 
$a tx = N,t1 
e4 Eq = Na (14) 
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and thus, since variables with different suffixes a commute, the com- 
plete set of quantum conditions for the €’s and 2’s is 


be by — by Ea = 0 
g,f)—£,2, = 0 (15) 
&, &,—&, Eq = Sap: 

Expressed in terms of the é’s and é’s, equation (12) takes the simple 


nr U =F FVabe, (16) 


We could carry through all the preceding work with reference to 
a different initial representation, say one in which the observables 
1, V2,---, Q, describing the first, second,,..., last system respectively are 
diagonal, instead of 4), qo,..-5Gn- If @”, Q™,... are the eigenvalues of 
a @, we should introduce observables n 4, ,,... giving the numbers of 
systems with Q’s equal to Q@), Q™,... respectively. Corresponding 
to these new n’s we should have new w’s, say w, Wz,... (defined only 
in exponentials like e's, e-’s), and new &’s and é’s, say &4, &y,..- 
and &4, &,,..... The new equation (16) would read 


U =“ E Usp Ep, (17) 
where 
UO 4p = (QO |T/(Q®) = > (Q4|qg@)(qo|U |? 1Q) 
= > (Q |g UanlY?|Q), (18) 


(Q |g) and (q|Q™) being the transformation functions between 
the q’s and Q’s for a single system of the assembly. Equating the 
right-hand sides of (16) and (17) and using (18), we get 


¥ EaVan bs = SEQ id Wanld OME: (19) 


Now U, in (3) can be an arbitrary function of the dynamical variables 
describing the r-th system and so the- matrix elements U,,, can be 
arbitrary. Since (19) holds with arbitrary U,,,, we must have 


E,= SEQ — & = FCM. (20) 


These equations give the transformation laws for the é’s and é’s. 
Equations (20) show the existence of a remarkable analogy between 

the variables €,, which may all be regarded as forming one operator 

involving the parameter ¢™, and the representative (¢@|) of a state 


of a single system of the assembly. These two functions of ¢@ have 
3595.14 Hh 
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precisely the same transformation law under a passage from q to Q. 
Further, the interpretation (14) for é,€, is to some extent analogous 
to the ordinary physical interpretation of |(¢@|)|*. The analogy ex- 
tends also to equations of motion. If we suppose the systems of our 
Kinstein-Bose assembly to be all moving under the action of some 
external field of force, with no interaction between the systems, the 
total Hamiltonian for the assembly will be of the form of U in (3), 
where U, is the Hamiltonian for the r-th system alone, moving under 
the action of the external field of force. Taking U as Hamiltonian, 
we get as equations of motion for the é’s, from (16) and the quantum 
conditions (15). 
ihé, = £,U—UE, 
= 2 dé U5 b5— Pp EU €o ba 
ei 2 Wan Sy (21) 


This is of the same form as the Schrodinger wave equation for the 
r-th system alone with the Hamiltonian U,, &, playing the part of the 
wave function (q(}). 

We have now established the general result that the transformation 
equations and equations of motion for the é’s describing an Einstein- 
Bose assembly of systems acted on by an external field of force may 
be obtained from the corresponding equations for the wave function 
describing a single system of the assembly by the application of a 
certain definite procedure, which is called second quantization. This 
consists in assuming that the wave function (¢@|) describing the single 
system is not a numerical function of the parameter g@, but is an 
operator for each ¢, satisfying the quantum conditions (15). It then 
goes over into ¢,, the form of its wave equation and transformation 
law remaining unaltered. 


63. Waves and Einstein-Bose Particles 

The theory of the preceding section provides the mathematical basis 
for the reconciliation of the wave and corpuscular pictures of light. 
It shows that an assembly of particles satisfying the Einstein-Bose 
statistics may be described by dynamical variables n, and their con- 
jugates, which are formally the same as the action and angle vari- 
ables describing simple harmonic oscillators. Thus an Hinstein-Bose 
assembly is dynamically equivalent to a set of simple harmonic oscil- 
lators, there being one oscillator corresponding to each of a complete set of 
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independent states of a system of the assembly, the action variable of 
the oscillator corresponding to the number of systems in the state. We 
may replace the set of simple harmonic oscillators by a train of Waves, 
each Fourier component of the waves being dynamically equivalent 
to a simple harmonic oscillator. We then see that our Einstein-Bose 
assembly is dynamically equivalent to a system of waves. Thus if 
we have any vibrating medium which we wish to deal with according 
to quantum mechanics, we may treat it either as a system of waves 
or as an assembly of Einstein-Bose particles, the two points of view 
being consistent and mathematically equivalent. 

We may apply our theory of Einstein-Bose assemblies to the case 
when the ,’s are all large, so that the é,’s are also large and we may 
neglect the §,,, on the right-hand side of (15). With this approxima- 
tion our dynamical variables é,,, all commute with each other and 
may be counted as numbers, and the equations of motion (21) become 
ordinary differential equations between numbers. These equations 
are now identical with the Schrédinger equation for a single one of the 
systems perturbed by the external field of force, the set of numbers 
{4 Playing the part of the wave function (¢|). If this wave function 
is normalized to n, it may be considered to represent an assembly of 
n independent systems in the way discussed in §51. The interpreta- 
tion of the wave function, namely the interpretation of |(¢@|)|? as the 
probable number of systems in state ¢@, now corresponds exactly 
to the interpretation of the ¢,’s provided by equation (14), We thus 
have the result that an assembly of a large number of similar systems 
ts described by the same equations, whose solutions are to be interpreted 
in the same way, whether the systems are independent or satisfy the 
Hinstein- Bose statistics. 

Since an assembly of independent systems and an assembly satisfy- 
ing the Einstein-Bose statistics are two physically different things, 
it may seem strange that they are both to be described by the same 
set of equations, even though we are restricting ourselves to the 
limiting case of a large number of systems in the assembly. The solu- 
tion of the paradox lies in the fact that there remains an essential differ- 
ence between the mathematical treatments of the two assemblies, in 
spite of the similarities pointed out above, as may be seen from the 
following discussion. An assembly of independent systems is described 
as completely as quantum mechanics allows when we are given the 
number of systems in each state. The modulus of the wave function 
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(¢|) is then determined for each state ¢, but not its phase. This 
phase has no physical meaning. We must average over all values of 
this phase if it appears in the result of any calculation. On the other 
hand, for an assembly satisfying the Einstein-Bose statistics, the 
€,/8 are dynamical variables and their phases as well as their moduli 
are observables. 

There are two generalizations which we can easily make in the form 
of Hamiltonian which we had at the end of the preceding section for 
our Einstein-Bose assembly. Firstly, we may suppose that the various 
systems of the assembly are perturbed, not by an external field of 
force, but by interaction with some other atomic system, which we 
shall call the perturber. This will make a difference because the re- 
action of the assembly on the perturber will be taken into account. 
We must now introduce some more dynamical variables, 8 say, to 
describe the perturber. Our Hamiltonian will be of the form 


H = Hot DU, (22) 


where H, is the Hamiltonian that describes the perturber alone and 
U, is the energy associated with the r-th system of the assembly, 
consisting of its proper energy plus its interaction energy with the 
perturber. Hp will be a function of the f’s only and U, will be a 
function of the variables describing the rth system and also of the 
P’s. We can express the new sum > U, in terms of the n,, w, variables 


by the same method as before and the result will be of the same form 
(16), with the difference that the U,,,’s will no longer be numbers but 
will be functions of the f’s. The definition of U,,, will now be that 
its representative in the {-representation, the {’s being any complete 
set of commuting observables taken out of the f’s, is 

(2a lo") = (C'qf 0, |0"q)), (23) 
the matrix on the right being the representative of U, in the repre- 


sentation in which g, and { are diagonal. We shall still have U,,, com- 
muting with the n’s and e‘”’s and e~*’’s. The total Hamiltonian (22) 


will now be H = Hpt+ > EU» é,- (24) 


The second generalization which we can make is to allow the total 
number of systems in the assembly to vary. This generalization is 
necessary when the theory is applied to photons, since any emission 
or absorption of a photon by an atomic system results in a change in 
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the total number of photons in existence. We can get the theory for 
a varying number of systems from the theory for a fixed number by 
postulating in the latter theory a zero state for the systems, in which 
they are not physically observable in any way. Variations in the total 
number of observable systems can then be interpreted as arising from 
systems making transitions into or out of the zero state. We must 
suppose the number of systems in the zero state to be infinitely great, 
in order to allow the number of observable systems to increase with- 
out limit. 

Using the suffix 0 to denote the zero state, we can write the 
Hamiltonian (24) as 


H = Hp+-& U9 9+ p3 g. Ua Eo+ x Uy Ey+ db Uw &o (25) 


the value 0 for a or b being excluded from the summations in (25). 

We may assume Uy, to be zero, since it has no physical meaning. 

Since ng is infinitely great, &, and &, will also be infinitely great, of the 

order of nj. The terms involving & and & in the Hamiltonian (25), 

namely ¥ 2,U,9& and p EU &, are the terms which give rise to 
a 


transitions into or out of the zero state and must be finite in order to 
lead to finite transition probabilities. ‘This requires that Uj, 9 and 
Uy, shall be infinitely small in such a way that U,9&) and &, Ug, are 


finite, Put Tb ims Ve, EUs = Vo» (26) 
so that V, and J, are finite. The Hamiltonian (25) now becomes 
H = Hp+ > ei Ve p2 bot p2 é; Un Ey. (27) 
a Uy 


We may suppose the V, and J, here to be, like the U,,, functions only 
of the dynamical variables 8 describing the perturber and neglect 
their dependence on & and &, given by (26), since the P.B. of & 
and &, is infinitely small compared with & and , themselves, so that 
& and &, may without error be counted as numbers. 


64. Application to Photons 

In Chapter IX a theory was given of the scattering, absorption and 
emission of a particle by an atomic system. The interaction of the 
particle and atomic system was assumed to be describable by an 
interaction energy V appearing in the Hamiltonian, which interaction 
energy had to be small but was otherwise arbitrary. If we could 
determine the energy of interaction between a photon and an atom 
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or molecule, we could apply the methods of Chapter IX immediately 
to the case when the incident particle is a photon. We should then 
have a theory of the interaction of light with an atomic system. We 
cannot, however, determine this energy of interaction directly from 
analogy with the classical theory, in the way we obtained the Hamil- 
tonians for most of the systems dealt with up to the present, since 
the phenomenon of the interaction of a photon with an atom has no 
analogue in the classical theory. We must proceed in a more indirect 
way. We know that the interaction of an atom with a field of radia- 
tion can be described approximately by classical electrodynamics 
when the field of radiation consists of a large number of photons. Our 
method is therefore to assume an arbitrary interaction energy V 
between a single photon and the atom and then in terms of V to 
investigate the interaction of a large number of photons with the 
atom. By comparing this interaction with that given by classical 
electrodynamics we can then obtain V. 

For investigating the interaction of a large number of photons with 
an atom we can use the foregoing theory of an Einstein-Bose assembly, 
taking the photons to be the systems of the assembly and the atom 
to be the perturber. Since there is no interaction between photons, 
the total energy will be of the form (22), Hp being the energy of the 
atom alone and U, the energy associated with the r-th photon, con- 
sisting of its proper energy Ay, together with its energy of interaction, 
V,, say, with the atom. Thus 


U, = hw.+V,. (28) 


It is convenient to take the variables g to be constants of the 
motion for an unperturbed photon, so that the ¢’s label the station- 
ary states of the photons and the ,’s are the numbers of photons in 
the stationary states. This requires that the qg’s for a photon shall 
specify its momentum and polarization. Let us introduce a vector 
k, equal to 4-1 times the momentum of a photon, and suppose the q’s 
for a photon to consist of its k together with a polarization variable. 
Then each value for the suffix a in n, and €,, denoting a stationary 
state of a photon, will correspond to a value for k, which we call k,, 
and a value for the polarization variable. 

For each value of k there are two independent stationary states, 
corresponding to the two independent states of polarization of a 
photon. We shall take these two independent stationary states to 
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correspond to two perpendicular states of linear polarization. We 
ought now to verify that the theory remains invariant under a rota- 
tion of our standard directions of polarization. Calling the two 
original £’s for the two states for the given value of k, €, and ~,, we 
obtain on rotating our standard directions of polarization through an 
angle 0, two new é’s, €¥ and £% say, given by 

éf = €,c0s0 + €,sin0 

éf = —& sin 8 + &, cos, 
since, as shown by equations (20), the transformation law for the 
é’s is the same as that for the states of polarization of a single photon. 
It can now easily be verified that if €, and &, satisfy the quantum con- 
ditions (15), then so do é* and €¥. This is all that is necessary to 
establish the required invariance. We could alternatively work with 
the circular directions of polarization, which would mean using two 
é’s whose expressions in terms of the above ones are 2~!(€,+-7£,) and 
2-4(€,—1£,), which again satisfy the quantum conditions (15). 

Taking the representative of equation (28), we get 
Vay = hivg dan t+Vess 

v, being the frequency of a photon in the stationary state a. The 
V,,’8, like the U,,’s, are functions of the dynamical variables of the 
atom. The expression (27) for the Hamiltonian now becomes 


H = Hp+Hp+Hg, (29) 
where HE = > nahra, (30) 
the total proper energy of the sade! and 
Hg = 2 {En Vat+Vabah+ D3 E Vow Ss 
=F Vambeee+ Hint We™}-+ ¥ Vegnbee(my+ Ie, (81) 


the total interaction energy. 

A photon has a continuous range of stationary states and not a 
discrete set, since the components of k may have any values from 
— to. We therefore ought to change the sums in (31) into inte- 
grals. To do this accurately would not be very easy, since it would 
mean dealing according to quantum mechanics with a dynamical 
system with continuously many degrees of freedom, which would 
require a new scheme of notation and a new mathematical technique. 
We are, however, interested in the interaction energy (31) mainly 
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with regard to the limiting case of large n’s, when classical mechanics 
may be assumed to apply for the radiation, since we wish to compare 
the interaction energy in this case with that provided by classical 
electromagnetic theory and thus obtain expressions for the V,,’s and 
V,,’s. In this limiting case the passage from sums to integrals is 
quite easy. 

Let s,, denote the number of states of the photon (with a particular 
polarization) per unit of k-space about the value k,. We assume 
8, to be large, but an arbitrary function of k,, and investigate the 
limit of (31) when s, is made infinite. The number of photons (with 
a particular polarization) per unit of k-space about the value k,, is 

; Na = NaSa (32) 
provided n, varies in some roughly continuous way from one state 
to the next. Let (a|V |b) be the matrix} representing the interaction 
energy V for one photon in the representation for one photon, when 
we use the normalization rule (23) of Chapter IV for the parameter k. 
This representation differs from the one we have used up to the 
present in this chapter, in which V is represented by V,,, through the 
factor s in the weight function, according to the work at the end of 
§ 24, so that the matrix elements in the two representations are con- 
wipes (2|V |b) = Vanla%)?. (33) 
Similarly, the matrix elements (a|V |0), (0|V |a), referring to transitions 
into or out of the zero state, are connected with V,, and V,, by 

(a|V/0)= Vist — (0|V ja) = Vi sh. 

We can now express the interaction energy (31) in the limiting case 
of large n’s, when the n’s may be assumed to commute with the e’s, 
e~*’s, in the form 

Hg = > {(a|V|0)ni efe+ (0|V |a)nh e-Me} 574 + 

a fy (a| V |b) nt ni ef(ta—wa)g 1 git 
= ¥ | (al V|0)nhele+-(0|V |aynh e- Hs} dk, + 
+f GV b)nk nbetr™ dk, dk, (34) 
in the limit s > 00, the sums in (34) referring only to the polarization. 
+ The matrix elements of this matrix are actually functions of the dynamical 
variables describing the atom, like the Y's, and not numbers, but this does not 


invalidate the argument. The representation is an ‘incomplete’ one, whose representa- 
tives are defined in terms of those of a complete one by equations like (23). 
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The fact that the s’s have disappeared from this result justifies our 
method of dealing with a continuous range of states as a limiting case 
of a discrete set. 


65. Determination of the Interaction Energy between a Photon 
and an Atom 

We shall now determine the matrix elements (a|V|0), (0|V|a) and 
(a|V |b) by comparing (34) with the classical expression for the inter- 
action energy between an atom and a field of radiation. Forsimplicity 
we shall suppose the atom to consist of a single electron moving in an 
electrostatic field of force. The field of radiation may be described 
by a 4-vector potential. This potential is to a certain extent arbi- 
trary and may be chosen so that its time component vanishes. The 
field is then completely described by a magnetic potential A,, A,,, A., 
or A. The change that the field causes in the Hamiltonian describing 
the atom is now, as explained at the beginning of § 43, 


im (P+ 2A) —pl = ~(p,A)+ aah? (35) 


This is the classical interaction energy, which is to be compared with 
(34). The A that occurs here ought really to be the value of the 
magnetic potential at the point where the electron is momentarily 
situated. It is, however, a good enough approximation if we take 
this A to be the magnetic potential at some fixed point in the atom, 
such as the nucleus, provided we are dealing with radiation whose 
wave-length is large compared with the dimensions of the atom. 

To make the comparison between (34) and (35), we must first re- 
solve the field of radiation into progressive plane-polarized trains of 
waves. The electric and magnetic fields of one of these trains of 
waves, whose frequency is v, and whose direction is specified by the 
vector k,, are of the form 


é, cos[ 2m, i (k,, x) +Yal; FF, cos 27, t—(k,, xX) +yYa, 


the amplitudes €, and #, being vectors of equal length that are per- 
pendicular to the direction of motion and to each other. The total 
electric and magnetic fields are expressible as Fourier integrals of 


f 
ei é= > { €,, cos| 27v,t—(k,,X)+7a] dk, 
Ht = ¥ | AH, cos[2nv,t—(ky,X) +a] dKa, 


9595.14 1i 


(36) 
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the >’s here meaning sums over both states of polarization for each 
value of k,. 

We must obtain the distribution of energy of this field over the 
‘various Fourier components. At time ¢ = 0 we have 


{ &dx => { i (€,, &,) dk, dk, { C08] 74— (Ka, X) Jeos| y, — (ky, x) ] dx 


= ff E.,€,) dk, dk, 47°{c08(,-+-7,)5(K Ky) + 
+608(y74—74)(Ka—Ky)}, 


with the help of (15) of Chapter IV, the }’s here meaning sums over 
both states of polarization for each value of k, and k,. Thus 


J Gx = 42° ¥ | (E,, €,)008(yu+70) dk, +477 S [ €3 dk, 
where the Fourier component specified by a’ is such that k,, = —k,. 
Similarly, 

J dx = 473 S i} (HE, Hy)008(yq-+-7y) dk, +40? > { J# dk,,. 
On account of the connexion between the vectors &, and A, we 
have &2 = A? and also (&,,€,) = —(#,, #,). Hence the total 


@ 
energy is 


1/8m. [ (8?+-#*) dx = n> { &dk, (37) 


and the energy per unit of k-space for a definite polarization is 7°&2. 
This may be equated to hy, 7, the 7 having the same meaning as in 
the preceding section. Thus 


€2 = 1~*hv, Na. (38) 


The vector potential A may be expressed as a Fourier integral in 
the same way as € and #. We have 


A=-—y> i A, sin[27v,, t—(K,,X)-+7,] dk, (39) 


the vector A,, being in the same direction as &, and having its length 
given by c \2 oh 
2 =s ceded a = ‘ 0 
Ag (=| ei 4ay, Na (4 ) 
At the origin A will have the value 
A = — > [A,sin[2a,t+y,] dk, = 5 { A, cosw,, dk, 


w, being an angle variable of the same nature as those occurring in 
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(34). This value for A substituted in expression (35) for the inter- 
action energy gives 


e/me. > f (P,A,,)cosw, dk,-+-e2/2me?. 5 {f (A,,A,)cos w, cos w, dk, dk, 


eht 1 
eae i Pa Ma 008 wy Ak, ++ 


2 
tame iH) ayo en Na nbeos wa cost, dk, dik, (41) 
with the help of (40), where P, is the component of the momentum p 
of the electron in the direction of A, or &, and @,, is the angle 
between the vectors A,andA,. ° 
If we write (41) in terms of ce” and e-' instead of cosw and com- 
pare it with (34), we obtain 


a) = ct 

(a|V|0) = (O|V ja) = drm? | (42) 
2h, 

(2|V ) = vi v4 08 Paw: 


We also find that there are certain terms in (41), namely those in- 
volving ef» or e-iwa '~), which have no corresponding terms in 
(34). This discrepancy shows an inadequacy of the assumption that 
the Hamiltonian describing the interaction of an assembly of photons 
with an atom is of the form (22). The extra terms in (41) would 
give rise to transitions in which two photons are simultaneously 
absorbed or emitted and the possibility of such transitions requires 
® more complicated interaction energy than that assumed in (22). 
The physical effects of these terms are, however, small and un- 
important, and so we shall neglect them. 

Equations (42) now give the interaction energy V between a single 
photon and the atom. This interaction energy cannot conveniently 
be expressed explicitly in terms of dynamical variables. In using (42) 
we may, without serious error, take for the momentum p of the electron 
its value when the atom is not perturbed by any radiation, namely mx. 
The left-hand sides of (42) are not ‘complete’ matrix elements, being 
functions of the dynamical variables of the atom, but we can obtain 
the ‘complete’ matrix elements from them by using formula (23). 
If the different stationary states of the atom alone are denoted by 
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a’, w”,..., we shall have 


4 
(aa |V |Ox") = (Ox |V jac”) = ish (a" [#4 |”) (43) 
; me ee - (44 
(ax |V |b ) = 167*mvi vy} cos a5 Da’ ( ) 


Each a or b here specifies a value for k, determining a momentum for 
the photon, and also a polarization variable determining a direction 
of electric force. The matrix element (a’|%,,|«”) is the component of 
the vector (a’|x|«”) in the direction of the electric force specified by 
a and similarly @,, is the angle between the directions of electric force 
specified by a and b. 


66. Emission, Absorption and Scattering of Radiation 

We can now determine directly the coefficients of emission, absorp- 
tion and scattering of radiation by substituting in the formulas of 
Chapter IX the values for the matrix elements given by (43) and (44). 
These matrix elements must first be corrected by the insertion of a 
factor h-! in (43) and A-* in (44), owing to the different weight 
functions of the representation used in Chapter 1X with the momen- 
tum of the incident particle labelling the representatives and the 
representation of §65 with k, equal to i-! times this momentum, 
labelling the representatives. 

For determining the emission probability we can use formula (56) 
of Chapter IX. This shows that for an atom in a state a’ the proba- 
bility per unit time per unit solid angle of its spontaneously emitting 
a photon and dropping to a state «” of lower energy is 

4° WPle 1 

“hc? fh (2m)t 
Now the energy and momentum of a photon of frequency v are 

W = hy P = hc. 
Again, from the Heisenberg law (15) of Chapter VI, 
("a |ox") == Qariv(a’a”)(ar’ largo"), 

v(a’x”) being the frequency connected with transitions from state a’ 
to state a”, which in the present case is just the frequency v of the 
emitted radiation. These results substituted in (45) make the emis- 
sion coefficient reduce to 


(a |tgla”)) (45) 


CoP ya’lerale (46) 
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To obtain the rate of emission of energy per unit solid angle for a 
specified polarization, we must multiply this by Av. This gives for 
the total rate of emission of energy in all directions 


5 OY (a lexla’IP (47) 


which is in agreement with expression (27) of Chapter VIIL and 
justifies Heisenberg’s assumption for the interpretation of his matrix 
elements. 

In the same way the absorption coefficient, given by formula (59) 
of Chapter IX, becomes for photons 

2 2 
Pe ean Hele) = 100 lexala"DP 

This absorption coefficient refers to an incident beam of one photon 
crossing unit area per unit time per unit energy range. If we take 
one per unit frequency range instead of energy range, as is usual 
when dealing with radiation, the absorption coefficient becomes 


Sr [(a’lezale”)P- 
This result is the same as (25) of § 48, if we substitute for the EH, 
there the energy hv of a single photon. Thus the elementary theory 
of § 48, in which the radiation field is treated as an external perturba- 
tion, gives the correct value for the absorption coefficient. The average 
absorption for all directions of motion and of polarization of the 
incident beam is Sn? py 

“3 ch 
which is just equal to the emission coefficient (47) divided by the 
factor 8zhv*/c?, This ratio for the absorption and emission coefficients 
is in agreement with Einstein’s theory, discussed in § 48. 

Let us now consider scattering. The true scattering coefficient is 
given by formula (38) of Chapter IX. Such scattering of photons will 
not be accompanied by any change of state of the atom on account of 
the factor 5,..- in the expression for the matrix element (aa’|V |ba”) 
in (44). Thus the final energy W’ of the photon will equal its initial 
energy W°. The scattering coefficient now reduces to 


e*/m?c*. cos?6,. 
This is the same as that given by classical mechanics for the scattering 


|(cx’ |ex|a”)|?, 
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of radiation by a free electron. We thus see that the true scattering 
of radiation by an electron in an atom is independent of the atom and 
is correctly given by the classical theory. This result, it should be 
remembered, holds only provided the wave-length of the radiation 
is large compared with the dimensions of the atom. 

The true scattering is a mathematical concept and cannot be 
separated out experimentally from the total scattering, given by 
formula (44) of Chapter IX. Let us see what this total scattering is 
in the case of photons. A modification must now be made in the 
application of formula (44) of Chapter IX. The summation > in this 


formula may be considered as representing the contribution to the 
scattering of double transitions consisting of transitions firstly from 
the initial state to state k and secondly from state k to the final 
state. The first transition may be an absorption of the incident 
photon and the second an emission of the required scattered photon, 
but it is also possible for the first transition to be the emission and 
the second the absorption. It is clear from the general nature of the 
method used for deriving formula (44) of Chapter LX that both these 
kinds of double transitions must be included in the summation 


when this formula is applied to photons, although only the first of 
them was taken into account in the actual derivation given in 
Chapter IX. 

For the double transition of absorption followed by emission we 
must take, using zero, single prime and double prime to refer to the 
initial, final and intermediate k states of the atom, respectively, and 
a and 6b to refer to the absorbed and emitted photons respectively, 

(k|V jaa) == (Ox"|V jan) = (bar’ | V |k) = (ba’|V Ox") 
E—E,, = hv +-Hp(o°)— H,(«") = h{v’—v(«"a®)], 


where v” is the frequency of the incident photon and 
hv(a"a°) = Hp(x")—Hp(a°). 
Similarly, for the double transition of emission followed by absorption 
we must take 
(k[V jaa?) = (ba”|V\00°) = (ba |V |) = (00 |V lax”) 
E—E,, = hv +-Hp(o°)—Ap(«")—hY—hv’ = —h[v’ +-r(x"0°)], 
where v’ is the frequency of the scattered photon, there being now 
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two photons, of frequencies and y’, in existence for the inter- 
mediate state k. The expression for the scattering coefficient now 
reduces to 

ef y (ox aby |x” )(cx” |, [ox 
hic =e COS O45 ava’ tb > (eee 7°) 


_(e’ |q |” Mor ale (48) 
v’ v(x") 
If we write (48) in terms of x instead of ¢, we get 
(2re)* v’| h wor (x [ary )(x" ql?) 
hec* | 2m oO" Pav Bea’ — 2 i rh sol | P—v(a"a°) 
— (2 Fale Merete * (49) 
v’ v(x") 
We can simplify (49) with the help of the quantum conditions. 
We have 4 %.—a% = 0, 
which gives 
EY {la la x”)(a" argo”) — (a fra” )(oe"|y|0°)} = 0, (50) 
and also 
Ly Fqg—F_X, = 1/M. (xy Pa—Pa ty) = thi/m. cos Oq,, 
which gives 
(a lary |”). (ex?) (ex" fag |) —v (ce x”) ce" ety |e") .(02" rp |) 
= jhe com Cay Saear = 5 0080p Bary (51) 


Multiplying (50) by v’ and adding to (51), we obtain 

D {Ca [ary bow” )(er" [arg [x )[v? (eva) ]— (ex" lary, x”) (e” [2p [-0°)[ v’ +-0(ce’x”) ]} 

7 = h/2am. cos Oop 5 yea’ 
If we substitute this expression for //27m. cos 6,52. in (49), we 
obtain, after a straightforward reduction making use of identical 
relations between the v’s, 


ee ysl Selene) (gH 
Wet we” » ‘ (a0) eyo) (52) 


This gives the scattering coefficient in the form of the effective area 
that a photon has to hit per unit solid angle of scattering. It is known 
as the Kramers-Heisenberg dispersion formula, having been first 
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obtained by these authors from analogies with the classical theory 
of dispersion. 

The fact that the various terms in (49) can be combined to give 
the result (52) justifies the assumption made in deriving formula (44) 
of Chapter IX, that the matrix elements (aa’|V |b«”) of the interaction 
energy are of the second order of smallness compared with the 
(a«’|V |k) ones, at any rate when the scattered particles are photons. 


67. Einstein’s Laws of Radiation 

In the preceding section we determined the probability coefficients 
for absorption, emission and scattering of a photon by an atom. We 
were there concerned with only a single photon interacting with the 
atom (or at most with two), the interaction energy being given by 
(43) and (44). To complete our theory of radiation we require to 
know the laws governing the interaction of a number of photons with 
the atom. If the atom is exposed to an incident beam of radiation 
containing many photons, how do the absorption, emission and 
scattering probabilities depend on the intensity of the beam? 

This question cannot, of course, be answered simply from a con- 
sideration of the interaction energy, defined by (43) and (44), for a 
single photon. We have to fall back on the general interaction energy 
(31) for a number of photons. We shall make use of the general result 
(31) of §49, according to which a transition probability is propor- 
tional to the square of the modulus of the matrix element of the 
perturbing energy that refers to this transition. 

Let us consider an absorption process in which the number of 
photons in state a is reduced from n, to n,—1, the atom simul- 
taneously jumping from state «® to state a’, The probability of such 
a process will be proportional to the square of the modulus of the 
matrix element 


(nm, Ng eee Na wee a |Ho|n, Ns eee Nq—1 see a’) 


of the total interaction energy Hg. The only term in the expression 
(31) for Hg which can contribute to this matrix element is Vn} e*«. 
This matrix element is thus proportional to n} and the transition 
probability is proportional to n,, the number of photons in the state 
from which the absorption takes place. It follows that the probability 
of an absorption process is proportional to the intensity of the inci- 
dent radiation. 
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Similarly, for an emission process, in which the number of photons 
in state @ is increased from n, to ,-+-1, we must consider the matrix 
element (ny Ng ... Mg --. O |Hg|ny Ng ... Nt]... a’). 
The only term in expression (31) that contributes to this is 
V(%_+ 1te-*, This matrix element is thus proportional to (n,-+ 1)! 
and the transition probability to n,-+-1. In the same way a scattering 
process, in which the number of photons in state a is decreased from 
n, to n,—1 and the number in state b is increased from n, to n,-+-1, is 
due to the term V,,, 2} e!«(n, + l)te-, if it is a true scattering process, 
and to the product of the two terms V,nte”« and V,(n,+-1)te-*, 
if otherwise. The scattering probability is thus in any case propor- 
tional to n,(m,+-1). To interpret these results, we can regard a 
proportionality to an x as a proportionality to the intensity of the 
corresponding beam of radiation, but a proportionality to an (n--1) 
can be understood only from a study of the connexion between the dis- 
crete photon states which we are here using and the actual continuous 
range of states which these discrete states replace. 

The work at the end of § 37 shows that a discrete state must be 
counted as a volume h* of phase space for the photon, Thus a number 
n, of photons in a discrete state is to be counted as a distribution of 
h-*n,, photons per unit volume per unit of momentum space, or c~v3 nq 
per unit volume per unit solid angle per unit frequency range. This 
corresponds to an energy density of hce-*v3 n, per unit solid angle per 
unit frequency range, or to an intensity 

I, = hi/c .n, 
per unit frequency range. 

The probability for an emission process, which we found was pro- 
portional to »,-+-1, is thus proportional to I,+-hv3/c?. This means 
that with no incident radiation there is still a certain amount of 
emission (which is, in fact, given by expression (46)), but that the 
emission is increased or stimulated by incident radiation in the same 
direction and having the same frequency (and state of polarization) 
as the emitted radiation under consideration. Our present theory of 
radiation thus completes the imperfect one of § 48, and gives a ratio for 
the stimulated and spontaneous emissions which is in agreement with 
Kinstein’s theory of thermodynamic equilibrium mentioned in § 48. 

The probability for a scattering process from state a to state b, 


which we found was proportional to 7,(m,+-1), is in the same way 
3595.14 Kk 
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proportional to J,(J,,+-Av}/c?). Thus the scattering of radiation is 
also stimulated by incident radiation in the same direction and having 
the same frequency as the scattered radiation. The stimulation 
phenomenon is, in fact, a general one, as has been shown by Einstein 
and Ehrenfest} from general statistical arguments. 


+ Einstein and Ehrenfest, Z. f. Physik, 19 (1923), 301. See also Pauli, Z. f. 
Physik, 18 (1923), 272. 


XII 
RELATIVISTIC THEORY OF THE ELECTRON 


68. Relativistic Treatment of a Particle 

‘THe theory we have been building up and applying from Chapter II 
onwards is essentially a non-relativistic one. We have been working 
all the time with one particular Lorentz frame of reference and have 
not made it a requirement of the theory that its results should be 
independent of this frame of reference. The theory was established 
as an analogue of the classical non-relativistic dynamics. Let us now 
try to make it relativistic. 

In the first place we note that the general principle of superposi- 
tion of states, as given in Chapter I, is a relativistic principle. It 
applies to ‘states’ with the relativistic space-time meaning. Beyond 
this, though, the theory does not lend itself very well to relativistic 
treatment, owing to the fundamental notion of an ‘observable’ not 
fitting in very well with the requirements of relativity. The measure- 
ment of an observable, in the theory we have been dealing with up to 
the present, has always consisted in the measurement of some 
dynamical variable at some instant of time in some Lorentz frame of 
reference and there does not seem to be any way of generalizing this 
notion of an observable to make it cease to refer to a particular 
Lorentz frame. In consequence one cannot set up a general scheme 
of relativistic quantum mechanics like that of Chapter IL for the non- 
relativistic theory. All one can do is to solve special problems in a 
Lorentz-invariant way. This should not be regarded as a defect of 
the quantum theory, since it is in perfect analogy with the classical 
theory. Relativistic classical mechanics does not involve any such 
general scheme as the contact transformation theory of non-relativistic 
classical mechanics, but consists in the solution of comparatively 
special problems. 

One of the special problems that can be handled relativistically is 
that of the motion of a particle in an external field of force. Our non- 
relativistic quantum mechanics applied to this problem can be made 
to take a relativistic form merely by a slight change of notation. We 
use the representation in which the coordinates of the particle are 
diagonal, so that the representative of a state is (xyz|), and adopt 
the Schrédinger picture, so that this representative varies with the 
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time ¢ according to Schrédinger’s wave equation. If we now insert 
the variable ¢ explicitly in the wave function (xyz|), so that it reads 
(xyzt|), we can regard the wave function as a relativistic thing in- 
volving the four variables 2,y,z,¢ on the same footing. Such rela- 
tivistic wave functions form the basis of the present theory. The 
#-symbols will now be used for the symbolic writing of these rela- 
tivistic wave functions and not of functions of ,y,z only. 

The important differential operators that can operate on the W's 
of the present theory are those representing the components of 
momentum 


ce aaee in O 
Rae: oi a hae ey hs 1 
Pz hs Py ewe P: iar (1) 
and a further one W = ihe (2) 


representing the energy. Note the difference in the sign in (1) 
and (2), a difference which is required by relativity. The operators 
in (1) and (2) cannot be interpreted as observables with the same 
degree of generality as the operators of non-relativistic quantum 
mechanics, since when one of the former operates on a # representing 
a statef that actually occurs in nature and thus satisfying the wave 
equation, the resulting function will not in general satisfy the wave 
equation and will thus not represent any actual state.| An exception 
to this occurs when the momentum or energy is a constant of the 
motion, and such exceptions are the important practical cases when 
a measurement of momentum or energy is required. 


69. The Wave Equation for the Electron 


Let us consider first the case of the motion of an electron in the 
absence of an electromagnetic field, so that the problem is simply 
that of the free particle, which was discussed in §35. The Hamiltonian 
provided by classical mechanics for this system is given by equation 
(38) of §35, and leads to the wave equation 


{W /c— (mic? +p? +p? +p2)}% = 0, (3) 


where W and the p’s are to be interpreted as operators in accordance 
with equations (1) and (2). Equation (3), although it takes into 
account correctly the variation of the mass of the particle with its 


+ The word ‘state’ is here used in the relativistic space-time sense. 
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velocity, is yet unsatisfactory from the point of view of relativity, 
because it is very unsymmetrical between W and the p’s, so much so 
that one cannot generalize it in a relativistic way to the case when 
there is a field present. We must therefore look for a new wave 
equation for the free particle. 

If we multiply the wave equation (3) on the left by the operator 
{ W /c-+- (mc? +p? +-p?2 +-p?)!}, we obtain the equation 


{W?/c?—m*c?—p;—py— Pat = 9, (4) 


which is of a relativistically invariant form and may therefore more 
conveniently be taken as the basis of a relativistic theory. Equation 
(4) is not completely equivalent to equation (3) since, although every 
solution of (3) is also a solution of (4), the converse is not true. Only 
those solutions of (4) belonging to positive values for W are also 
solutions of (3). 

‘The wave equation (4) is not of the form required by the general 
laws of the quantum theory on account of its being quadratic in W. In 
§ 31 we deduced from quite general arguments that the wave equa- 
tion must be linear in the operator é/et or W, like equation (3) of 
that section. We therefore seek a wave equation that is linear in 
W and that is roughly equivalent to (4). In order that this wave 
equation shall transform in a simple way under a Lorentz transforma- 
tion, we try to arrange that it shall be rational and linear in p,, p, 
and p, as wellas in W, and thus of the form 


{W |o-+-x%, Det oy Py +o, P, +BY = 0, 6) 


where the «’s and f are independent of W and the p’s. Since we are 
considering the case of no field, all points in space-time must be 
equivalent, so that the operator in the wave equation must not in- 
volve x, y, z or t. Thus the «’s and § must also be independent of 
x, y,zandt. They must therefore denote some quite new dynamical 
variables, Which may be pictured as describing some internal motion 
in the electron. We shall see later that they just describe the spin 
of the electron. The «’s and 8 must, of course, commute with W and 
the p’s and also with x, y, z and ¢. 

Multiplying (5) by the operator {W/c—a, p,—«, p,—«, p,—B} on 
the left, we obtain 


{ W2/c =a 2 [a2 P +- (a, Oy xy X,)PrPy + (x, B-+-Bx,)p,]|—B?}p = 0. i 
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This is the same as (4) if the a’s and f satisfy the relations 


= 1, Oy yay OX, = 0, 
f? = m*c*, a, B+Ba, = 0, 


together with the relations obtained from these by permuting 2, y 
and z. If we write 
; B = ame, 


these relations may be summed up in the single one, 
%, Hoya, = 28, (u,v = 2, Y,2,0r m). (6) 


The four «’s all anticommute with one another and the square of 
each is unity. 

Thus by giving suitable properties to the a’s and B we can make 
the wave equation (5) equivalent to (4), in so far as the motion of the 
electron as a whole is concerned. We may now assume (5) is the 
correct relativistic wave equation for the motion of an electron in 
the absence of a field. This gives rise to one difficulty, however, owing 
to the fact that (5), like (4), is not exactly equivalent to (3), but 
allows solutions corresponding to negative as well as positive values 
of W. The former do not, of course, correspond to any actually 
observable motion of an electron. For the present we shall consider 
only the positive-energy solutions and shall leave the discussion of the 
negative-energy ones to §75. 

We can easily obtain a representation of the four a’s. They have 
similar algebraic properties to the o’s introduced in §19, which o’s 
can be represented by matrices with two rows and columns. So long 
as we keep to matrices with two rows and columns we cannot get a 
representation of more than three anticommuting quantities, and we 
have to go to four rows and columns to get a representation of the 
four anticommuting a’s. It is convenient first to express the a’s in 
terms of the o’s and also of a second similar set of three anticom- 
muting variables whose squares are unity, p,,po,p; say, that are inde- 
pendent of and commute with the o’s. We may take, amongst other 
possibilities, 


ay, = Pi 2%, ty = P1%y A, = Pi %s %m = Ps (7) 


and the «’s will then satisfy all the relations (6), as may easily be 
verified. If we now take a representation with p, and o, diagonal, we 
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shall get the following scheme of matrices: 


o,= /0 1 0 0\ o = /0-+' 0 O'1 og =/1 0 90 0 
2 9) 0-8 O88 Oo-—1 0 90 
O07 7 O48 0 0 0-i OVO a QD 
CoG * abs og CNB Cet rg 0 0 O-1 
fr= /9 0 LT OV pe= /0 O-¢ O'1. pp=/l 0 0 0 
OD. OF ck 0 0 0-4 Oo? 0) ae 
OOo ND ee a ee Oo OE AO 
UIE Nek 0 TY ae tat | a 0 0 O-—1 


Corresponding to the four rows and columns, the wave function must 
have four components. We saw in § 61 that the spin of the electron 
requires the wave function to have two components. The fact that 
our present theory gives four is due to our wave equation (5) having 
twice as many solutions as it ought to have, half of them corre- 
sponding to states of negative energy. 

With the help of (7), the wave equation (5) may be written in the 


vector form {W/c-+p,(,p)-+-p,mc}p = 0. (8) 


To generalize this equation to the case when there is an electro- 
magnetic field present, we follow the classical rule of replacing W and 
p by W-+-eA, and p-+-e/c.A, A, and A being the scalar and vector 
potentials of the field at the place where the electron is. This gives 
us the equation 


et eAotos(ap-+£A) +eamely = 0, (9) 


which is the fundamental wave equation of the relativistic theory of 
the electron, The conjugate imaginary equation 


[p+ S4ote.(e.p+5A) +aame| =e (10) 


must be treated on the same footing as (9). The operators W and p 
in (10), which operate to the left, must be interpreted, according to 
§ 27, as having the meanings in equations (1) and (2) with the signs 
reversed, 


70. Invariance under a Lorentz Transformation 

Before proceeding to discuss the physical consequences of the wave 
equation (9) or (10), we shall first verify that our theory really is 
invariant under a Lorentz transformation, or, stated more accurately, 
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that the physical results the theory leads to are independent of the 
Lorentz frame of reference used. This is not by any means obvious 
from the form of the wave equation (9). We have to verify that, if 
we write down the wave equation in a different Lorentz frame, the 
solutions of the new wave equation may be put into one-one corre- 
spondence with those of the original one in such a way that corre- 
sponding solutions may be assumed to represent the same state. For 
either Lorentz frame, the square of the modulus of the wave function, 
summed for the four components, should give the probability per unit 
volume of the electron being at any given place in that Lorentz 
frame. This probability is of the nature of an electric density (and 
will be called the electric density in future, for brevity), and its values, 
calculated in different Lorentz frames for wave functions represent- 
ing the same state, should be connected like the time components in 
these frames of some 4-vector. Further, the 4-dimensional divergence 
of this 4-vector should vanish, signifying conservation of charge, 
or that the electron cannot appear or disappear in any volume with- 
out passing through the boundary. 

For discussing Lorentz transformations it is convenient to put po 
for W/c and to make the convention that terms containing a repeated 
suffix are to be summed over the values 0, x, y, 2 for that suffix. This 
enables us to write equation (9) in the form 


{o(Pyte/-Ay,)+-a%m me} = 0, a 
ay being equal to unity, and similarly we can write equation (10) in 
the form P{x,(P.+e/¢.A,)-+-a%, me} = 0. (12) 


We now apply a Lorentz transformation and denote quantities 
referring to the new frame by a star. The components of the 4-vectors 
p and A will transform according to a linear law of the type 

Pu=ArPr, Ay = 4A. (13) 
Substituting these expressions for p,, and A,, in equations (11) and 
(12), we obtain 
{4 Qyy(Pi+e/c.A*)-+%p me} = 0 (14) 
and Play @ (Py +e/c. AP), me} = 0, 
We now try to bring these equations back to the form of the original 
(i) and (12) by introducing a new wave function %*, whose four 
components are linear functions (with constant numerical coefficients) 
of the four components of the original 4. This means that %* is 
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connected with y% by an equation of the type 

o* = yp, (15) 
where y is an operator like the «’s, which can be represented as a 


matrix with four rows and columns. The conjugate imaginary equa- 
tion to (15) is é* = 49. (16) 
Equations (14) will go over into the equations 
H{a.,(pt +e/c. At)-+ay,me}y* = 0 an 
and $*{a,(pi -+e/c.A*)-+a,me}y = 0 


provided we can choose y such that 


yo, = Xn Teys Ym Y = (18) 
These equations (17) are of the same form as (11) and (12), as re- 
quired, since one can divide out by the extra factors 7 and y. 

In order to verify that we can always choose y to satisfy equations 
(18), let us first take the special case when the change of our frame 
of reference consists simply of a rotation through a hyperbolic angle 
0 in the at plane, so that the transformation equations for the com- 
ponents of a 4-vector are of the type 

Po = pe cosh 6+-p* sinh 6 

Pr = pe sinh 0+-p* cosh 6 (19) 

Py = Py Pz = Pi. 
The values of the a, may be written down at once from a comparison 
of these equations with (13). With these values for the a,,,, it is easy 
to see that equations (18) hold when we take 


y = ella — 7, (20) 
We have, in fact, 


Joy = Py = eh 
= 1460a,+602/2!+- 6303/3!+.... 
On account of a2 = 1, this reduces to 


yxy = {1+ 67/2!+-...}-+-, {0+ 6/3!+-...} 


= cosh 0+.«,sinh@ 

= a, cosh 6+-«, sinh @. 
Again, JX, Y = % Vy = %Sinh 6+-«, cosh 8. 
Further, Yrxyy = etbae wy, eb@ax == etbaz e~taxs g Oy, 


3595.14 ul 
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since a, anticommutes with «,, which results in «,f(«,) = f(—«,)ay 
for any function f(a,) of «,. Similarly, 

VY = My Ym Y¥ = %Gm: 
Thus the five equations (18) hold with y given by (20) when the a,, 
are given by (19). 

As a second typical change of the frame of reference, we may con- 
sider a rotation through an angle @ in ordinary space about the x-axis. 
The transformation equations are now 

Po = Po Pr = Pi 
Py = pi cos 6-+-pF sin 8 
Pp; = —pk sin 0-+pF cos 6. 
With the new values for the a, we can easily verify that equations 
(18) hold with 
y= ery x: j= on NOaray — ebay as 
the analysis being very similar to the preceding case. 

If two changes of the frame of reference are made consecutively, 
we simply have to multiply the corresponding y’s to get the y for 
the resultant change. Now any change of the frame of reference may 
be built up from two rotations of the types we have considered, and 
hence there will always be a y satisfying (18). 

In this way we see that the solutions of the wave equations in the 
new frame of reference, equations (17), can be put into a natural one- 
one correspondence with those of the original wave equations (11) 
and (12), corresponding solutions being connected by (15) and (16), 
and we may assume that corresponding solutions represent the same 
state. It remains for us to verify that the electric density transforms 
like the time component of a 4-vector and that the divergence of this 
4-vector vanishes. 

We shall introduce the notation ¢,.y%, to denote the sum of the 
product of each of the four components of 4, with the corresponding 
component of #,. In the same way ¢£é. 7, where é and 7 are any linear 
operators that can operate on the wave functions, will denote the 
sum of the product of each component of d€ with the corresponding 
component of 7. Our new symbols of the type 4£. 7 are functions 
of x, y, z and #, and are quite distinct from the products dfn of 
Chapter IT, which are just numbers. It should be noted that 


Sindl ae fesip (21) 
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when « is one of the «’s in the wave equation, or more generally 
when it is any operator which means simply taking four linear func- 
tions (whose coefficients are numbers or functions of x, y, z and t) of 
the four components of the wave function. 

We can now express the electric density as 4.4, which is the same 
as gb agi or day. since a = 1. Let us see how the four quantities 
pb. py ¥%, with p = 0, x, y, 2, transform under a Lorentz transformation. 
We have, from (15), (16) and (18), 


b* a p* = py. xy yp = Ya, yh 
ae P- OX Any a (P. 0, PO yy- 
Comparing this result with (13), we see that the four quantities 


¢.,, % transform like the covariant components of a 4-vector. The 
contravariant components will be 


p., —$.a,%, —.ay yp, —$.a, yp. (22) 
This verifies that our electric density ¢.y is the time component of 
« 4-vector and that the corresponding space components are —¢.«, 
(with r = x, y, z). These space components multiplied by the factor c 
give the electric current, or, stated more accurately, the probability 
of the electron crossing unit area per unit time. 
The divergence of our 4-vector is 


4 aq), (23) 
B # 


where 2) denotes ct and the + sign means that the ++ sign is to be 
taken for » = 0 and the — sign for x = 2,y,z before one does the 
summation. To prove this divergence vanishes, multiply equation 
(11) by ¢ and (12) by ¥, taking the sum over the four components in 
each case, and subtract. The result is 


P- Xp Py p—da, Dy = 0, 
the other terms cancelling on account of (21). With the help of 
(1) and (2) this gives 


op , &p sad 
- x (P-swae tz cm¥| ae 0, 
which just expresses the vanishing of (23). In this way we complete 
the proof that our theory gives consistent results in whichever frame 
of reference it is applied. 
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71. The Motion of a Free Electron 
It is of interest to consider the motion of a free electron in the above 
theory according to the Heisenberg picture and to study the Heisen- 
berg equations of motion. These equations of motion can be inte- 
grated exactly, as was first done by Schridinger.t 

As Hamiltonian we must take the expression which we get as equal 
to W when we put the operator on ¢ in (8) equal to zero, i.e. 

H = —cp,(¢,P)—p3mc* = —c(a, P)—pgme*. 
We see at once that the momentum commutes with H and is thus 
a constant of the motion. Further, the z-component of the velocity is 
& = [x,H] = —ca,. (25) 

This result is rather surprising, as it means an altogether different 
relation between velocity and momentum from what one has in 
classical mechanics. It is connected, however, with the expressions 
(22) for the charge density and current. The @ given by (25) has as 
eigenvalues -/-c, corresponding to the eigenvalues +-1 of «,. As ¥ 
and z are similar, we can conclude that a measurement of a component 
of the velocity of a free electron is certain to lead to the result +-c. This 
conclusion is easily seen to hold also when there is a field present. 

Since electrons are observed in practice to have velocities con- 
siderably less than that of light, it would seem that we have here a 
contradiction with experiment. The contradiction is not real, though, 
since the theoretical velocity in the above conclusion is the velocity 
at one instant of time while observed velocities are always average 
velocities through appreciable time intervals. We shall find upon 
further examination of the equations of motion that the velocity is 
not at all constant, but oscillates rapidly about a mean value which 
agrees with the observed value. 

It may easily be verified that a measurement of a component of the 
velocity must lead to the result --c in a relativistic theory, simply 
from an elementary application of the principle of uncertainty of 
§ 28. To measure the velocity we must measure the position at two 
slightly different times and then divide the change of position by the 
time interval. (It will not do to measure the momentum and apply 
a formula, as the ordinary connexion between velocity and momen- 
tum is not valid.) In order that our measured velocity may approxi- 
mate to the instantaneous velocity, the time interval between the 

+ Schrédinger, Sitzungsb. d. Berlin Akad., 1930, p. 418. 


(24) 
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two measurements of position must be very short and hence these 
measurements must be very accurate. The great accuracy with 
which the position of the electron is known during the time interval 
must give rise, according to the principle of uncertainty, to an almost 
complete indeterminacy in its momentum. This means that almost 
all values of the momentum are equally probable, so that the momen- 
tum is almost certain to be infinite. An infinite value for a component 
of momentum corresponds to the value +-c for the corresponding 
component of velocity. 

Let us now examine how the velocity of the electron varies with 
time. We have eee: a 
Now since «, anticommutes with all the terms in H except —ca, p,, 

a, H-+-Ha, = —a, Cx, Pp—CXy Dy %y = —2ep,, 


and hence ite, = 2x, H+2cp, en 
= —2H X,— 2CP ,. 

Since H and p, are constants, it follows from the first of equations 

(26) that thai, = 26, H. (27) 

This differential equation in &, can be integrated immediately, the 

result being di, = a9 e-iHth, (28) 


where &® is a constant, equal to the value of «&, when t= 0. The 
factor e~**#4* must be put to the right of the factor 4% in (28) on 
account of the H occurring to the right of the 4, in (27). The second 
of equations (26) leads in the same way to the result 

&, = ert Htih go | 
We can now easily complete the integration of the equation of motion 
for x. From (28) and the first of equations (26) 


a, = Filia? e-*HihH-1— cp, H-, (29) 
and hence the time-integral of equation (25) is 
@ = fch*a® e-*HMH-"4+ c2p, H—t-+-a,, (30) 


a, being a constant. 

From (29) we see that the « component of velocity, —ca,, consists 
of two parts, a constant part c*p, H-', connected with the momentum 
by the classical relativistic formula, and an oscillatory part 

—hicha?®, e~2tHth F]-1 
whose frequency is high, being 24/h, which is at least 2mc?/h. Only 
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the constant part would be observed in a practical measurement of 
velocity, such a measurement giving the average velocity through a 
time-interval much larger than h/2mc?. The oscillatory part secures 
that the instantaneous value of # shall have the eigenvalues +-c. The 
oscillatory part of x is small, being, according to (30), 
fchPad e-tHiN 2 — —Vich(a,+cp,H-)H—, 

which is of the order of magnitude /i/me, since («,+4-cp, H-) is of the 
order of magnitude unity. 


72. Existence of the Spin 
In § 69 we saw that the correct wave equation for the electron in 
the absence of an electromagnetic field, namely equation (5) or (8), is 
equivalent to the wave equation (4) which is suggested from analogy 
with the classical theory. This equivalence no longer holds when 
there is a field. By treating the correct wave equation for this case, 
namely (9), in the same way as we treated (5) and comparing it with 
the wave equation to be expected from analogy with the classical 
theory, namely 

4 +54) be (p + <A) —méet| p= 0, (31) 

6... 2 c 

in which the operator is just the classical relativistic Hamiltonian, we 
may expect to get an indication of the new physical features of the 


present theory. 
We must multiply (9) by some factor on the left to make it re- 
semble (31) as closely as possible. Taking this factor to be 


mis e 
m+ £4o~p(o.p+£A) —Psme, 
we get 
W 2 2 . W 
(ota orvin) mernl (Escalon 
e,\{We ae 
—(,p+£a\(%+£4))|] = 0. (32) 


We now use the general formula that, if B and C are any two vectors 
that commute with o, 
(o, B)(¢,C) = > {2 B, C,+-0¢,0, B,C,+-0,0, B, C,} 
rye 


= (B, C442 o(B, C,—B, C;) 
= (B,C)+i(6,BxC). (33) 
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Taking B = C = p--e/c.A, we find, since 


(p+£a) x (p+£4) = “{pxA+Axp} 
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= —the/c.curlA = —ihe/c. #, 
where # is the magnetic field, that 


2 2 
(,p+£) = (p+£a) +e, m, 


Also we have 


scalonsis)-(o st ssa 
=<{(0.- 0 AA + Ayp— ~pA,] 


lief 120A 
= “le 2s gaat) ~i(,6), 


where @ is the electric field. Thus (32) becomes 


Ww 2 2 one <8 
[(0 £4) — (P+ EA) —mter “Ste, H)—ins Ce, hy — 


This equation differs from (31) through having two extra terms 
in the operator. The electron according to the present theory is 
more closely analogous to a classical system with the Hamiltonian 
function 


Ww 2 2 he 
(™ +24.) —(p+£A) —mict—" (a, #)—ip,"“(@, 8). 


If we neglect relativistic corrections, so that we can put W = me?-+-W, 
and count W, as small, this Hamiltonian reduces, after dvlainn 
throughout by 2m, to 


1 é,\*, te ee, 
Wi— {14 +-5-(P-+ 2A) + 3m *) +s (6, 6). 


We can now see that the two extra terms may be considered approxi- 
mately as due to the electron possessing an additional potential 


energy of amount 
he 2 fe 
me’ Ft) +-1p, Ome? é), 


which may be interpreted as arising from the electron having a magnetic 
moment —he/2mc.a and an electric moment —ip,he/2mc.c. This 
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magnetic moment is in agreement with the assumption of § 43 and 
is what is required by experiment. The electric moment, on the other 
hand, is a pure imaginary quantity and thus cannot be considered 
as having a physical meaning. The Hamiltonian of our original wave 
equation (9) is real, and the imaginary term has appeared only on 
account of our having performed a rather artificial operation to get 
a Hamiltonian that can be compared with the classical one. 

The spin angular momentum does not give rise to any potential 
energy and therefore does not appear in the result of the preceding 
calculation. The simplest way of showing the existence of the spin 
angular momentum is to take the case of the motion of a free electron 
or an electron in a central field of force and determine the angular 
momentum integrals. This means working with the Hamiltonian (24), 
or with this Hamiltonian generalized by the addition to it of a 
potential energy —eAyg which may be any function of the radius r, 


sony H = —eAg(r)—cp,(o, p)—py me?. (34) 


With either Hamiltonian we find for the rate of change of the #-com- 
ponent of orbital angular momentum, m, = yp,—zp,, with the help 
of commutability relations proved in §§ 38 and 40, 
ihm, = m,H—Hm, 

= —¢p,{m,(6,P)—(6, p)m,} 

= —cp,(6,m,Pp—pm,) 

= —thep,{oy P,—%,Py}- 
Thus m, ~ 0 and the orbital angular momentum is not a constant 
of the motion. This result is to be expected from the integrated 
equation of motion (30), the oscillatory part of the motion here dis- 
played giving rise to an oscillatory term in the angular momentum. 

As a further equation of motion with the Hamiltonian (24) or (34), 

iesahean ag iho, = 0,H—Ho, 

= —¢p{o,(6, Pp) rn (s, P)o,} 

= —¢p,(o,6—¢0,,P) 

ae — icp, {o, Py— yP2} 
with the help of equations (55) of §19. Hence 
so that the vector m-+-}ie is a constant of the motion. This result 
one can interpret by saying the electron has a spin angular momentum 


§ 72 EXISTENCE OF THE SPIN 265 
}io, which must be added to the orbital angular momentum m before 
one gets a constant of the motion. The same vector ¢ fixes the direc- 
tions of both the spin magnetic moment and the spin angular momen- 
tum. If an electron in a certain state of spin has a spin angular 
momentum of }% in a particular direction, it will have a magnetic 
moment —eh/2me in the same direction. 


73. Transition to Polar Variables 
For the further study of the motion of an electron in a central field 
of force with the Hamiltonian (34), it is convenient to make a 
transformation to polar coordinates, as was done in § 40 in the 
non-relativistic case. We can introduce r and p, as before, but 
instead of k, the magnitude of the orbital angular momentum m, 
which is no longer a constant of the motion, we must now use the 
magnitude of the total angular momentum M = m | }fe. Let us put 

Pi? = M2+ M?+M?-+ jh’. (35) 
The eigenvalues of m, are integral multiples of i, those of }ho are 
-- i, and hence those of M, must be half-odd integral multiples of 
h. \t follows from the theory of § 39 that the eigenvalues of j must 
be integers. 

If in formula (33) we take B = C = m, we get 
(o,m)? = m?--i(6,m x m) 
= m?—j(o, m) 
= (m+ Hie)?—2h(6, m)— jh’. 
Hence {(,m)+A? = M?*+}#?. 
‘Thus (6, m)-++4 is a quantity whose square is M?--4/? and we could, 
consistently with equation (35), define ji as (e,m)+#. This would 
not be the most convenient definition for j7, however, since we would 
like to have j a constant of the motion and (6, m)-+# is not constant. 
We have, in fact, from applications of (33), 
(¢,m)(o,p) = 1(6,m xp) 
and (6,p)(¢,m) = i(6,p xm), 
so that 
(o,m)(o,p)+(6,p)(¢,m) = ¢ 2 o,{My D-—M, Py Py Ms—P2My} 


= 4) o,.2thp, = —2h(6,p), 
rue 
OF . _. {(6,m)+A}(6, p)+(e,p){(e, m)- +h} = 0. 
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Thus (6, m)-++-# anticommutes with one of the terms in the expression 
(34) for H, namely the term —cp,(o, p), and commutes with the other 
two. It follows that p,{(¢,m)-+-} commutes with all the three terms 
in H and is a constant of the motion. But the square of p,{(¢,m)-++-/} 
is also M?+-}/?. We can therefore take 
jh = ps{(o, m)+A}, (36) 
which gives us a convenient rational definition for 7 which is consis- 
tent with (35) and makes j a constant of the motion. The eigenvalues 
of this j are all positive and negative integers, excluding zero. 
By a further application of (33), we get 
(o,x)(6,p) = (x, P)-+2(6, m) 
= 1Py+ips jn, (37) 
with the help of (36) and also of equation (13) of Chapter VII. We 
introduce the dynamical variable ¢ defined by 
Tre = pil, x). (38) 
Since r commutes with p, and with (¢,x), if must commute with e. 


We thus have 
re = [p,(6,x)P = (6,x)* = x? = 7%, 


or ee = 1, 

Since there is symmetry between x and p so far as angular momentum 
is concerned, p,(o,x), like p,(o,p), must commute with M and j. 
Hence € commutes with M and j. Further, « must commute with p,, 


since we have 
(o, x)(x, p)—(x,p)(6, x) = (6, x(x, p)—(x, p)x) = th(o,x), 


which gives re(rp,-+-th)—(rp,+ih)re = thre 
or re(p,r-+2th)—(rp,+-th)re = thre, 
which reduces to €p,—p,€ = 0. 


~ From (37) and (38) we obtain 
rep(6,P) = rp,+-ips jh 
or Pi(@,P) = ep,-+-teps jh/r. 
Thus (34) becomes 
H/c = —e/c. Ay—ep,—iep, jh/r—p, me. 
This gives our Hamiltonian expressed in terms of polar variables. It 


should be noticed that « and p, commute with all the other variables 
occurring in H and anticommute with one another. This means that 
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we can take a representation in which ¢ and p, are represented re- 
spectively by the matrices 

i! 0 

ts oat (39) 


o— 
RE 
and in which r, say, is diagonal, and the representative (r|) of a state 


will then have two components, (r|), and (r|), say, referring to the 
two rows and columns of the matrices (39). 


74. The Fine-Structure of the Energy-Levels of Hydrogen 
We shall now take the case of the hydrogen atom, for which Ay = e/r, 
and work out its energy-levels, given by the eigenvalues H’ of H. 
The equation (H’—H) = 0 which defines these eigenvalues, when 
written in terms of representatives in the representation discussed 
above with ¢« and ps represented by the matrices (39), gives the 
equations 


(E+E) era W5 I —F Olds-tmelrl), = 0 


H’ 2 é ih 
(F+-S}r Dot AS CaF ra —melrl)s = 0. 
h 
a we Oe ath ? monk 
these equations reduce to 


(J+ S)ev.-(5+2)e =o 


(-2-+Jen+(G—JJen. =o, 


where « == e*/fc, which is a small number. We shall solve these equa- 
tions by a similar method to that used for equation (20) in § 41. 


a2, (40) 


(41) 


vii (ria = ef, (rly = erg, 
introducing two new functions, f and g, of r, where 
a = (a, a,)* = h(m*c?—H’?/c?)-4, (42) 


Equations (41) become 
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We now try for a solution in which f and g are in the form of power 


series, f= der’, g= > cfr, (44) 


in which consecutive values of s differ by unity though these values 
need not be integers. Substituting these expressions for f and g in 
(43) and picking out coefficients of r*-!, we obtain 
C5-1/4,+-0€,—(8+j)e,+¢,-,/4 = 0 (45) 
—€,_3/4_++-ac,-+ (8—J)C,—C,_/4 = 0. 
By multiplying the first of these equations by a and the second by 
a, and adding, we can eliminate both c,_, and c,_,, since from (42) 
a/a, = a,/a. This gives 
[aa-+-a,(8—J) Je, +-[4,a—a(s-+J) Je, = 0, (46) 
a relation which shows the connexion between the primed and un- 
primed c’s. 

The boundary condition at r = 0 requires that the series (44) shall 
terminate on the side of small s. If 8, is the minimum value of s for 
which c, and cj do not both vanish, we obtain from (45), by putting 
8 = 8 andc, ,=c,_,= 0, 

ac, — (8o+3 er, = 0 

acs, +(8—i)e, = 9, 
which give a? == —si-+9?, 
Since the boundary condition requires that the minimum value of s 
shall be greater than zero, we must take 

8 = +4(j?—o°). 

To investigate the convergence of the series (44) we shall determine 
the ratio c,/c,_, for large s. Equation (46) and the second of equa- 
tions (45) give approximately, when s is large, 


aC, = ac, 
and 8Cy = Cy_y/A-+C,_4/Ag. 
Hence C,/Cy— = 2/a8. 


The series (44) will therefore converge like 


Dale) 


or e*/¢_ This result is similar to that obtained in § 41 and allows us to 
infer, as in § 41, that all values of H’ are permissible for which a is 
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pure imaginary, i.e., from (42), for which H’ > mc*, but of those 
values of H’ for which a is real, only those are permissible for which 
the series (44) terminate on the side of large s. 

If the series (44) terminate with the terms c, and cj, so that 
Ce41 = yy, = 0, we obtain from (45) with s+-1 substituted for s 


e,|a+c,/a = 0 
ei :/4,—C,/@ = 0. 
These two equations are equivalent on account of (42). When com- 
bined with (46), they give 


@,| dexe-}-(8—J)] = ala,a—a(s+j)], 


which reduces to 2a, 4,8 = A(dg—a,)a 
or : = afd aE: “= nh 
ee Ce ch’ 


with the help of (40). Squaring and using (42), we obtain 

8?(m?c? —H'?/c*) = of? H’2/c*. 
Hence x = ( +5) Z 
The s here, which specifies the last term in the series, must be greater 
than 8 by some integer not less than zero. Calling this integer n, 
we have 8 = n-+a(j?@—o2) 


oe eas a 47 
rele me — ("+ pga aft 
This formula gives the discrete energy-levels of the hydrogen 
spectrum and was first obtained by Sommerfeld working with Bohr’s 
orbit theory. There are two quantum numbers ” and j involved, but 
owing to a* being very small the energy depends almost entirely on 
n--|j|. Values of n and |j| that give the same n-+-|j| give rise to a 
set of energy-levels lying very close to one another, and to the 
energy-level given by the non-relativistic formula (27) of § 41 with 
t= n+])j]. 

For a general value of n, j can have any integral value except zero. 
Che value n = 0 is, however, exceptional as it makes equation (46) 
vanish identically, A closer investigation shows that in this case only 
negative values for j are allowed.t+ 


+ See W. Gordon, Z. f. Physik, 48 (1928), 11. 
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75. Theory of the Positron 

It has been mentioned in § 69 that the wave equation for the electron 
admits of twice as many solutions as it ought to, half of them re- 
ferring to states with negative values for the kinetic energy W+-eAy. 
This difficulty was introduced as soon as we passed from equation (3) 
to equation (4) and is inherent in any relativistic theory. It occurs 
also in classical relativistic theory, but is not then serious since, owing 
to the continuity in the variation of all classical dynamical variables, 
if the kinetic energy W-+-eA, is initially positive (when it must be 
greater than or equal to mc*), it cannot subsequently be negative 
(when it would have to be less than or equal to —mc?), In the 
quantum theory, however, discontinuous transitions may take place, 
so that if the electron is initially in a state of positive kinetic energy 
it may make a transition to a state of negative kinetic energy. It is 
therefore no longer permissible simply to ignore the negative-energy 
states, as one can do in the classical theory. 

Let us examine the negative-energy solutions of the equation 


(= +549) +94(P. fs °4,) + 


+4(Py+54y) +05(Pe-+ £4.) bon mel =0 (48) 


a little more closely. For this purpose it is convenient to use a repre- 
sentation of the «’s in which all the elements of the matrices repre- 
senting «,, a, and a, are real and all those of the matrix representing 
«, are pure imaginary. Such a representation may be obtained, for 
instance, from that of § 69 by interchanging the expressions for «, 
and «,, in (7). With such a representation, if we write —i for 7 in the 
operator of equation (48), we get, remembering (1) and (2), 


((—Z +240) +0(—-re-+ 244] # 


+0, —py+ <A,) “tn x4(—2. + °4,) —Qm mel = 0. (49) 


Thus the conjugate complex of any wave function that is a solution 
of (48) is a solution of (49). Further, if the solution of (48) belongs to 
a negative value for W--eAo, the conjugate complex solution of (49) 
will belong to a positive value for W—eAy. But equation (49) is just 
what one would get if one substituted —e for e in (48). It follows 
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that the conjugate complex of any solution of (48) belonging to a 
negative value for W -+-eA, is a solution, belonging to a positive value 
for W—eAg, of the wave equation obtained from (48) by substitution 
of —e for e, and therefore represents an electron of charge +e, in- 
stead of —e, moving through the given electromagnetic field. Thus 
the unwanted solutions of (48) are connected with the motion of an 
electron with a charge +-e. (It is not possible, of course, with an 
arbitrary electromagnetic field, to separate the solutions of (48) 
definitely into those referring to positive and those referring to nega- 
tive values for W -+-eAo, as such a separation would imply that transi- 
tions from one kind to the other do not occur. The preceding dis- 
cussion is therefore only a rough one, applying to the case when such 
a separation is approximately possible.) 

In this way we are led to infer that the negative-energy solutions 
of (48) refer to the motion of a new kind of particle having the mass 
of an electron and the opposite charge. Such particles have been 
observed experimentally and are called positrons. We cannot, how- 
ever, simply assert that the negative-energy solutions represent posi- 
trons, as this would make the dynamical relations all wrong. For 
instance, it is certainly not true that a positron has a negative kinetic 
energy. We must therefore establish the theory of the positrons on 
a somewhat different footing. We assume that nearly all the negative- 
energy states are occupied, with one electron in each state in accordance 
with the exclusion principle of Pauli. An unoccupied negative-energy 
state will now appear as something with a positive energy, since to 
make it disappear, i.e. to fill it up, we should have to add to it an 
electron with negative energy. We assume that these wnoccupied 
negative-energy states are the positrons. 

These assumptions require there to be a distribution of electrons 
of infinite density everywhere in the world. A perfect vacuum is a 
region where all the states of positive energy are unoccupied and all 
those of negative energy are occupied. In a perfect vacuum Maxwell’s 


equation dice 2 6 
must, of course, be valid. This means that the infinite distribution 
of negative-energy electrons does not contribute to the electric field. 


Only departures from the distribution in a vacuum will contribute 
to the electric density p in Maxwell’s equation 


div € = 4np. 
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Thus there will be a contribution —e for each occupied state of posi- 
tive energy and a contribution -+-e for each unoccupied state of 
negative energy. 

The exclusion principle will operate to prevent a positive-energy 
electron ordinarily from making transitions to states of negative 
energy. It will still be possible, however, for such an electron to 
drop into an unoccupied state of negative energy. In this case we 
should have an electron and positron disappearing simultaneously, 
their energy being emitted in the form of radiation, The converse 
process would consist in the creation of an electron and a positron 
from electromagnetic radiation. 

_ The theory of the positron here given appears at first sight to treat 

the electrons and positrons on very different footings, but actually 
the fundamental ideas of the theory are symmetrical between the 
electrons and positrons. We should have an equivalent theory if we 
supposed the positrons to be the basic particles, described by wave 
equations of the form (9) with —e for e, and then supposed that nearly 
all the states of negative energy for the positron are filled up, a hole 
in the distribution of negative-energy positrons being then inter- 
preted as an ordinary electron. The theory could be developed 
consistently with the hypothesis that all the laws of physics are 
symmetrical between positive and negative electric charge. 


XII 
FIELD THEORY 


76. Quantum Conditions for the Electromagnetic Field 


Tne methods of classical mechanics can be applied, not only to par- 
ticles, but to the vibrations of a field such as the electromagnetic field. 
One can introduce dynamical] variables to describe the field and can set 
up a Hamiltonian function which enables the equations of motion to 
be expressed in the Hamiltonian form. There exists a corresponding 
quantum mechanics of fields. It is of interest chiefly because of the 
mathematical beauty of its formal analogy with the classical theory 
when it is expressed in symbolic form, It has not so far led to any prac- 
tical results which could not be obtained by more elementary methods, 

We shall here deal with the quantum theory of the electromagnetic 
field. The foundations of this theory have already been given in 
Chapter XI, where we resolved the field into plane waves and treated 
the amplitudes and phases of these waves as dynamical variables, 
The present theory will go beyond that of Chapter XI in that the 
field quantities themselves will be used as dynamical variables, not 
merely the amplitudes and phases of their Fourier components, and 
the whole of the mutual interaction between electrified particles, in- 
cluding also the Coulomb interaction, will be shown to follow from 
the interaction between the particles and the field. The present 
theory will be relativistic throughout and we shall take the velocity 
of light ¢ equal to unity. 

We shall work for the present with the Heisenberg picture of § 32, 
in order that we may have our dynamical variables satisfying equa- 
tions of motion analogous to those of classical mechanics. When 
we use the field quantities as dynamical variables, the first problem 
that presents itself is to obtain their quantum conditions, a problem 
which was first solved by Jordan and Pauli.t The general solution of 
this problem would require us to obtain the commutability relation 
connecting any two field quantities at any two points of space-time 
x’, and x”,t". For building up a dynamical theory, though, it is 
sufficient to obtain the commutability relations connecting all the 
field quantities at one instant of time, corresponding to the fact 
that in our particle dynamics we had to obtain only those quantum 
{| Jordan and Pauli, Z. f. Physik, 47 (1927), 151. 
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conditions connecting the dynamical variables at one time. The more 
general commutability relations would then be determined by these, 
together with the equations of motion. From general grounds we 
should expect two field quantities at two points in space-time, neither 
of which lies inside or on the light-cone from the other, to commute, 
since one can measure either of these quantities without disturbing 
the other, on account of the velocity of propagation of the disturbance 
being limited by the requirements of relativity to the velocity of 
light. When we work out the P.B.’s connecting the field quantities at } 
various points of space at the same time, we shall find, in agreement 
with the above expectation, that two field quantities commute unless 
they are at two points infinitely close to one another. 

‘We may assume that the commutability relations connecting the 
field quantities at one instant of time are independent of whether 
there are charged particles present or not, since in our theory of 
particle dynamics we had the same quantum conditions for a system 
whether that system interacts with another system or not. Thus we 
may work with the case of no charged particles present, when the 
whole of the electromagnetic field can be resolved into plane waves, 
and use the form for € and # given by (36) of Chapter XI, namely, 


ith ¢ = 0, 
ve & => | &,cosly.—(k.,x)] dk, 


Ht = | H,,005[74—(Ky,X)] dk. 


It is convenient to pass from the continuous range of values of k, 
to a discrete set, corresponding to the discrete set of photon states 
that we had in § 64, and so to replace the integrals in (1) by sums. We 
then get, with s, having the same meaning as in § 64, 


é& = > &,,005[¥q—(KqsX) 8a" 

Jb ox: S F,, cos[y,—(K,,X)] 8}. 
The length of the vector &, or #, is given by (38) and (32) of Chapter 
apse velie [8a] = [Hal = a (hry ng ay)h (2) 


Thus if we let a, and B, denote vectors of unit length in the directions 
of &, and #, respectively, we have 


& = 11 (hy,)baznh cos[74— (eas X)]97! 
H = 7S (lv, ,nk c05[y74— (ky x))6z 


(1). 
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These expressions for € and # hold in the classical theory. To pass 
over to the quantum theory, we must consider the n’s and ’s in (3) 
to be non-commuting variables satisfying quantum conditions like 
(10) of Chapter XI with y instead of w. The expressions on the right- 
hand side of (3) are then no longer real. To make them real, we have 
to replace 2n} cos[y,—(Kq,X)] by 


nh et¥e e~ikex) + e-iyant gilkas) 
or by eta ni e-ilkax) 1 ni etre elke», 


We choose the first of these alternatives since the second, in a repre- 
sentation in which the x’s are diagonal, would make all matrix 
elements of € and #, lying in a row or a column for which an nj, = 9, 
vanish and thus 0 would cease to be an effective eigenvalue of the 
n’s. The second alternative would not give a different physical 
theory, but would merely mean working with variables » which are 
greater by one than the numbers of photons in the various states. 
Equations (3) now become 


& = (27)! D (hv, ta, {nd cfvee-tike x) + e-ivant cike xg 4 


= (2m)-* > (hvg tara {E, e-Wa™) +-£ eltkenja rt, (4) 


a 


with the introduction of variables é, and €, like those of equations 
(13), Chapter XI, and similarly, 


H = (2m) S (hg IB Eerie +Eqeltor} 55%, (8) 


Let &, be the component of €& in a certain direction / and €,, the 
component of € in another direction m, which may, as a special case, 
be the same as the direction /. We shall now work out the P.B. con- 
necting €; at the point 2’, y’, 2’, which we write as €\”, with €,, at the 
point x”, ¥”,z”, which we write €{”. Since é’s and &’s with different 
suffixes always commute with each other, we obtain from (4) 

[E}”, €2] 


= (2mr)-* > hv, Xe mal &a e~tke,x")_+. Ss etka), gE, e~ "Ke, m4, etka sat)! ie 
= (21r)-? > hig a4 & nal th)“ MHetax’—*9— etka x’—2)} go 1, 
a 
from the quantum condition 


E,fa—taba = 1, , (6) 
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which comes from (15) of Chapter XI. This reduces to 
[Ef?, EL] = 2 DY v4 O44 % nq 8in(K,, X’—X”) 8g}. (7) 
a 


When we do the summation over all values of a here, each value of 
@ meaning a direction of motion and frequency of a Fourier com- 
ponent of the field, together with a direction of polarization, we shall 
evidently get the result zero, since each term in the sum will just 
cancel with the term corresponding to the opposite direction of 
motion, the same frequency and the same direction of the electric 
vector. Hence the electric field quantities at different places and the 
same time all commute with each other. Similarly, working from (5), it 
may be shown that the magnetic field quantities at different places and 
the same time all commute with each other. 

It remains for us to determine the P.B. connecting the electric 
field at one place with the magnetic field at another. By similar work 
to that which led to (7) we obtain 


[€1?, HQ] = 9S v0 44 Ba Sin (Kegs X’—X") 857. (8) 


Let us first do the summation here with respect to both states of 
polarization for a given direction of motion and frequency. The state 
of polarization is specified by the two mutually perpendicular vectors 
a and B, giving the directions of the electric and magnetic fields, and 
to pass from one state of polarization to the other we merely have to 
replace a by B andB by —a. Thus to sum over both states of polariza- 
tion in (8), we have to replace aj, Bing by 

O14 Bina — Bra %na- (9) 
If the two directions 1 and m are the same, expression (9) vanishes 
and thus the right-hand side of (8) vanishes. Hence components of 
& and # in parallel directions always commute. 

We shall now take the case when the directions J and m are per- 
pendicular and suppose them, for definiteness, to be the x and y 
directions. Expression (9) then becomes 

pa ie —Bue Xyar 
which is just the z-component of the vector product «, x B,. Since this 
vector product is of unit length and is in the direction of the vector k,, 
its z-component is the cosine of the angle between the vector k, and 
the z-axis and is thus k,,,/27v,. Hence equation (8) becomes 


[E2?, HY") = dr & kg sin(ka,X’—x") 65. 
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Passing from the sum back to an integral, we get 


(ey), AD) = 3r* | k, sin(k, x’ —x") dk 
-_ 10+, | cosk,x’—x") dk 


a , a” , ” , " 
= — 4 {8 (a’ —x")6(y—y") 8(@"—2")} 

with the help of formula (15) of Chapter IV. Thus we obtain finally 

few, Ao”) == _i dy 3(a’ —a")5(y’ —y")3'(2’ —2") 
and similarly, (10) 

[EL?, AED? = dar 8(2’—2°")8'(y’—y")(z'—z"), 
with corresponding relations for €, and €,. This gives us all the 
quantum conditions for the field quantities at a definite time. Two 
of these field quantities always commute if they are at two points 


in space which are not infinitely close. 
The total energy of the field in the absence of any charged particles 


is Hy = 5 Mhvg =h YS rebate (11) 
from (14) of Chapter XI. From (4) 


f & dx = (27)*h 2 viv} (a, &,) {E,e-ikax) 4 ¢  elikkax)} > 
x {é, e~ ths, x) 4 £, ettkx)} dx sz+s,* 
= 2ath ¥ vavi(dar M){(Ea bor Ea Es) Ba HKy) + 
+(E,£+&%) 5(k,—k,)}sz 4854, (12) 


the 5 function of a vector having the same meaning as in equation (19) 
of Chapter IX. Similarly, 


f FP dx = 2h ¥ vb rh Ba Br Gaby + babe) Ba +k) + 
+(&, E,t+&, é,) 5(k,—ky)}8a* 8. 


Hence 
{ (8° H#) dx = 2h > vavbl(a, %)+(BaPy)} x 
X (Ea €,+£a Fp) 5(k,,—k,)8q #85 #, 


the remaining terms cancelling since (a,,¢,) = —(®,,8,) when the 
vectors k, and k, are in opposite directions. This result reduces to 


J (G+ 4) dx = deh S valEabat baba), 
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since, as is easily verified, 5(k,—k,)s; +s; + occurring in a sum over @ 

or b is equivalent to 5,,x,. With the help of (6) we now find 
[4H dx = bah ¥ velExtatb), 


and hence the energy (11) becomes 
Hy = 1/8r. i (€24- #?) dx —4 3 hy,. (13) 


Thus the classical expression for the energy of the electromagnetic 
field, given by (37) of Chapter XI, holds in the quantum theory only 
when another term is added to it, consisting of a contribution — thy 
for each degree of freedom of the field. This extra term is infinite, 
but it is a constant, independent of all the dynamical variables, and 
may therefore be neglected when (13) is used as a Hamiltonian. 

The equations of motion of the field may be deduced directly from 
the quantum conditions for the field quantities and the form (13) for 
the Hamiltonian, without any resolution of the field into Fourier 
components. Thus, for example, we get as the equation of motion 
for €(” 

EY = (60), Hp] = 1/80. [ [69, 4G? +0] dx". (14) 
Now from (10) 
[60), 4] = [6L, HP + HAYLEY, H4)] 
= —82 HO” 8(a’ —2x")3(y’—y")8'(z’—z"), 
and hence 


JlES?. 749] dx” = —8o [ [[ JG? 80’ —2")Bly’—y")8'(2'—2") dx"dy"da" 
= — 80 HY), 
from (4) and (6) of Chapter IV. Similarly, 
Pre) Boe rg 8 gy 
| ed”, AA2] dx” = Sa Hi z 


Thus (14) reduces to 


(7 O aH O ays 


which is one of Maxwell’s equations. 


77. Quantum Conditions for the Electromagnetic Potentials 


The foregoing theory of the quantum conditions for the electro- 
magnetic field quantities € and #& in a vacuum must now be extended 
to include the quantum conditions for the potentials Ay and A. It 
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might be thought that such an extension is not necessary, since only 
the field quantities € and # are physically significant. The poten- 
tials appear, however, in the equations describing the interaction of 
a charged particle with the field, so that when we come to take the 
presence of charged particles into account, as we shall do later, we 
shall need to know all about the potentials. 

The problem of including the potentials in our theory is not a 
straightforward one, owing to the potentials not being uniquely 
determined in terms of the field quantities € and A. The arbitrari- 
ness in the potentials can be reduced by imposing on them the condi- 
tion that their four-dimensional divergence shall vanish, i.e. 

0A, /at+divA = 0, (16) 
but even then they are not completely determined. In Chapter XT 
we made them definite by taking Ay = 0, but such an assumption 
is not relativistic and so cannot be made here. For the present we 
shall ignore equation (16) and the arbitrariness in the potentials and 
shall return to these questions in the next section. 

We express the potentials in terms of their Fourier components, 
like we did the field quantities € and # in (1), thus 


A, = f Ayn 005[y7+ 274 t— (Kk, x)] dk, (17) 


where the suffix » takes on any of the values 0,2, y,z. It is necessary 
to do this Fourier resolution for all time, and not merely for the time 
t = 0, as we did in (1), owing to the fact that the potentials are not 
determined throughout all time if they are given at one time, as is the 
case with € and 4. The amplitudes A,,, in (17) are specified by the 
suffix k, and not by a suffix a asin (1), since there is only one of them 
corresponding to any value of k, and not two, referring to two different 
states of polarization, as in (1). We again pass from integrals to sums 
and get, corresponding to the forms (4) and (5) for € and #, 


A, = 2 A x CO8|/_ + 27774 t— (k, X)] 8 
= > (ure C2! 1-+- op, eH I-A} gd, (18) 


with the variables 7 playing roughly the part of the é’s in (4) and (5). 
We may write this result as 


Ay =F Ce LceO™ep4, (19) 


where Cue = Tyne 2m, Cx = Han ery. (20) 
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The (’s and {’s are dynamical variables not involving the time 
explicitly, since the equations connecting them with the dynamical 
variables A,, do not involve the time explicitly. They thus satisfy 
equations of motion of the form (10) of Chapter VI, rather than (13) 
of Chapter VI. These equations of motion, when there are no charged 
particles present, must be such as to make the {’s and Z’s vary with 
time according to equations (20) with the y’s and 7’s constants. 

We must now obtain the quantum conditions for the £’s and 2’s at 
a particular time. Let us study first the ¢’s and @’s describing one 
particular Fourier component of the field, consisting of waves moving 
in the direction of the x-axis with a definite frequency v, so that we 
have k, = k, = 0, k, = 2mv. We shall then have ¢, and ¢, deter- 
mined by the field quantities € and A. According to the equations 

= Oe Py ed, Ody 
: ot oy’ ot 2’ 
¢, and ¢, must each be (27iv)-! times that Fourier coefficient 
(27)—“(hv)'é, in (4) belonging to k, = k, = 0, k, = 2mv, and to the 
y and z directions for the electric vector respectively. Thus from the 
quantum condition (6) 
by sy— Sy by = h/16r4v 21) 
..—£.0, = h/lontn. 

Further, Z, and {, commute with ¢, and @, since they belong to 
different degrees of freedom. 

The ¢, and ¢, variables are not determined by € and #, so that we 
cannot deduce their quantum conditions in the same way. We have 


to make some new assumptions for them. To make equations (21) 
into a complete relativistic set, we assume 


be (.—¢s le re h/\6r'v (22) 
Lo l,—2, fo = —h/16r'v. 
The minus sign on the right-hand side of the second of these equations 
is required by relativity. Finally we assume generally 
[Sd 0 [Ste Oo - Sas tf 0 for’ pest vy. (28) 
This gives us the complete set of quantum conditions for the particular 
Fourier component we are considering. Those for the other Fourier 
components will be of similar form. Variables belonging to different 
Fourier components must, of course, commute. 
We can now work out the quantum conditions connecting the 
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potentials at different points in space-time. Denoting by A{’ (t’) the 
value of A,, at the point x’, ?’, we have in the first place, from (23), 


[40@'), A4M@")] = 0, pwr. (24) 
Further, by the same kind of work as led to (7) or (8), we obtain 
[AQ(e'), A (e")] = + 2 1/479yy.. sin[ (k, x’ —x")— 2a, (t’—t") J 


= + f 1/4rrvy . sin[ (k, x’ —x”)— 22, (t’—t”)] dk, 
(25) 


the upper sign being taken for » = 2, y, or z and the lower sign for 
p == 0. The evaluation of the integral here leads to the result 


(4,2), APO) 
== 4-4 ff v sin{ 2zrv( |x’ —x"| cos 9—t’+-t")| dvd cos @ 


= +2/jx’—x’|. | {cos[2mv(|x’—x" |+-¢’—t")]— 
0 

—cos| 27( |x’ —x"|—t’ +1") }} dv 
1 /|x’—x" |. {8( |x’ —x”|+-4’—t”)—8(|x’—x’|—¢ +t}, (26) 
from (15) of Chapter IV. The expression (26) vanishes when t’ = ?”, 
so that the potentials at a given time instant all commute with each 
other, that is [A0), A] ae) (27) 
For t’ < t", the second term in the { } brackets in (26) vanishes, so 
that we can change its sign. We then get, from (12) of Chapter 1V, 


l 


(AiO #), A(P@)] = z 28((x’—x")?—(’—t"}. (28) 
Similarly, for ¢’ > t’, 
[AO (¢’), AQ(t")] = FF 28{(x’—x’)?—(t’ —t”F}. (29) 


This gives us all the quantum conditions for the potentials. 

The useful quantum conditions, in connexion with the dynamical 
equations, are those connecting two A’s at different places at the 
same time, namely (27), those connecting an A and 0A/ét at different 
places at the same time, and those connecting two 0A /ét’s at different 
places at the same time, all these being required since the A’s and 
the @A/ét’s at a given time are independent. Those involving @A/ét’s 
may be obtained from (28) and (29), but can be obtained more easily 


from (25), since the 3 function in (28) and (29) is an awkward one to 
3595.14 oo 
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differentiate. Differentiating (25) with respect to ¢’ and putting 
t’ = t” = t, we obtain 

[at /et, AW) = F1/2n°. J cos(k, x’—x”) dk 


= - 478(x’—x"). (30) 

Again, differentiating (25) with respect to ¢’ and ¢” and putting 
U = t" =t, we obtain 

[aA6? jet, aA /et] = FA fm. J yy, sin(k,x’—x”)dk = 0. (31) 


Let us now suppose the Hamiltonian (11) to be expressed in terms 
of the { variables. The contribution to it of the particular Fourier 
component which we considered above, consisting of waves moving 
in the direction of the x-axis, will be 


16n4v*(2, 6,+-£. 62), (32) 
as may be seen by referring to (11) and to the connexion between the 
¢’s and the £’s which we had in deriving (21). This contribution to 
the Hamiltonian will make ¢, and ¢, vary with time in the desired 
way, namely according to (20), but it will make ¢, and ¢, constants of 
the motion, since they commute with (32). It therefore becomes 
necessary to modify the Hamiltonian and to replace the contribution 


ieahess l6mh*(E, C.-+£, byt be—bobo) (33) 
in order that all four {’s may vary with time according to (20). It 
is better to put the Z, to the left of the Z,, as will be seen in the next 
section, equation (44). With (33) in the Hamiltonian, Z,, ¢, and ¢, 
may be pictured as describing three harmonic oscillators of the ordi- 
nary kind, and ¢, a fourth harmonic oscillator of negative mass. The 
total Hamiltonian is now 


Hy = 167" 2 VE (Cox au + Oye Cet Cok Cok — Con Con) (34) 
The physical effect of the extra terms that have been introduced here 
will be discussed in the next section. 
It may be noted that equations (20), giving the integrals of the 
equations of motion for the {’s and £’s, must be equivalent to 
Cue = HP Uh oy, e~tHr Uh, (35) 
from (18) of Chapter VI. 


78. The Supplementary Conditions 
We must now consider what we are to do with the classical equation 
(16). We cannot take it over directly into the quantum theory with- 
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out getting inconsistencies. For example, the P.B. of the left-hand 
side of (16) with Af? does not vanish, according to the quantum con- 
ditions (24) and (30), and so this left-hand side itself cannot vanish. 
The way out of the difficulty was shown by Fermi.} It consists in 
adopting a less stringent equation than (16), namely the equation 
{eA,/et+div A} = 0, (36) 
and assuming it to hold for any y% representing a state that can 
actually occur in nature. The operator in (36) involves x and ¢ as 
parameters, so there is one equation (36) for each set of values for 
x and ¢, and these equations must all hold for any % representing a 
state that can actually occur. [The % in (36) does not depend on ¢, 
since we are using the Heisenberg picture, in which each state is 
represented by a fixed ¥. | 
We shall call a condition, such as (36), which a ys has to satisfy to 
represent an actual state, a supplementary condition. The existence 
of supplementary conditions in our theory does not mean any 
departure from or modification in the general principles of quantum 
mechanics. The principle of superposition of states and the whole of 
the general theory of states and observables, as given in Chapter IT, 
apply also when there are supplementary conditions, provided we 
impose a further requirement on a linear operator in order that it 
may represent an observable, namely the requirement that, when it 
operates on any satisfying the supplementary conditions, it changes 
this into another ys satisfying the supplementary conditions. We 
have already had an example of supplementary conditions in the 
theory of systems containing several similar particles. The condi- 
tion that only symmetrical wave functions, or only antisymmetrical 
wave functions, represent states that can actually occur in nature, 
is precisely of the same type as condition (36) and is what we are now 
calling a supplementary condition. In this theory the further require- 
ment on linear operators in order that they shall represent. observ- 
ables is that they shall be symmetrical between the similar particles. 
When we introduce supplementary conditions into our theory we 
must verify that they are not too restrictive to allow any ¥ at all to 
satisfy them. If we have more than one supplementary condition, 
we can deduce further supplementary conditions from them by taking 
P.B.’s of the operators in them; thus if we have 
Uy = 0, Ve = 0, (37) 
} Fermi, Reviews of Modern Physics, 4 (1932), 125. 
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we can deduce 
[U,V]p = 0, [U,[U,V]}é = 0, (38) 
and so on. To verify that our supplementary conditions are not too 
restrictive, we have to look into all the further supplementary condi- 
tions obtainable by this procedure to see that they can be satisfied, 
which we can usually do by showing that after a certain point the 
further supplementary conditions are all either identically satisfied 
or repetitions of the previous ones. 
Since the left-hand side of (36) must vanish for all values of x, ¢, we 
can resolve it into its Fourier components and each component must 
vanish separately. From (18) and (20) this gives us equations of the 


form (fo>—l,.)y = 0 (39) 
(fo—Z)yp = 0, 

where we have taken as a typical case the Fourier component we had 
in the preceding section referring to waves moving in the direction of 
the x-axis. Equations (39) are equivalent to (36) and are more con- 
venient to work with for many purposes. The two operators in the 
two equations (39) we have written down commute with each other 
on account of (22) and (23). It follows that all the operators in all the 
various equations (39) referring to the various Fourier components 
will commute with each other, since variables belonging to different 
Fourier components commute. Hence our supplementary conditions 
are not too restrictive, all the further conditions obtainable from them 
in the way (38) was obtained from (37) being identically satisfied. 
The effect of the supplementary conditions (39) is to stop the ¢, and Z, 
variables from contributing to the number of degrees of freedom, so 
that we are left with only two degrees of freedom for each frequency 
and direction of motion. 

Since equation (16) is not valid and has to be replaced by a supple- 
mentary condition, any consequences of (16) in the ordinary Maxwell 
theory will not be valid in the quantum theory and will have to be 
replaced by supplementary conditions. The equations 


div#¥#=0, dédA/a = —curlé (40) 
follow simply from the equations defining € and #, 
& = —0A/ét— grad Ay, A = curlA, (41) 


and are therefore valid also in the quantum theory. The other 
Maxwell equations for empty space, however, namely 


div€=0, é&/at = curl#, (42) 
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can be derived only with the help of (16), and are thus not valid in 
the quantum theory. They must be replaced by 
{div €\ = 0, {28 /et—curl H}p = 0, (43) 

holding for any > representing a state that can actually occur. The 
failure of the second of equations (42) is connected with the change 
which we must make in the Hamiltonian from what it was when we 
derived (15). 

The extra terms which we introduced in passing from (32) to (33) 
are 


1Grtv(E, f,— Loo) = Sa8v2{(E, + £y)(L,— bo) + (Sa +So)(E2—So)}» (44) 
from (22) and (23). Thus these extra terms vanish when multiplied 
into any # satisfying (39). Hence the total change in the Hamiltonian, 
i.e, the difference between (34) and (11), will vanish when multiplied 
into any y representing a state that can actually occur and will there- 
fore be physically unobservable. The new Hamiltonian may be put 
in the form 


Hy = 1/8n. { & +{(grad A,,, grad A,)+(CA,/00)"} Ox—4 Elvan (45) 


where the + sign is to be taken for p = x,y,z and the — sign for 
#« = 0, by the same kind of analysis as that by which the old one was 
put in the form (13). This new Hamiltonian will lead, of course, to 
the correct equations of motion for the A,, and 0A,,/ét, namely 
[A,, Hy] = 2A,,/@ (46) 
[2A,/at, Hy] = V?A,, (47) 
as may easily be verified from the quantum conditions (24), (27), (30), 
and (31). 

It should be noticed that the field quantities € and # commute 
with the operators in the supplementary conditions. This follows 
from the fact that, if we take a Fourier component referring to waves 
moving in the direction of the x-axis, from (41) its contributions to 
€,, €,, A, and #, will depend only on ¢,, ¢., &, and Z,, its contri- 
bution to ¥, will vanish, and its contribution to €,, will depend only 
on (£,—{f) and (Z,—Z,). Each of these ¢’s or £’s or combination of 
¢’s or 2’s commutes with the operators in (39). From this commu- 
ting of € and # with the operators in the supplementary conditions 
we can infer that, when & or # is multiplied into a y satisfying the 
supplementary conditions, it will give another y satisfying the supple- 
mentary conditions, and hence it fulfils the new requirement for being 
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an observable. Further, the field energy H, is composed of terms 
which are functions of € and & and terms which vanish when multi- 
plied into a & satisfying the supplementary conditions. Hence Hy, 
multiplied into a % satisfying the supplementary conditions gives 
another y satisfying the supplementary conditions, and thus Hy, 
fulfils the new requirement for being an observable. 


79. Interaction of Field and Particles 


We shall now consider how the presence of charged particles in the 
field is to be taken into account—a problem that was first solved by 
Heisenberg and Pauli.| We can attack this problem by passing from 
the Heisenberg picture, which we have used exclusively in the three 
preceding sections, to the Schrédinger picture and setting up the 
Schrédinger wave equation with the Hamiltonian 


where H, is the energy of the field alone, given by (34) or (45), and 
H, is the energy of the rth particle in interaction with the field. 
If we assume the particles are described by wave equations of the 
form of the relativistic wave equation for the electron, equation (9) 
of Chapter XII, we should have for H,, 

H, = @ Ay,— (a,, P,—é, A,) —~Xmr Mp (49) 
where e, and m, are the charge and mass of the rth particle, p, and 
the «,’s are dynamical variables describing this particle, and Ap,, A, 
are the potentials at the point where this particle is situated. These 
potentials are of the form (19), where the {’s and 2’s are now (like all 
dynamical variables in the Schrédinger picture) fixed operators, but 
satisfy the same quantum conditions as before. 

We have as wave equation 


ine = (Hy+ 5 HW. (50) 


This wave equation is not at all relativistic in its form, since it in- 
volves only one time variable ¢, but many sets of space variables 
x,y,z, one set for each particle. In order to get it into a relativistic 
form, it is necessary to introduce several time variables #,, tg,..., f,5.+-» 
one for each particle. This can best be effected with the help of a 


} Heisenberg and Pauli, Z. f. Physik, 56 (1929), 1; 59 (1929) 168. 
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certain contact transformation, by a method due to Rosenfeld.} We 
make the contact transformation of dynamical variables 
pt = eiHirlh Be~itirtih (51) 
and put bt = efHrtih yy, 
We then get, as the wave equation for y*, 
. * » > 
ine = einrinn th — Hy 
~ oiltoth SH, 
r 
= > HF y*. (52) 
r 
[This work, it may be noted, is essentially equivalent to that leading 
to equation (14) of Chapter VII.] The wave equation (52) for ¢* 
differs from the previous one (50) for % through the disappearance of 
Hy and the replacement of the H,’s by H*’s. 
Let us now examine H*. From (49) and (51) we obtain 
H; pe efriife, Ag —(a,; P-44,)— Xmr m,je~ tHe 
i €, Ad, — (a, Dp —€, A) — Opp My, (53) 
since Hy commutes with the p’s and with the a’s. Further, from 
(19), with x, denoting the position of the rth particle, 
A= pa {Ei ets + fH, elle }ae t 
where Oh = ete thy, e~tHrth, 
Now ¢,« is a constant operator and is thus like the Hux of the pre- 
ceding section, so that, from (35), ax must vary with ¢ in the same 
way as the ¢,, of the preceding section did, i.e. according to the law 
20). Th 
( e fi us oy al Lae tint, (54) 
Fae es Ae et > Eun eA Lg e-Alamrat Eg b, (55) 


Equations (53) and (55) give us H*. They show that H* is of rela- 
tivistic form in the space-time variables x,,t. We shall later require 
to use formula (55) applied to a general point x, not necessarily one 
where a particle is situated, when it will read 

At wi > it. eflarvgt—k, 1 Cut e- tern, 2} gt (56) 


These A*’s for various values of x and ¢ are similar to, and satisfy 
the same commutability relations as, the A,,’s in the Heisenberg 
picture with no charged particles present. 

t Rosenfeld, Z. f. Physik, 76 (1932) 729. 
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We now introduce a wave function Y which involves, not just a 
single time variable ¢, like 4* does, but a whole set of them ¢,, one for 
each particle, and suppose it satisfies the following set of wave 

equations av 
sat = HF(t,)¥, (57) 


where H*(t,) is the H*¥ given by (53) and (55) with ¢, substituted for ¢. 
There is one of these wave equations for each particle. These wave 
equations are obviously of relativistic form and we assume them as 
the fundamental equations describing the relativistic interaction of 
several charged particles with the field. 

In order to justify the replacement of the wave equation (52) by 
the wave equations (57), we ought to verify, firstly, that when we 
put all the time variables ¢, in ‘Y’ equal to ¢, we get a ys* which satisfies 
(52), and secondly, that every ¥* satisfying (52) can be generalized 
to a ¥ satisfying (57). The first of these conditions follows at once 
from the fact that the operator d/dt applied after we have put all the 
t, equal to ¢ is equivalent to > @/ét, applied before, so that the equa- 


tion obtained by summing (57) over all r goes over into (52) on putting 
all the ¢, equal to ¢t. To verify the second, we note that we may take 
with each ¢, put equal to some given ¢ to be arbitrary, and equations 
(57) will then have a solution provided they are consistent, in the 
sense that @/et, of d'¥'/et, given by one of equations (57) equals @/ét, 
of oY’ /ét, given by another, for every pair r, s. The condition for this 
consistency is easily seen to be that all the operators H#(¢,) shall 
commute with each other. We see from (24) and (26) that they do 
commute provided (t,t, < (x,—x,}? (58) 


for every pair r,s. Thus we have the conditions (58) putting a restric- 
tion on the domain of existence of the wave function ‘Y, and inside 
this domain of existence we can obtain a Y’ corresponding to any s* 
that satisfies (52). 

The restriction (58) on the domain of existence of ‘ is to be 
expected also from the physical interpretation of the wave function. 
The natural interpretation to assume for the wave function ’, as a 
generalization of that for the wave function y¥ or ¥*, is that the square 
of its modulus for any set of values for the x,, ¢, is proportional to the 
probability of each of the particles being in a small volume about 
the point x, at the time ¢,, with the field in a specified state (ie. 
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with specified photons in existence). Such an interpretation would 
not be permissible outside the region (58), because of the interference 
that there would then be between the observations of the positions of 
the various particles at the various times. 

The scheme of wave equations (57) is assumed to describe com- 
pletely the interaction between the various charged particles and the 
field and should therefore include the interaction between one charged 
particle and another, since in field theory there is no direct inter- 
action between one particle and another but only an indirect one, 
arising from each particle influencing the field in its neighbourhood 
and this influence spreading out till it reaches the other particles. 
Thus these equations should include forces between the charged 
particles of a type which reduces to the Coulomb forces in non- 
relativistic approximation. It is not at all evident that the equations 
do include such forces, since they appear to take into account the 
action of the field on the particles, but not the action of the particles on 
the field. In order to verify that they are complete, we must go back 
to the Heisenberg picture and see that the equations of motion of the 
field are then analogous to the classical equations of motion of the field 
with the influence of the charged particles duly taken into account. 

Going back to the Heisenberg picture requires us to put all the time 
variables equal and to take the Hamiltonian (48). With this Hamil- 
tonian we get as the equation of motion for 2A,,/ét 


eA aA 
Tee 
ce at’ ay 2 H,| 


= VA »+2,[4e H,| (59) 
from (47). But from (49) and (30) 


0A aA 
kez | Le a Se As, | == 47e,5(X—X,) 


and similarly 


oA aA 
ke H,| sired ee (2,,4,)| = —4re, a, 5(X—X,). 

Thus (59) becomes 

A 
“ppt V'Ao = 40S 0, 8(x—x,) | 

: (60 

@A 
er —VA = —4r a e, a, 5(x—Xx,). 
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These are the equations required by Maxwell’s theory for charges 
e, at the various points x, moving with the velocities —a,, which 
are the velocities required by the relativistic theory of the electron. 
Hence the action of the particles on the field, giving rise to Coulomb 
forces between the particles in non-relativistic approximation, is 
correctly taken into account in the Hamiltonian (48), and thus also 
in the scheme of equations (57). 

To complete the theory, we must now obtain the supplementary 
conditions to go with the wave equations (57). The conditions which 
naturally suggest themselves are (39) with Y’ instead of ys. These 
would be equivalent to (36) with the constant operators A,, of the 
Schrédinger picture replaced by Aji’s and V instead of . These con- 
ditions need amendment, though, as may be seen from the following 
considerations. Equations (57) may be regarded as supplementary 
conditions and have to be consistent with any further supplementary 
conditions, in the way discussed in connexion with equations (37). 
(This consistency requirement is equivalent to the requirement that, 
if the further supplementary conditions hold for some value for each 
of the #,, they shall hold generally.) Now the operators in (57) are 
built up from p.—G AMG), We A&G), (61) 
W, meaning the energy operator of the rth particle, i.e. iié/ét, when 
operating to the right. We have, remembering that our A*’s satisfy 
the same commutability relations as the A’s in the Heisenberg picture 
with no charged particles present, namely equations (24), (27), (28) 
and (29), 

[G+ div At, Me, A5(6)| = —e [FE 43-0] 


= —¢, 5 (48, AB (G)] = F2e, 2 8{(x—x,)—(t—-4)}, 


the minus or plus sign being taken according to whether ¢ > #, or 
t<t,. Thus 


[= o 4 divA*, W—e, AX )] = 26,5 ~ s{(x—x,)?—(t—t,)} 
= 2¢,[3{(x—x,)*—(t—-4)}, We, AE 
0ae 4 divAt+2 S be, 8(0—x,)* (4) (62) 


commutes with W,—e, A*.(t,), the plus or minus sign being taken for 
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each term in the sum according to whether ¢ > ¢, or ¢ < ¢,. Similarly 
(62) commutes with all the other quantities (61). We therefore take 
as our supplementary conditions 


aA* 
(FE+divart2yte, Se—xy 1} =0. (63) 


There is one of these conditions for each point x, ¢ in space-time, the 
x, ¢ variables being quite arbitrary and independent of all the x,, ¢, 
variables. These supplementary conditions are consistent with the 
wave equations (57), since the operator (62) commutes (for all values of 
x, ¢) with the operators in (57). The additional terms in (63), involving 
the 5 function, are necessary to secure this consistency. These addi- 
. tional terms do not interfere with the mutual consistency of the 
various equations (63) obtained by giving different values to x, ?, 
since they commute with all the other operators in these equations. 


80. The Quantization of Electron Waves 


If the charged particles in the preceding section are electrons, we 
should have to impose the additional condition on ‘VY that it shall be 
antisymmetrical between all the electrons. We can then put the 
equations for ‘’ into a more concise and more symbolic form, by the 
use of a procedure of quantization of electron wave functions, which 
was discovered by Jordan and Wigner.t This procedure is the 
analogue for particles satisfying the exclusion principle of the second 
quantization discussed in § 62 for particles satisfying the Einstein- 
Bose statistics, and we shall deal with it on corresponding lines to 
those used in § 62 for the Einstein-Bose case. 

We begin by describing the states of our assembly of particles by 
antisymmetrical representatives (q,q2...q,|), of the kind we had in 
§ 57. We introduce the observables n,, having the same meaning as 
in § 62, i.e. m, is the number of g’s equal to g™, n, the number equal 
to ¢, and so on. Each of these n’s now has as eigenvalues only 
0 and 1, since for any » having a value greater than 1 the antisym- 
metrical wave function (q¢,92...¢,|) would vanish identically. We 
pass over to the representatives (m, ”... |), assuming as the connexion 
between the two representatives of any state 


(my %y---|) = (91 Ga In|): (64) 
This equation is the analogue of (2) of Chapter XI. The normalizing 


t+ Jordan and Wigner, Z. f. Physik, 47 (1928), 631. 
Pp2 
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factor [n!/n,! n,2! ms}... ]! in (2) of Chapter XI is not required in (64) on 
account of the eigenvalues of the n’s now being restricted to 0 and 1. 
We need, however, a + sign in (64), which we did not have in (2) of 
Chapter XI, since for given values of the n’s, the values of the q’s in 
(41: %2---Y,|) are fixed but not their order, so that, (q¢,42..-%,{) being 
antisymmetrical, there will be an ambiguity in its sign. We must 
set up a rule for specifying the sign in any particular case. We can 
do this by arranging all the eigenvalues of a q arbitrarily in some 
definite order, say the order 

G?, @®, yours (65) 
which may conveniently be taken the same as the order in which the 
n’s are written in (n,7,...|), and then requiring that the ++ sign shall 
be taken when the q’s in (64), which form a selection from the total 
set (65), can be brought into the order in which they appear in (65) by 
an even number of interchanges, and the — sign otherwise. 

We must now obtain the transformation law for the representative 
of a dynamical variable U, of the form of (3) of Chapter XI, from the 
g-representation to the n-representation. Following through the same 
method as in Chapter XI and transforming the equation 

the = Uypy (66) 
we obtain, corresponding to equation (8) of Chapter XI, 
(nz Mq...|2) = 2 Mq Uiq(1 Ne...[1)+ 
a 2 AU p(y Nq...Mg—1...m+1...|1), (67) 


where (nb ...%,—1...m%-+1...{1) is understood to be zero if either 
m,—1 or m%,-+1 is not 0 or 1. With regard to the ambiguity of sign 
occurring in (67), we must take the — sign in those cases where there 
is a — sign in one and only one of the equations 

(my Mq.-.[1) = (91 Fo--An 1) (68) 

(ny No... Mq—1... m+-1...|1) = (GQ, da. ™ for g™....¢g,,]1). 

It is easily seen that this condition for the — sign is the same as the 
condition that the number of qg’s mentioned on the right-hand side 
of (68) that lie between ¢@ and g® in the sequence (65) shall be odd, 
or that ps n,, where the summation is taken over all c for which g lies 


elireeuy q@ and q in the sequence (65), shall be odd. wae 2 Ne 


is even, we must have the +- sign. 
If we take any n, and form 1—2n,, we ea an cheveesblb having as 
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eigenvalues 1 and —1, and thus of the same nature as the o’s dealt 
with in § 19. Let us put 1-Sh, aos (69) 


and introduce the o,, and o,, that are, associated with it. Then in a 
representation with o,, diagonal, }(¢,,—i0,,) and }(o,q+-%yq) will be 
represented, according to (57) of § 19, by 


(i oh (0 a) ip 


respectively, and will thus be to a certain exteni analogous to the 
eiwa and e-t« or to the &, and &, of § 62. Therewill be one set of 


Gxqx%ya 2nd o,, for each a, and members of one setwill commute with 
members of any other set. 


The form of the representatives (70) shows tha; when }(¢,,—io,,) 
or setealiter' is multiplied into a p whose representative is 
(n, Ng... Mq:.-|), the representative of the product is (ny N9...%,—L...|) 
or (my sey M_+1...|) respectively. Hence equation (67) is the repre- 
sentative of 

Ps = > Ne Uo Pat p> >» +U.y B(Opq—tyq) 3 Oy +40 yy). 
Since this holds whenever (66) holds, we must have 


U= p2 qUaat 2 p> +4 (Fpq—t ya) an B(o2y+ioyp)- (71) 


In order to get rid of the + sign in this result, we introduce the 
dynamical variables 
Ey = p41 FyQ. Fyg- 9z,b-1 Y(op+t0y); (72) 
where the product of o,’s consists of the o,’s corresponding to all the 
q's in the sequence (65) up to g-». The conjugate complex of &, is 
fa = YS gq t ya) O29 Tzg+++ Fz, a-1 (73) 
We now have for 6 # a, since the square of any oc, is unity, 


0. 


bls Hoa nintess tent lioting 08 


where the first or second line in i tile of} brackets is to be taken, 
according to whether g@ comes before or after q in the sequence (65). 
From (55) of Chapter ITT, 


(C2q—*0 ya) Pra = Sra—*yq 


and F,4(F 24 +1F yy) = Fry to yy- 
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Thus the o,, and o,, factors in the { } brackets in (74) may be omitted, 
leaving in these brackets 


Ns a+1 %, a+2°*%, re ; 
Oz a-1 o;, a-2° Oy b+1 
or, from (69), 
Dar magi sire | (75) 
(1—2n,_1)(1—2mq_2)...(1— 2941) 
The operator in the { } brackets now commutes with 4(¢,,-+-i¢,,) and 
may be taken to the right of 4(¢,,-+-70,,) in (74), and when multiplied 
into a y represented by (n, 7 ...|), will be equivalent to the factor +1, 
the +- or — sign being taken according to whether > ,, summed for 


all ¢ for which g lies between g and ¢ in the sequence (65), is even 
or odd. ‘This holds in both cases—when g@ comes before g and we 
have to take the first line in (75), and when g comes after ¢ and 
we have to take the second. Thus the operator (75) is equivalent to 
the -+ sign in (67) and (71), and (71) reduces to 


U As 2 Na Uig+ 2 = ge Uay bv) (76) 


from which the ambiguity of sign has disappeared. 
We must now determine the commutability relations for the ¢’s 
and é’s, We shall first prove that 


baby thot = 0. (77) 
If a and b are different, suppose gy comes before g in the sequence 
(65). Then one of the factors in the expression for &, given by 
formula (72) anticommutes with one of the factors in the expression 
for €,, namely o,, in £, anticommutes with (¢,,,--to,,q) in €,, but apart 
from this every factor in &, commutes with every factor in €,. Thus 
& must anticommute with é,. If a and 6 are the same, equation (77) 
states that | = 0, and this holds since (¢,4+-io,,)" = 0. Thus equa- 
tion (77) holds generally. In a similar way we can show that 


E,b, thre, = 0 (78) 
and Eno +b 6, = 0 for ba. (79) 
We have further 
En ba = Hga—t0yq) (Cra 40 yq) 
= 4(1—o,,) 
= Ma, (80) 
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from (69), and again 
€,€e = B(Opq +40 yq)k (rg— PF ya) 
= 3(1+-¢,,) 
Equations (80) and (81) show that 
€4 E,+é, & =1 

and thus that (79) can be extended to 

€ é,+2,¢, ba San: (82) 
The quantum conditions (77), (78) and (82) are to be compared with 
(15) of Chapter XI for the Einstein-Bose case. The only difference 
is a change in the signs on the left-hand sides. 

From (80), (76) can be expressed in the form 


U= z EUs» Ey, (83) 


which is the same as (16) of Chapter XI. If we suppose U to be the 
Hamiltonian of the assembly of particles, we shall get as the equa- 
tions of motion for the £’s, 


ihé, -” Sa U—U§, 
— p3 (Ea & Oy E,—E, oy & €a) 


= > (fae +8. EaUoo €o 


from (77). This reduces, with the help of (82), to 
hE, = p Uw £y, (84) 


which is of the same form as (21) of Chapter XT, and as the wave 
equation for a single one of our particles by itself, with €, playing the 
part of (¢|). Thus our present scheme of equations may, like the 
scheme of §62, be considered as coming from a process of second 
quantization, the quantum conditions for which are (77), (78), and 
(82). 

We may apply the foregoing scheme to the problem of several 
electrons interacting with the electromagnetic field. We may take 
the operator on the right-hand side of (52) as the above Hamiltonian 
U. The equation of motion (84) will then be of the same form as one 
of the equations (57), with ‘ involving only one set of space-time 
variables x, ¢ and with a second quantization applied to V’, so that 
its values for different values of x are not numbers, but operators 
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satisfying the quantum conditions (77), (78), and (82) (the last of 
which has to be rewritten with a 5 function instead of the two-suffix 
5 symbol since the eigenvalues of x take on continuous ranges of 


values). 


81. Conclusion 

The foregoing theory provides a quantum electrodynamics which 
is a satisfactory analogue of classical electrodynamics, each of the 
features of classical electrodynamics having its quantum counter- 
part. As a description of nature, though, the theory is incomplete, 
as it suffers from the same limitations as the classical theory with 
regard to the distribution of electric charge inside an electron. The 
quantum equations we have discussed for electrons in interaction 
with the field correspond to classical equations based on the point- 
charge model of the electron, i.e. the model in which all the charge is 
assumed to be concentrated at one point. Such a model in classical 
electrodynamics leads to an infinite mass for the electron, since the 
energy-density in the neighbourhood of the point where the charge is 
situated tends to infinity in a way that makes the total energy non- 
convergent. Analogously, the quantum theory that we have set up 
also leads to an infinite mass for the electron. This infinite mass here 
shows itself through the expression for di/dt given by the wave 
equation (50) having an infinite value, owing to the non-convergence 
of the contributions to di/dt arising from terms in the Hamiltonian 
corresponding to Fourier components of the field with very short 
wave-lengths. In consequence, the wave equation (50) and its equi- 
valents (52) and (57) do not strictly have any solutions. 

The theory can be made to give finite and sensible answers 
for elementary problems, such as the emission and absorption of 
radiation whose wave-length is not too short, since it allows the 
probabilities one wishes to calculate to be expressed in terms of semi- 
convergent series or integrals, in which one can simply ignore the 
divergent part arising from the short wave-lengths. Such a procedure 
can lead to a definite answer, of course, only when the divergent part 
is clearly separated from the part we are interested in. The condition 
for this is that the important wave-lengths for the problem under 
consideration shall be long compared with the classical radius of the 
electron. The limitations in the applicability of quantum electro- 
dynamics thus correspond precisely to those of classical electro- 
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dynamics. The amendments required in classical theory in order to 
make it apply accurately to the elementary charged particles dre 
thus not provided by the passage to the quantum theory, that is, by 
the taking into considerations of the disturbances accompanying 


measurements. It seems that some essentially new physical ideas 
are here needed. 
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